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GEOMETRICAL MECHANICS

Introduction

"Kinetic energy is a Riemann Metric on Configuration space. "

We examine this statement in detail in order to illustrate the method

| |
and purpose of this course. First, we define kinetic energy as T= > mv’;

in detail, the kinetic energy T of a particle with mass m, moving along

i ds i 2 .
an arc s = s(t) at velocity wv = ET is T = 3 mv o.. In 3-space, with co-

2 2ordinates x,y, and z, ds = dx” + dy’ + dz .

If the particle is moving on the surface of a sphere of radius r, its posi-
Zz

tion may be given by spherical coordinates : ©

X =1r sin © cos ¢ X

y =r sin 6 sin ¢ / ®
Z =r cos © 4

where 6 depends on the "latitude" and ¢ on the "meridian." Since r is

fixed,

dx=r cos 8 cos¢ dB - r sin © sin ¢ dg

dy= r cos0 sin¢ d6 + r sin 6 cos ¢ dg

dz = -r sin d6

An elementary calculation gives

2 2ds” = dx + dy + dz” = 2 6° + r%sin S) de® .

The equation

2 2ds? = r d6° +r sin 6 de

is an example of a Riemann metric. It is a symmetric (in fact, diagonal)

quadratic form in the differentials d6 and d¢. This metric on the ¢ -86

rectangle (0; 27) X (0;mw) gives arc length on the sphere.
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However, this single (¢ - 8) chart is not enough. (A chart on the

sphere is a smooth 1-1 correspondence between an open set in the plane

and part of the sphere. In this chart, the angles (9,8) are mapped to the

point they determine (r sin® cos ¢, r sin © sing, r cos 6) .) This chart

cannot describe neighborhoods of the north or south pole smoothly. So

more charts are needed.

In fact, it would be better to start over and use the two charts based

on stereographic projections from the two poles. The first chart would be

the mapping of the whole x-y plane onto the sphere minus the north pole.

This is done by placing the sphere's south pole tangent to the origin of the

x-y plane and mapping each point (x,y) in the plane onto the point of the

sphere where a line (segment) from (x,y) to the north pole intersects the

sphere. The other chart is made similarly by placing the x-y plane tangent

to the north pole.

The sphere together with these charts is an example of a Differentiable

Manifold. We will frequently use differentiable manifolds (e.g. configura-

tion space will be defined as a differentiable manifold ...)

Two possible references are:

S. Sternberg, Lectures on Differential Geometry, Prentice Hall 1964

(It contains references to mechanics)

and

Noel J. Hicks, Notes on Differential Geometry, van Nostrand
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The texts are:

Ralph Abraham, Foundations of Mechanics, Benjamin 1967

and

Mac Lane & Birkhoff, Algebra, Macmillan 1967 (contains references on

vectors, quadratic forms, modules ... )

Let M be a "configuration space! with coordinates 4, ces ) q . We

pose the problem: given n particles, each moving in one dimension, with

masses m,,...,m_ , can we formulate the kinetic energy of this system

| : : : : 1 ds 2
as that of one particle of mass m moving in n-space. (i.e., T = > m(—3)

where s denotes an element of arc in n-space)?

The total energy T is the sum of the energies TI, , Where T, is the

energy of the ith particle. Thus

n 1
1 dg ,2

: 2 i dt
1=1

We need only define

2 = my i2
(1) ds” = > (—)(dq)

i=1

: 1 ds 2 . : : .
to obtain T = 5 m5) . Moreover, (1) is a Riemann metric on configura-

tion space !

‘In general, a Riemann metric is of the form

2 < ij ’
ds” = > | 5 dq dq’ ‘where (g;.) is a symmetric and positive

i,j=1 )

definite matrix. Each 8; is a constant or, more generally, a smooth

function.
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§1 Modules (including vector spaces).

Let K be a commutative ring. That is, K is a set of elements

(scalars) which is an abelian group under the binary operation + (addition),

with 0 ¢ K as the neutral element: that is,

for all k,k'e K, k+ k'e K; 0+k = k ; there exists -ke K such that

k+(-k)=0

for all kik, ke K, (k,tk,) tk, = k, + (k, + k,) ; k tk, = k, +k, o

Also there is a binary operation . (multiplication), with 1 ¢ K as the neutral

element, satisfying : for all kink, ky «¢ K,

1-k, = k, , k,-k, e K, (kk) k, = ko (k,k,) , kk, = kk, .

Moreover, the distributive laws hold, viz., ky (kt k,) = kk, + kk, .

Examples are Z the ring of integers, Q the ring of rational numbers,

and R the ring of real numbers. Moreover, Q and R are fields ( 2 com-

mutative ring K, is a field if for each k ¢ K, k # 0 there is a k=te K such that

kek! = i).

Definition. A K-module A isan abelian group A with right (module)

action by K .

AXK—>A

defined by (a, k) mr ak and satisfying the laws

1, alk + k') = ak + ak!

2. (a+ a)Yk=ak+ a'k

3. al =a

4. (ak)k' = a(kk').

If K is a field, A is a vector space over K,.
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(Note: We employ the following "arrow!" notation; for sets X and Y the

straight arrow X —> Y denotes a function from X into Y; the wavy arrow

Xmamsy shows the value y the function takes at x ¢ X. If we want to label

the function ff, we write f:X —>Y or X EN Y . X is called the domain
X anny f(x) Xr f(x)

of £f, Y is called the codomain (or range) of f, and if they are clear, we may

write fs: x~—» f(x). )

Definition, f: A—>B (with a~~>f(a) ) is a homomorphism of

K-modules, if f is a homomorphism of abelian groups (i.e., f(ata') = f(a)+f(a'))

and f(ak) = (fa)k forall ae A, ke K.

If K is a field, f is usually called a linear transformation.

Definition. Hom, (A, B) = {f:A—> B | f is a homomorphism of K-modules}

= the set of all K-module homomorphisms of A

into B,

The set Hom, (A, B) is itself a K-module under the following definitions

1° (f+ g)(a) = fat ga
0

2 (fk)a = (fa)k .

The reader unfamiliar with modules is invited to check that 1° gives an

abelian group and that 2° satisfies the module laws.

Note: K itself is a K-module (the right action is just multiplication KXK-— K)

* def, : ) . |
A == Hom, (4, K) is called the dual (or conjugate) of A. Fore xample,

56 |
if K= R , and A=YV a vector space, then V = Hom (V, = ) is the dual

space. If V is finite dimensional with basis es cee s e then V_ has the
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dual basis el coos e where el: V —> R is defined by

0 i#]j
1

e(e.) =

boot i=

There is an alternate development in terms of coordinates: If

_ 1 : i IR i i jy _ i
Vv = > ex ¢ V , define e : V > [R (vor x.) , that is, e (> ex) = x .

1=1 i=1

Further examples of rings and modules:

[K[x] = the ring of all polynomials in x with real coefficients
| 1

= <i< .{a_+ a,x +... tax | k=20, a, eR , 0<i<k}

We illustrate how modules differ from vector spaces. Let K =Z

A 2 -module is just an abelian group

a*n=a+...a if n20
N——— ————’

n summands

= (-a) +... + (-2a) if n<O0
——

(.n) summands

abelian group

The Z, = {0, 1,2} has addition modulo 3. For example,
Z -module

3 J

2 +2= 2+2-3=1, The dual module (Z,) = Hom... (Z., 2) = {f: Z — 7 | £ is
. yd Cow 3 3

a homomorphism of Z -modules },

is 0, because f£(1) + £(1) +£(1) = f(1+1+1) =£(0) =0e¢Z . Therefore £(1) = 0,

and f= 0, and (Z,)" = 0. However, it is well known that the dual V' of

any n-dimensional vector space V also has dimension n. Therefore, if we

choose n> 0, then V =V #0,

PS

We develop further notation for V = {f:V —> K| f is a K-linear transforma-

tion} , Where V is again a finite dimensional vector space over a field K, Write
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def. 3%
(f,v) == f(v) ¢ K, for fe V and ve V. The equations

(f,vk) = (f,v)k

show that f is a linear transformation. The definitions

(fk,v) = (f,v)k
"

show how V is a vector space.

3 . J—
Define, forall ve V, ¥:V —> K (f~~>f(v)) ; that is, Vv is the function

— %e¢ FORE —

(=,v)if~~—=(f,v). Now ¥ isin V = (V") and v~V defines a linear trans-

EE

formation V ——>V (The proof is straightforward.) 6 is one-to-one
nN

(i.e. V=0 implies v=0¢ V) and Vand V have the same dimension,

Ne

therefore 8 is an isomorphism between V and its "double dual" V , The

isomorphism is natural (see Algebra, Ch. 15,85) and we will identify

ee

V/e—/—"—">YV

V AraVT

by this isomorphism.

We review dual bases in the ( , )-notation. If V is n-dimensional with

basis es coe e then V is n-dimensional with basis e ,...,e where

(e,e.)=06 =

yoo 1 i=

Proposition. (e', v) is the jth coordinate of v in the basis es ceca €

Proof. Let v = 0 x’ +... e x , then (e’,v) = (e', e x +... + e x)

= (eh, ex’ +... +(e e )x = 0+... + (ef ex Fo... +0=x,
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§2 Euclidean Vector Spaces |

A Euclidean vector space is a finite dimensional vector space W

over R with an inner product WX W ———>R ((v,W) amv:w) satisfying

1. linear (vik + vk, )ew = (v, c wk, + (vy wk,

: therefore bilinear
2. symmetric Vew = We Vv

3. positive definite v# 0 =>v.v>0

1
For example, let V be all n-tuples i with inner product

Xx, yy n 7
i iF | = > X.Y; The length of v is Nvev . Since we wrote the
X y 1=1
n n

elements of V as column vectors, it is suggestive to write the elements of

5 1
V as row vectors (a,,...,a ). Then (a,x)=((a,,...,a ), |: )

1 n 1 n x

n ; x,

equals | > a,x whichis the matrix product (a, cosy a ) | | .
i=1 Xx

n

If V has an inner product, then we have a natural isomorphism V = Vv

(varr¥ ) , where V(w) =vew. ¥ is linear because ¥ = v.—, so indeed

a ne

eV, V—>YV is linear, because

~~ ~ ~

(vEv')(w) = (vi")ew = (vow) + (vow) = F(w) + vi(w) = (vv +9) (w),

and

~~ \ ~ ~

vk(w) =(vk,w = v(w)k = (Vk)(w).

ES 5)

V—>YV is one-to-one, since v= Q=>vev=0=>v=0, V and V* have the

“als te i

same dimension, so V —V" is onto. We identify V =-V'. by this isomorphism.

Let V have an inner product v-w, Take any basis FEERRFL IE Then

let Bs; = €;° &; € R . g= (g;;) is an n X n matrix, symmetric and positive
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definite. Moreover, the matrix g determines the inner product?!

n i n : n i; n i

[( > e.x , > ey’) = > (e.,e)x'x) = > g.x% ]
— i “= J —— 1) <=, i]
i=1 j=1 1,j=1 1,j=1

But V = Vv”, so the dual basis el «oy e" is also a basis of V, while

the equation g” = e'.e’ defines a different symmetric, positive definite

n X n matrix of real numbers! However, |

i i i 0 i#]
(e’,e.)=e-e, = 6. =

J J J 1 i=j

| ; n ij n 3

P 1 1 [J - 0 d = | Jroposition. e > g of an e > 8;;°

j=1 j=1

Proof. Because of the duality it suffices to prove only the first equality,

It is enough to test the equality by application to each basis vector (since

k k k
for all k, vee" =v!'ie => forall k, (v-v')re =0=Dv-viz=0=>v=z=v'),

We test

— ij k — ij k — ij.k ik defi k

j=1 j=1 J j=1

We summarize: the gl change upper indices to lower ones, and the

2; change lower indices to upper ones. Moreover, gz is the inverse

matrix of g.. .
1)

Definition. A Riemann metric on - R (with coordinates @ ,...,q )

n

is a function G: R —> n Xn matrices over In where

{ {
(¢7,..., q) mmm (g;; = g;5(a esos ®) and (g;) is a positive definite,

symmetric matrix, and for each i and j the functions g(a eo q") has

: : { n oo]
continuous derivatives of all orders (g;;(a yeee,q )e CT). We let
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2 1 ni]
ds = > g:.(q yoo. q )dq dq’ so that arc length is given by the integral

i,j=1

: = 1 no dq dq
s = > ala (t)...,q(t)F= 5-a

_ = J t dt
t=20 1,j=1

Again, to keep things simple, we consider a system of n particles, each

n

moving one~-dimensionally. Our configuration space is [rR , where the co-

1 n ” : .th
ordinates q ,...,q correspond to the position of the n particles, If the i

particle has mass m. , its kinetic energy T is

- 2 Mil Ta S22 My

The second law of motion tells us that, if EF, is the force on the jth particle
2 1

then m, <9 = EF, for i=1,...,n. We also assume that the system is
dt

conservative, that is, there exists a suitable potential energy function

n

V: R —_— R (i. e., a real-valued function on the configuration space) such

that the forces are Fr. = RAS .
i i

9q

The above second-order system of differential equations is difficult to

work with, but by the standard trick of doubling the number of variables we

get the equivalent first-order system

av’ d : pt
m,—=F, |, = =v*, i=1,...,n

i dt 1 dt -

: : : : . 1 n 1 n
in a 2Zn-dimensional space with coordinates q ,¢..,9 ,V ,...,Vv . Yor

reasons that we hope to make clear later, we again shift coordinates by

transforming to momentum, p,

ool dv
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The Riemann metric, which you may recall we identified with the

kinetic-energy form, is a matrix 8; whose only entries in this case are

the numbers m, on the diagonal; the transformation given by this metric

is exactly the transformation of equation (1). In our new coordinates

{
q yee .,q, Py coos P , we define the Hamiltonian H=T +V, and we get

2 |

{ Py dT 9H
Tei SS A, yo8T 8H

02 m, 1 dp, P,

since V does not depend on momentum; and by the second law

dt dq, aq"

or

dt op.
1

i=1,..., n,

dd 9t P;

Typical conservative mechanical systems can be described by equations

in this so-called Hamiltonian form. The system of equations refers to the

coordinates al, cee qa, Pisses Py of a point in phase space; in the most

general case, the first n of these coordinates will not necessarily describe

a point of a vector space, as they do in our simple-minded example, but a

point of a more general mathematical. object. The last n coordinates, though,

will often refer to a vector space. The whole business will be described,

mathematically, as the cotangent bundle of a differentiable manifold, which is

just a method of expressing the properties of the usual phase spaces of mech-

anics in a systematic and presumably more comprehensive way.
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Chapter I. Local Mechanics

§1. Functions

First, some preliminaries about notation. Following mathematical

usage, we referto "the function sin," not "the function sin(x)," reserv-

ing the expression sin(x) for the value of the function sin at the point x.

"The function e " we write as "e ", and "the function x° " comes out

as n(-)? ", The value of the function f at x is f(x), or sometimes fx,

Next, we review some basic definitions from calculus and show how

they may be understood intuitively in terms of easy topological notions.

Recall

Definition. If f is a function from R" to RP, f 1s continuous at a

if, given €> 0, there exists a number &§ > 0, such that |x-a| < & implies

|fx - fa| <e., If f is a function mapping R” to rR (in symbols f£: RK —RY,

we replace |x-a| by \/ > (x, a)’ .

Now some topological definitions. In rR, given a point a = (a,, cess a_),

the open ball of radius & with center a is (x! ces x) V > (x, - 2.) < §}.

If n=1, an open ball is just an open interval (open = not including end points),

while in dimension two an open ball becomes just a disk, (open = not including

the points on the circumference). We generalize this property of "a set which

contains none of its boundary points" in the next definition.
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Definition. An open set U in R is any union of open balls,

Be aware that there may be infinitely many open balls in the union

making up U, and that they may overlap; thus an open set may be a very

complicated object, with ragged edges, holes, disconnected pieces, and

other peculiarities you can visualize. But we can state the following (the proof

is easy): U is an open set if and only if, given ‘a in U, there is a number

6 > 0, such that the ball of radius & with center a lies in U., In fact, in

terms of open sets the definition of continuity assumes the following new and

interesting form.

n m

Theorem. Let U be an open set in R. , and f: U—> R . Then ff is

m

continuous at every point of U if and only if, for every open set V in R )

- n -

f by is open in R , Where f£ by = {xe U| £(x) e V}.

Here ty, called the inverse image of V, is merely the set of all points

of U which f maps into V.

We quickly sketch the proof of the theorem: if f is continuous by our

first definition, pick a point of ty, and take a ball of radius ¢ around its

image in V; then by the first definition there will be a ball of radius 6 sur-

rounding our original point and lying in ely, which shows that £ lv is open.

The other implication is proved similarly. For details on this, as well as

more facts about general topology, refer to any book on general topology.

th : CL Ras :
The i"? coordinate of a point in JA. may be viewed as a real-valued

function q: R — RR defined by q.(a) = q(a,, Cees a_) =a, ,i=1,...,m.
n RTM i

Thus ¢: R — | yields m coordinate functions ¢ , defined by
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0 (x) = a (o(x)). By the partial derivatives of the function ¢ we mean the

Cs 8p"
usual partial derivatives — ,

oq

Definition. ¢ is oh if all the first-order partial derivatives exist

and are continuous; it is ck if for each ot, all possible partial derivatives

of order < k exist and are continuous; it is c® if it is ck for every k > 0.

A smooth function will usually mean a C® function.

Thus, the set x of all smooth functions f: R® —_ R forms a ring,

since if £f and g are smooth, so is the sum f+g, where (f+g)(x) = £(x)+ g(x),

and so is the product fg, where (fg)(x) = f(x)g(x); and since the ring axioms

hold for this sum and product of functions.

§2 Paths, Functions, and Tangent Spaces.

Now we come to the fundamental duality involved in describing

the action of physical systems, a type of duality which we will see again and

again in this course. We have already met the smooth function £f: U —R

for U open in R". Its counterpart is the path, a smooth function ¢: 1 —> R*

where I is an interval of [K . (Think of a point t ¢ I as a "time".) Notice

that for us a path is not just a string of points but a function, which specifies

for each te I, the point c(t) reached at time t. At any point x of R

consider all paths passing through x. Each has its associated tangent vector

at x, which is shorter or longer depending on the speed with which the path

is traversed, that is, on the parametrization of the function c. We are about

to describe how these vectors form a tangent space. - |
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First, we define an operation relating the dual objects f and c.

Definition. <f,c¢> = [< (foc)] , if <(0) = a.
-_— a dt t=0

Notice that we have the property

< = <f <fk Ti k,c>) fe> Kk, * £,,¢> k,

Our object is to use the operation <, > to establish a dual vector space

relation between the tangent space and the set of differentials, which will form

the cotangent space. To see why this is possible, let us for the moment put

n n

coordinates on R . The path ¢ maps a subset I of R into UC KR , and

f maps U into Rr again; thus the composite function foc, defined by the

rule (foc)(t) = f(c(t)), is just a real-valued function defined on the subset I of

the real line. The chain rule for functions of several variables gives us

dlfec) _ afc (t),...,c"(t) _ > (2 (Gel
dt dt a i‘qza’ dt ‘t=0 °

i=1 dq

Thus, it seems possible to represent the tangent vector to ¢ by the vector

i n
dc dc : : of of .

( TC ar Jo , and the differential of f by the vector ( RL ), ;

dq oq

then <f{, c> is exactly the ordinary euclidean inner product of these two

vectors.

We choose, however, to develop these ideas by the mozrv intuitive, co-

ordinate-free approach. To do this we need the notion of equivalence relation,

a generalization of the idea of equality, We say = is an equivalence relation

on the set S if for all elements a,b, and c of S, we have a =a; a = b implies

b=aj; and a=band b=c implies a=c. Inwords, = is reflexive, sym-

metric, and transitive.
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It is an easy theorem that = divides S into equivalence classes;

that is, subsets of S consisting of mutually equivalent elements, such

that if any two elements of S are equivalent then they are in the same sub-

set. The crucial idea here is that we can now view each equivalence class

as itself an element in a new set W; we decide that, since all the elements

of an equivalence class are equivalent, we might as well consider them as

the same object. As an example, let S be the set of real numbers, and

let s be equivalent to t if s-t is an integral multiple of 2m; the set of

equivalence classes can be identified with the unit circle in the complex plane.

(See Mac Lane and Birkhoff, Algebra, Chapter 1, §7.)

We now use the idea of equivalence class to identify all those functions

on U which have the same "cotangent" vector at the point a ¢ U: We define

f = 8 iff <f{, c> =<g, c> for all c. In coordinate notation, this means

the same thing as saying

wl = 5) for all -i.
8q" a 9g" a

It is not hard to see that the equivalence classes of functions now form a

vector space, which we call Ty, the cotangent space to U at a, or the

space of differentials. We just have to check the vector space axioms, first

noticing that f, = 84 ’ £5 = :, implies £, ti, =_ 84 + g,

f =_8, k a scalar implies. fk = gk

since <f +f,,c> = <f,e> +<f,c>

and <fk,c> = <t,c> ki;
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and then, defining df to be the equivalence class of the function £f, we see

that we may write d_(£+ g) = d_£ + dg and d_ (fk) = (d_£)k, and the vector

space axioms are satisfied.

Now let b,c:I => U be two paths with b(0) = c(0) = a, and write

¢ for qc: I—>IN . In a similar way we define b = c to mean that, for

all f, <f,b> =<f,c> (in coordinate notation (dot = de” for
’ “a Ta >dt ‘t=0 dt ‘t=0

all i), Intuitively speaking, b and c are equivalent curves if and only if they

kiss at a ; that is, if they have the same tangent vector there (same length

and same direction). If we write T U for the set of all congruence classes

TC of paths,we find that we can no longer duplicate the vector space con-

struction above, since the latter depended on being able to add two functions

f and g; whereas there is no direct and natural way of defining the sum of two

paths. We rely instead on the operation <, > to transfer to vector space

structure on T-U to the set TU. Here TU is the space of all differentials

d_f£, while T U is the set of all tangents T_C to paths c¢ through a.

Since the value of <f{, c> depends only on the equivalence classes of f

and c, we can define <d_i, T_e> to be the number <f{, c> . Now the function

which takes TC to the linear functional < -—, TC > : T(U) —> KR isa map

from TU into the dual space of TU. We have

T CET bE c=b<= <f,c>=<{,b> all £

> <=, Tc> = <—,T b> ;
a a

thus, the map TU —_ (T?U)" is one-to-one. If we can prove that this map

is also onto, we will be able to transfer the vector space structure on the
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range space (T2U) to the domain space TU in such a way that the map p

becomes a vector-space isomorphism. Yor this proof we must refer to the

i n

coordinates q of [[ . Recall that d f=d g if and only if

0 ?) i(2) = (—=-) for all i. The function gq, defined by q(a,,...,a ) = a,,
1a i‘a i n 1

9q 9q

corresponds to the cotangent vector dq which is written in coordinates as

a .th 1 n
(0,0,...,1,...,0), where the 1 is'in the i*® place. Hence d_q yo ees d_q

is a basis of T_U. In a similar way, we have n paths running along the

1 . o

coordinate axes: Xx (t) = (al, 2%. cov) at + t,.e., a’). Thus 7_x , cee TX

belong to T_U. (Note that x(t) is defined for t sufficiently small, so

x':I—> U is a path.)

Theorem. rx, ceo Tx form a basis of TG, a vector space ;

aq’, cee dq form a basis of TU s

and

ie

T U = (T%U) under the map p.

Proof. From what we have already done, it is enough to show that,

using the addition and scalar multiplication operations "pulled back" from

a oe 1 n .
(TU) by the above map p, T,X,...,T X form a vector-space basis

1 n i
of TU, and that it is the dual basis of da yoo op d_q . The Tx span TU,

since 1f c¢ is any path,

2 dc’ 1
{f,c - (—) Tx p=0,

n del i d & ihence c =_ > (3, x" . So we can express any TC as > FF) _ -
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The dual basis condition is expressed by the fact that

. co ij 1 j=1

<d_q, Tx, = (Hg ox)= ) = Q.E.D,
to lo fi

(Remember that this is not an inner product but a function on two different

spaces, and thus we have not a single orthonormal basis but two bases which

are dual, in the sense that ce, = <e' e;> = 5; .)

Now at last we can justify our use of the term "differentials" for ele-

ments of the cotangent space, for we compute

pol .

<-> (=) de> =o,
h 1 a
i=1 dq

and hence

of i

df= 2 (057) 4a
aq a

which is just the usual formula for the differential of a function of several

: i_. of fe i Qo
variables, Since <f,x> = (——) , we will also write 7 x = (—) .

a 1 a a la
9q 9q

Our coordinate-free set-up becomes really useful when we consider

the effect of a smooth function ¢ mapping U to another open set V. If

c is any path in U passing through a, ¢ carries that path into a path in V

passing through ¢(a), namely the path represented by the composite function

poc. It is easy to check that this gives us a map from TU to Tv, defined

by TET aye). This map will be called T_# OT ¢ . The dual situa-

tion is completely symmetric, only everything is reversed. Namely, if h is

a smooth function on V, then ho¢ is a smooth function on U, and thus

(a) a :d (a) >d, (hoo) maps T V —> TU. (Note that this map is backwards,

from V to U.)
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If we view intuitively a

tangent vector as a small
| \%

geometric vector (an arrow) U [TV

lying in our open set U, then J : !

; P ? a LL
the mapping ¢ "carries" each i TRS |

such arrow in U to a correspond- "10 T

Cx ¢(a)

ing arrow in V., Dually, we may view

a function f from U to IR as a

"collapsing" of U onto some line,

analogous to the projections of a two-

dimensional set in the plane onto the x- ROW——>>R"
heo

and y-axes. The effect of the mapping oc ¢

5 . . n h
¢ or de which ¢ induces on the RW ——>'R

cotangent space is to take a collapsing of V and from it get a collapsing of. U

by first mapping U to V and then collapsing V. We summarize the situation

as follows

d (Tog) TU T U TC
a a a

a _ —

d , \f (aly T ‘\V + Yale)
(a) ~ e(a) ¢(a)

Moreover, we have the following "self-adjointness" rule,

~ ~~ d ~

<d fo, c> = <d f,T c> = ——(fopccTTR 7 Sa) Tee)? Tela) Tar (Forel

called that because it can be abbreviated <f o, c> = <¥f, pc> .
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When we introduce coordinates q on U and qr on V, the chain rule

gives us the following formula for transforming the base 3/aq of Tota) to

that of T U: ~i

3/9q" = > Blqog) 2 .
i ~~)

9q 9'q

Thus we may write

0 _ j )

aq 9g

where a; is the m Xn Jacobian matrix

: ~] :
d co 2, ~~

2) = Adel] opp (2d).
9q aq

Similarly

% ~iy ~j 8 (Yo ¢) i _ J adoe (a, y&) = a, (Te) = > ( I" ), da = > a’ dq .

If now U, PS J, IN U, we get induced linear transformations
@* yu . .

T (U,)—>T ug,)—>T U.) ; by considering the effect of(99) o(a) 72) Wola)! Us) FY :
the composite map Yo ¢ on a typical curve in U, we see that (Yo) = 0.

In the dual case, there is a reversal of order, called contravariance in

general: ) Lo

(Wo) df = d(f Yo) = ¢" d(fY) = @ Yr df,

If 1 denotes the: identity map taking every point to itself, ‘then it is clear

that we have 1 = 1, 1 = 4; and thus , in particular, if y= @ -1 then
-1

Yo = (¢ we) ¢
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§3 Tangent Bundles

Now imagine our open set U of n-space as if it were a 2-dimensional

sheet in space; over each point of U sits the tangent space at that point,

an n-dimensional vector space. If we now imagine the tangent spaces as

stalks which are tightly bound together by the structure of U we have en-

visioned the tangent bundle of U, written T.(U). The points of T.(U) are

the pairs (a,v), where a is a point of U and v is a point of T_(U). Since

a and v are both points of n-space, we imagine the pair (a,v) as lying

in rR", This concept should be clear enough from physics: the point a is

the position, and the value of v is the (directed) velocity at a, which taken

together form a point of phase space; since in general, to describe the

future motion of a particle we need to know only its position and velocity, it

seems likely that the tangent bundle will be a natural setting for the study of

mechanics. Even more useful is the cotangent bundle, T'(U), which is de-

fined to be the set of pairs (a,w), where this time we TU); that is,

w = df for some function f. We have natural maps, p rojections, in both

cases:

TM, : T. (U) —> U,; mT.(la,v) = a

wm : T*(U) —> U; 7 (a,w) = a

Notice that if a is a point of U, the complete inverse image (7: )(a) is

always a vector space.

By a vector field X on U we will mean an assignment of a vector Xa

of TU to every point a of U, such that the correspondence am> Xa is
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"smooth"; to be precise about this, we regard X as a map of U into

T.(U). Since Xa ¢ T_(U), we can write X as a~~~(a, Xa).

Definition. A vector field is a smooth function X: U—> T.(U) such

that the composite woX is the identity function: woX = iy .

The last requirement means simply that

X : umm~(u, some tangent vector at u).

Recall that the vector space T%U has the basis aq, coe dq" , Where

the q: are coordinates in U. It seems natural to put coordinates on T° (U)

so that the point (a,w) ¢ T° (U) is viewed as (q}, cee s qa, n'a q, cee hd a"),

where the q and the ht are the coordinates of a and w, respectively.

Thus w = h'd q' +... + h'd_q". In a similar way, we put 2n coordinates

on the tangent bundle. We have seen that, if f is a function on U, then

af= > —s aq

is a point of T?U. Hence we can write

(*) at = 3 (=) dq’
dq

for the function which assigns to every point a of U the cotangent vector

df; it is thus the cotangent-space analogue of a vector field. Expressions

like the above constantly pop up in physi¢s; for example, if the three com-

ponents of force in space are represented by the functions EF, of x,y, and z,

the infinitesimal work is usually defined by

dW = F, dx + EF, dy + F, dz .
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When we interpret dW, dx, and so forth, not as infinitesimals, but as

cotangent vector fields, this equation resembles equation (*). This will

actually be the way we put the notion of "infinitesimal" on a sound mathe -

matical basis.

§4 Vector Bundles

Take a long narrow strip of paper, draw a line down the middle length-

wise, and paste the ends together by twisting once.to form afigure called the

mobius strip. The line down the middle now becomes a circle, and the

surface can be thought of as composed of vectors ("fibers") perpendicular to

the circle and radiating from it. We are about to see how the mobius strip

can be viewed as part of a vector bundle over the circle.

First we define the simpler notion of pre-bundle. Given two sets U

and V, their cartesian product UX V is defined to be the set of all pairs

(u,v) with ue U, ve V. Given sets G, E,U, and maps ¢ and 1 forming

the following diagram

E

-

Gc —=> U

we define the pullback G xy E as the universal object making the square

G X E—E

CF
E——U

commutative; (universal objects and commutative squares will be defined in
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due course). Specifically, the:pullbackcan be definedas the following set:

GX, E = {(e, g)| ee E, ge G, we = cg}.

| B
A pre-bundle, usually written |r , is a pair of sets B,U and a map

U

between them such that B and U are open in some Euclidean space, T is a

smooth map, and on each fiber r= (u) = {b | be B, wb = u} there is a smooth

addition and a scalar multiplication defined so that each fiber forms a vector

space. By this we mean that

(a) if b, , b, ¢ B with w(b,) = w(b,) (i. e., b, and b, are in the same fiber),

and if k is a real number, then there are points by + b, and bk in B

with m(b, +b.) = w(b, k) = w(b,) ,

(b)" the resulting operations on each fiber satisy the vector space axioms,

so that each fiber by itself becomes a real vector space,

(c) the maps +:BX,B—>B and . :BXIR—>B are smooth.

To state property (c) we must make the additional postulate that B X.;B, the

pullback in the diagram B XyB —> B may be embedded in some

|
B—m—>U

Euclidean space as an open set. U is usually called the base space, B the

total space, and wT the projection of B on U. Notice that while U is an

open subset of some vector space RS U is not itself a vector space.

Neither is B; instead, it is made up of a lot of vector spaces glued together

like a bundle of sticks.
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The easiest example of a pre-bundle is the product space UX YV,

where U is an open set in IR" and V is a real vector space, V = RTM

for some m. When we define (u,v) =u, we see that the fiber

(a) = {(a,v) | v ¢ V} is just a copy of V, and so inherits the vector-space

structure of V. One can check that the other requirements are satisfied.

Such a pre-bundle is called a local vector bundle.

Suprisingly enough, the tangent bundle to an open set U is a pre-

bundle, (indeed, a local vector bundle) with U the base space, T.(U) the

total space, and w:(a,v)»»>v the projection. Moreover, there is an iso-

morphism T.(U) —= SUxR® obtained by mapping (2, v)mes(a, iv", cee vo),

where v has coordinates vi ; that is,

v=vi—F), +... Fv (=) :
dq oq

This isomorphism is a bundle map, in the sense that points lying in the fiber

over a point a of U are mapped into points in the same fiber. More

generally, the pair of smooth maps (H,h) in the diagram B SEEN B

G—2 5

is called the bundle map if TH = hm (that is, if the diagram commutes), and

if the map H is linearon each fiber. The first condition means that the fiber

over a is mapped into the fiber over h(a); the second can be stated

Th, = Tb, = H(b, + b,) = H(b,) + H(b,), H(bk) = H(b)k.

A cross-section of a pre-bundle is 2a smooth map x: U—> B such that

ay = 1 gi in other words, y(u) lies in the fiber over u . For example, we
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always have the zero section: x(u) = 0, all ue B. In the case of a local

vector bundle, for any constant vector vy of V the map umn>(u, v) is

a cross-section. In general, the set of all cross-sections of a bundle =,

denoted by I'(w), has an additive structure [(x, +x, )(w) = x4 (u) + X,(a)] |

as well as right multiplication not just by ordinary scalars but by real-valued

smooth functions: if fe 7 , (xf)(u) = x(u): f(a). Since xf and x,tx, are

also smooth, we find that I (mw) forms a module over Ki .

Now that we know that T.(U) is a pre-bundle, we can redefine a vector

field to be a cross-section of T.(U). The inevitable dual object, a cross-

section of T°(U), will be called a differential one-form, or a co-vector field.

Before considering these creatures, we observe that an ordinary vector field

may act on functions much like a directional de rivative; that is, given a func-

tion and a vector field, we define a new function whose value at every point is

the derivative of the original function in the direction given by the vector field

at that point. Formally, given ge¢ g and X ¢ I" (wr), define

(Xg)(a) = <d_ g,Xa> .

It is important not to confuse Xg, which is a function, with the vector field

Xg, the product of the cross-section X of T.(U) with the function 'g. The

context should usually make clear which one is meant.

Since T'(U) is a pre-bundle in exactly the same way that T.(U) was,

it makes sense to speak of a cross-section of T*(U), and such a function w

will be called a differential one-form on U. For example, if £ is a smooth

function taking U into IR, the function df defined by df(a) = (a, d_f) ¢ T'(U)
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is a differential one-form. ¥ rom the ith coordinate function q, which maps

a point of U to its ith_coordinate, we get a form dq’, and we can express

df for a general { in terms of this basis:

| 1 n of 1 of n
(1) df(a) = (q'(a),...,a (a), (—) d a",....,(—) dq).

a &

oq oq

The differential one-forms are a module over 7 , just as the vector fields

were; given a form w and a function g ¢ g , we define gw (a new form) by

the equation gw(a) = (2, g(a)w,) if w(a)= (a, w,). Then formula (1) shows that

of 1
af = > (—)dq ,

oq

which is now a rigorously based statement of the familiar law of partial

differentiation.

It is easy to see that any differential one-form on U can be written as

Nn . . .

w= > h'dq’ , where the h° are n smooth functions on U, But it is an
i=1

important fact that in general not every form w is of the form df for some

smooth f. This problem is related to the well-known condition for exact-

ness of a first-order differential equation (cf. Apostol, vol.II, p.239). Thus

we can define a one-form w to be exact if there is a smooth function f on U

such that w= df. In a simply-connected two-dimensional region, like the

interior of a circle, a necessary and sufficient condition for the one-form

w= hdx +k dy to be exact is that 9B/8y = OK/px . In general, however, this

is only a necessary condition (cf. Mackey, p.18, footnote), so we define a new

expression, the differential of w, as
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w= > (2 2) of gg if w= > h'dgTiS Ved i) ERE :
: i<j

“and we say that w is closed if dw = 0. Thus any exact form is closed but

not vice versa. The proverbial "alert reader" may have noticed that the

above conclusion depends on the definition of exactly what dq’ dq’ means;

for the moment, however, we merely point out the analogy between the form

of dw and that of the "curl" of a vector field in three-space, which allows us

to compare and contrast our condition for a form to be exact with the common-

place of physics that a field has a potential function if and only if its curl is

zero. (It is worth pointing out that in n-space there are alo-t) different

dq dg’ for i andj ranging between 4 and n, i<j; when n= 3 it happens

that 2 n(n-1) is also 3. So while in the three-dimensional case the curl of a

field is a vector of the same dimension as the field, this need not be true in

general.)

We previously considered the effect of a mapping ¢: U—> U on cotangent

vectors; for each point a of U, ¢ induces a linear map os r¢(a) U—> TU,

It is easy to generalize this to the case of differential forms. Let w be a

one-form on U; we desire to construct a form PR on U. Given a e¢ U, we

have ¢(a) e U. If w(e(a)) = (0(a), ®) We 7¢(2) (0), then define

(pT) (a) = (a, o*(w)) where ¢*(w) € TU), so (a,¢*(w)) ¢ T*(U). In a typical

physical application, @ would represent the work for some displacement, and

¢*w would be the same work function expressed in terms of a different general-

ized coordinate system, given by the change ¢ of coordinates from U to TU.
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In the case where w= df , Where T is a real-valued smooth function

on U, we can derive

n
Bo ~~ o(7T :

¢ (aT) = d(Tog) = > Liloel dg’ .

In particular, |

: m ~i :
%, ~1 0 oYHagh= > Ade) of

j=1 @q
: ~i

Here the coefficients of dq’ form the familiar Jacobian matrix Hace) ‘
q

oi, oe My ~ 3 SE Xo ~
Moreover, ¢ (fw) = (¢ f)(¢ w) = (fop)(l¢ w), where ¢ £ = foe; and

when we have defined the operator d on forms it will turn out that

, 3
dlew) = ¢ (dw). These equations can be interpreted as properties of the

PY , ~~ .

map ¢ : I(T" U)=—> I'(T*U), where I'(T"(U)) is the Fr -module of all
7

differential one-forms on U.. Finally, if we have the diagram of maps

| 3 | PY 3 3

U, <5 u, — U, then I(T'U,) LN T(T"U,) 2 L(T'U,) and

* aK ix
we have (Up) w = ¢ (U (w)). We say that ( ) is a "contravariant functor".

We can pull-back not only differential forms but also whole pre-bundles

along the map ¢ . Specifically, given the situation Ir where B

U—4—>T7

is a pre-bundle, construct a new set

B= {(2,D)] ae U, beB , and ¢a = Tb} .

(This set B is exactly the "pullback" UX B discussed earlier.) If we de-
R-

fine a(a,b) = a € U, then it can be shown that B is a pre-bundle. Intuitively

speaking, given any point a of U we have found the fiber over the image of

a under ¢ and made that fiber the fiber over a in our new bundle. Notice
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that if B isa tangent bundle then its pullback need not be; for example,

if U is some open set in the plane, and -U is a line lying in U , the pull-

back B will have a two-dimensional vector space over each point of U,

whereas the tangent bundle to a line is always one-dimensional,

§5. The Lagrange Equations

(As a reference for the following discussion of the Lagrange equations, cf.

Goldstein, pp.10-18, and Whittaker, pp.30-35.)

We consider a system of N particles with coordinates xl, co) xo ,

moving subject to contraints, in such a way that the system can be described

by n generalized coordinates gd, «oe q For example, the position of a

sphere rolling on a plane is completely determined by x and vy, the coordi-

nates of the center of the sphere, and the three Eulerian. angles 0, y,¢ which

determine how much the sphere rotates. We make the assumption that the

constraints are holonomic; that is, we can make small displacements in each

of the ¢ independently. Given applied forces Fi) and constraint forces

Fie) in each of the euclidean directions x i=14,...,3N, and under the

assumption that the forces of constraint do no work, we will show that the

system obeys the Lagrange equations

i

= 5 - 21 = Q. , j=1,...,n
§ 9q )

where J = J (4, ceo q", gl y oo ay a") is the kinetic-energy function, and Q

is called the "generalized force in direction j" as defined below.
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Newton's laws tell us exactly how the system behaves when viewed in

3N
the framework of euclidean space, R s our problem is to describe it in

the configuration space U whose coordinates are the g. Since we have an

3N j
evident map ¢: U—> R which merely changes the q’-description of a

i 3N.
state of the system to the x -coordinates of R , a natural step is to try

3N
to "pull back! the laws of motion in K along ¢. For example, if

W = SICH FS) ya
i i

i

is the differential form corresponding to work in euclidean space, then ¢ *W

gives the work in terms of the q. This is so because the change of the state

3N
of the system in time is described by a path in IR ; but since we consider

only motion subject to the constraints, each such path is the image under ¢

of a path in U. Now the "self-adjointness" rule given above for pullbacks

makes it clear that wY = o*W has the same effect on a path of U as does W
~ 3N

on the corresponding path in = . Computing,

3N n i
U i a C oxwoos > RE 4 F| ) > — dq’

i=1 j=4 09g

n i n 1 :
a) ox ] c) ox j

- > (EY Zad+ (SRY
j=1 i oq Jj=1 i dq

where we have identified F and oF = Fo ¢ (that is, the force F as a function

of the x and F viewed as a function of the q') as is the custom in physics.

Since we have assumed that the 7 do no work, we get

wo = > Q. dq’ where Q.K = > F, —_—
j=1 bi=1 dq’



are the generalized forces; "generalized" since they need not have the

dimensions of force, although the product Q.q always has the dimensions

of work.

The situation is now as follows

d 3N J
T.(U) ——— T.([§ ~~. __. _ R

NO 1 3N ,1 .3N
(£7) eeers XT LX, eeaX )

Y 3NPde?5 BN sn
x

DEN hs: Ne
where the map @ is defined by @(a,v) = (¢a, ¢*v). As above, we will

o Pfollow the convention of writing 2 when we really mean 27-9). o
oq oq

Then we have the following straightforward derivation of the Lagrange

equations, starting from Newton's second law:

2 i o

i 4 i i

therefore

n 3N 42,1 55k : 3N (2) (c) n sc . Nn :

(1) > (> m= —5)dd = > (FT +E) > — do’ => dq.
j=1 i=1 dt aq i=1 j=1 o9q j=1

n

, j 0Now x = = = > 2x _ J Therefore = = > . Hence
j=1 aq’ 8g aq’

gt 2 a) dt. aq” dt og dt 5g? dt YR oq’

= L9 ES 9_ (E
dt 94] 2 9q 2
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, 2 . 2

= i ~~ ,d 9 RE d RE j
By (1), >, Qdq = > [oz — > ——— - — > ——]dq

: J : dt v1 2 J = 2
j=1 j=1 dq 1 oq i

<=, 4,98] 99 . . j
= > (gr (=5) - —)dq

j=1 oq oq

Since the dq’ are independent, we can equate the individual coefficients and

get the desired Lagrange equations,

What is really going on here? A first clue is that our formula

d OX +j
= = > == g is just a special case of the formula in coordinates for

oq”

T_(#), the map induced by ¢ on the tangent bundle. We have really "lifted"

the path c:I—> U, which describes the change of the system in time, to a

path T:I—> T.(U), where ¢T(t) = (c(t), (t)), and examined its form under

the map ®. More pertinent is the reason why we have organized our equations

“of motion in this form to begin with. Examining the derivation above shows

2 i

that we expressed Newton's second law, m, L = F in terms of
dt

1 ,ui2 .. d,87, d,0J. 8d . _ ._ |
J=> =m (%)7, getting — (——) = 7 (—7) = —5= =F ,.i51,...,3N, the

ox ox ox

Lagrange equations in euclidean space; we then pulled back by ¢ to get a

system of equations in the same form with respect to the q'. What matters

here is that the Lagrange equations in fact remain invariant under pullback

by any 1-1 map ¢. This will be done in the next section,

§6. Lifting Paths |

Let W be a differentiable manifold, and c:I—> W be a path in W,

We define the lifted path ¢ :I—> T.(W) in the tangent bundle T.(W) by
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c(t) = (c(t), T(t)" Let ¢:W —> U, Then (T.¢)(T) = (ec), since by

definition @&(t) = (c(t),T (ec) and (T.¢)(2(t)) = (pct),T _o(r_.c)) by
pct ct ct

definition of T.¢. We indicate the relationships of the above functions by

a commutative diagram <

CL T.W—2 ST vu
[& T Im
————> VW ——su———> UU

c @

. 1 m
If we choose coordinates r ,...,r :W —>R for W and

1
q ,e00, q": U —sR for U, we have coordinates

xy coy +, rio ceo rs T.W ——>R for the tangent bundle of W and

xs co ey qd; gr, «oe, q rs T.U —sR as coordinates for T.U,

i 3) :
The Jacobian J = J(¢) of ¢ is the nX m matrix defined by J. = —i-E

(= 3 for short), where i=1,...,nand j=1,...,m. The Jacobian of
Tr

T.¢ is defined similarly. It is a 2n X 2m matrix of the form shown below

1 m ,1 . mM
r ¢e..T TIT ... TT

al f | !

: J(¢) 0
q*

—
x!
q | |

2 ET 1
«I ! I
q 5

The lower right block can be calculated as follows

dt er i a YT o£ j )

Therefore : ;

2g" dq
—— = —— forall iandj.

91 51”



Thus the equations for the transformation T.¢ in terms of coordinates are

i 3 ag Lj i 1 m
q = > = + ’ q = ¢(r peee, I ).

j=1 dr

The invariant description is T. ¢(b, 7. C) = (¢b, TplPc)):

Given U, w a i-formon U, and JJ: T.U —>R a smooth function,

we define: a path c¢ in U satisfies Lagrange's equation (with respect

to J and w) in the coordinates qa, «ee q of U where

2 } ~- 1 n. .1 e I
w= > Q.dq ’ J =J(q see 9 5 q beoesq )

j=1
if

d 8J ins 87 \/~

dt .1 1 1
9q oq

The functions are indicated in the diagram:

r.o—7 SR

- Q.

1Z—<¢ sy—2SR

As a special case, suppose the forces are conservative. By definition,

the 1-form ww (the work) is conservative if and only if there exists a smooth

function Vv ct U —[R with w= - ay , in coordinates
n n

i oY | i “0
> Q.dq’ = - ST dg’ so Q, = 0’ . Thus (1) becomes
. 1 . 1 1 1
1=1 i=4 oq oq

a [( YS - (2x = 0, where L is defined by
dt .1 1 |

oq oq ’
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We now state the theorem asserting that Lagrange's equation can be

"pulled back" along a smooth map ¢.

Theorem. Let ¢: W—>U be a smooth map between open sets

in euclidean spaces, while w is a {-form on U and J a smooth function

on T.U, as above. If ¢c:I—>W is a path in W such that the composite

path ¢c satisfies Lagrange's equation (with respect to J and w), then the

path ¢ in W satisfies Lagrange's equation (with respect to J(T.¢) and

ow).

Proof. If w= > Q.dq’ , for Q. smooth functions on U, the form

¢*w is given in the coordinates r of W as

ve > 2 9 —— a
J 1= 9p

This can be written as > Rdr , where each

n 5 1 |

R, = > Q —= , J=1,...,m.
J i=1 ar’

We are given, on the path ¢oc , the equations

= (25) - 2 = Q, , i=1,...,n,
9q dq

(here J is short for Tegcc, Q for Q.o0 ¢oc). Multiply the jth equation

9 ql

by —L- and add over i to get
ar’ |

57. 8g" 57 aq’ oq"S428 | > 2 84. Sg24 oR
<dt> Lif, i j <i] j
i dq oar i 9q or 1 or

(here again everything is, through c, a function of t) By the rule for

5.7 Bq
differentiating the product 1 —— , this can be rewritten as

oq or
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d .8J 8g. 3] d ,9q 3d aq"_
alr Sr X rw) 2 Ry
i dq or i -9q or "1 dq or

The second and third terms combine to give Le s as for the first term,
: | or

907] ¢ Y Yh 9.7 d L
*J . so 1 .) ° 1 oJ

ar i aq or i 9q or

5 i al | 354i |

(here — =0 and a = = , as noted above). Hence the whole
91) 3%) ar’

equation (really with the path c¢ substituted in) becomes

12H - 5s
or or

and this is Lagrange's equation on W. q.e.d.

As a corollary we can prove the invariance of Lagrange's equation

under a change of coordinates (i. e., under a smooth map ¢ with a two-

sided inverse).

Corollary. I ¢:W—> U is a smooth map with a smooth inverse

oe tu — W, while c: I —> W is a path, then ¢oc satisfies Lagrange's

equation with respect to a function L and a form w if and only if c¢ satis=-

fies Lagrange's equation with respect to (T.o) L and ow .

This invariance under any change of coordinates is the advantage of

Lagrange's equation over the original Newtonian equations. In the next

section we give another explanation of this invariance.

The conservative case is that in which the 1-form w on U which

represents the work is the differential

w = a"
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of a smooth function Y . U—>R called the potential. The function WV

can be lifted to the tangent bundle as “fom: T.U —> , and we often

write Vv for Vor. Then the Lagrangian function L is by definition

L=J-V :T.u—R

and Lagrange's equations clearly take the form

< (25) - == = 0 ,i=14,...,n
oq oq

Here L is of course short for | Lo¥ , ¢ a path. Expanding the derivative,

these equations are

<> oL SP > cet Cy —= = 0,
j=1 0q oq j=1 0q2dq oq

a system of n second order differential equations.

We give an application of Lagrange's equation. Recall

L = ( J = ): T.U — [Rand Lagrange's equation is

9q 9q

We will use this to derive the equation of motion (acceleration) for

Atwood's machine: — (9) =

a (massless) pulley supporting | | |

a (massless) chain with a weight m, ] , ;

a distance q below the center of the | m,

pulley and a weight m, a distance (£ - q) m, | 1

below the center of the pulley, where £ is

fixed. As indicated, thére is just one generalized coordinate q.



«40-

1 2 1.2 _ | -We calculate J => m,q + > TMm,q and VY = -m, gq - mm, g(£ -q) =

| 1 .2
(m,- m,)gq + constant, therefore L = > (m, + m,)q - (m,-m,)gq + constant,

: : aL _ . d 9oL , _ oe
We differentiate 5g ° (m, + m,)§ rr rr ]= (m, + m,)q and

oL os _ |Bq ~(m,, - m, )g. We equate (m, + m,)§ = (m, - m,)g and solve to get

qs= (m,- m,)/(m, + m,))g, a second order differential equation which can

readily be integrated. :

We give a problem for mathematicians: Find the accelerations of the

system shown below. The mass of the weights is indicated by the numbers

labeling them.

9

|
|

©.

=



-41-

§7 Hamilton's Principle. |

The fact that a path c:I —> U satisfies Lagrange's equation is, we

have seen, independent of the choice of coordinates in the configuration

space U. This fact can also be explained by Hamilton's principle, which

asserts that the solutions of Lagrange's equations are exactly the curves

which "minimize" a certain integral formed from the Lagrangian function L.

To cover the most general case, we willassume that L depends not only

on position and velocity but also on time; that is, that L is a smooth

function Li; T,U XI —> R . In coordinates, this means that

Lia, ....&8 8, 88 eR

Given fixed points a and b in U, we consider paths c from a to b;

that is, c I> U with tat) € I and c(t) = a, c(t) = b, We can lift

c, to a path T_:1—> T.U X I, the identity on I. We want to compare c..

with other smooth paths with the same endpoints a and b at the same time
t

t, and t;» For any path c, let J(c) - [7 (LC )dt. We want to prove
t
o

Hamilton's Principle: If c:l— U is a path from a to b in TU,

then c, satisfies Lagranges's equations for L if and only if the corresponding

integral J(c) is "stationary" for c = c,-

It remains to explain "stationary" for functions of paths like J.. In the

simpler case of a function f of a real number C , we say that { is stationary

at E, if = =0 for ¢= € . Thus a function is stationary at a maximum,
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at a minimum, and at other points (horizontal inflections). Similarly,

I(e,) will be stationary for c, if c, is a minimum (Jc) < J(c)) or

a maximum or... . More exactly, J is stationary if the corresponding

function of £ is stationary at <, whenever <5 is embedded in a one-

parameter family of paths. Such a family is described by a smooth function

C:IXI—>U,

(e,t)~~—>C(c,t) , Ee I, tel

where C(¢ t) = a, C(¢ ty) =b, and C(0,t) = c(t). In other words, for

each ¢, C(e,-) is a path from a to b, while for & = 0, C(0,-) is the

given path Cc, The situation is that of the following figure

IX [ees

Con x

t, ty ty

By lifting each path, we get C:iIXI—> T.U XI. Then J( C) | (LC)at,
%

is a function of £€ . Calculate

re £4 pet on i n i~ ai L dq" oLae) 2_ Ld) at = (S209sh 8h 99 yg
d ac — Ji 0¢ —— i OE

t t i=41 9q i=1 dq
o o

58t a aq"
Note that 3c" at (=) and the integration-by-parts ' formula

t t
1 1 - ty

[Poa |" Lvas ow"
dt J dt

t t t
0 o 0
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i i i |b
0 oL 0

Therefore, —otcl = [ | 5S (hyde), 2& 29 jg,dL Ogat =~ dt ol de 5g 0& gad oT |.

1 4 —q 5%
=0

(the last part equals zero because the paths have the same endpoints)

n 1
d , oL oL 0

=> [gC gh a
i=1 oq oq

‘Therefore, if the Lagrange equations hold along cs then a =0.

Conversely, we show for a pathic _ that if J( C) is stationary for every

one parameter family C containing c, as above, then c must satisfy

Lagrange's equations. The proof will use the "variation" of the path given

n

by a smooth n:I—> K with n(t.) =, n(t,) = 0, The "varied" path

is the one parameter family C with

Ce,t) = c(t) + £nlt)

n

(assume that 7(t) is small, so that C(£,t) still lies in the open set U of [R ).

Then for the coordinates we have

i
i i i og i
qC(e,t) = goec_+ €qoen , Hz = qn

For this family the calculation above shows that

dJ(C) nt d , OL SL i
al HE BEF Ce SR RELL)

t= 0 i= vt aq 9q

This holds for all 7m; we wish to conclude that the expression in brackets

is zero for each i, for this will give us Lagrange's equations. If we call

this expression M, this will follow from the following lemma.
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Lemma. If M:1—> R is a smooth function and if

ty
Mndt=0

t
o

for all smooth functions m:I—>MR with n(t_) = ne, ) = 0, then M(t) = 0

forall t with t <t<t, .
oo 1

Proof. Suppose instead that M(t) + 0 for some t= t,, say that

M(t.) > 0. Then M(t) > 0 on some small interval about t, and we can

choose a "bump" function b:l —>[R which is smooth,zero: Gutside the °.

interval, positive inside this interval,and 1 at te /\

5

Then choosing m = bM as variation, the hypothesis gives

t4 Bo
Mndt = bMTM dt > 0.

t t
0 o!

This contradiction gives M = 0, as desired.

The methods used here are those of the Calculus of Variations. The

result can be formulated more generally, as follows

Given h:T.UXI—>R , consider paths cl —> U which make

ty
J, hT dt stationary in comparison with other paths c, c(t.) = c(t),

o

c(t, ) = c(t) . A necessary condition for this is Euler's equation:

= (2) = a ,i=1,...,n.
9q" aq

In the special case when h is the Lagrangian function L,, Euler's equations
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are Liagrange's equations. In more general treatments, the smooth paths

used above can be replaced by "piecewise''smooth paths.

§8 Bilinear and Quadratic Forms

The kinetic energy 7 is usually a quadratic function of the velocities;

that is, J :T.U—>[R restricted to the fiber (tangent space) over a point

of U is a quadratic function on that tangent space. We now study certain

properties of such quadratic functions.

Let 'V be a finite dimensional vector space. Consider a function

B:VXV—[R ( (v, W)Arans B(v, w)). We define B to be bilinear if:

B(v,w). is linear in v (with w fixed) and linear in w (with v fixed).

We define Q:V —R to be quadratic when,

1° Q(-v) = Q(v)
/

2° Qu +v) - Qu) - Q(v) def. 20% (u, v) is bilinear in u and v.

That is, Q determines a symmetric bilinear function oe

‘As a consequence of bilinearity, we have

Qlutvrtw) - Qu) -Q(v+w) = Qu+v) - Qu) - Q(v) + Qlu+w)- Qu) ~ Q(w).

Letting u=v = -w, Qu) - Qu) = Q(2u) - Qu) - Qu) + 0 - Qu) - Qu)

and thus Q(2u) = 4Q(u). (We must have Q(0) = 0 since Q* (0, 0) = 0.)

The assignment Q ~~————> of def. 1 [Q(utv)- Qu) - Q(v)] symmetric
quadratic 2

and bilinear, has an inverse B ~~ Bt Define B# (4) = Blu, u), for B sym-

metric and bilinear. Clearly, @”) = Q, since



-46-

b#, \_ ~b _ 1 _ 1 A
(Q7) (uw) = Q" (u,u) = 5 [Qutu) - Qu) - Qu)] = F[4Q(u) - 2Q(u)] = Qu).

Conversely, gs" is quadratic:

1° B7(-u) = B(-u, -u) = B(u, u)

and # # i def #\b
2° B'(ut+v) -B'(u) -B(v) (= 2(B") (u,v)) = B(utv, utv) - B(u, u) - B(v,v)

= B(u, v) + B(v,u) = 2B(u, v).

And from this calculation, clearly a = B.

Given Q:V —[¢ quadratic and W £5 V a linear transformation,

then Qo:W —>R is quadratic. For the proof, note

Q=YV LS yxV 2 or
Vann (v, Vv) anon» B(v,v) = Q(v)

where B = Q* is symmetric and bilinear. Check that

W XW 2X0, VXV 2 LR is symmetric and bilinear. The rest of

the proof is indicated by the commutative diagram:

W—at—s Vv

V Vv =
WX W _9XP Suyxv _B R .

n :

Choosing a basis € reves for V, and letting v= 0 qe, , we have

: : oo. i=1
1 J — 1] 1171 =B( > de, , = 4 e:) > qq B(e., e,). Defining 8; B(e,, e.), we have

1 1,)
n i;

Q(v) = > g;;d < : we may call | Bi; | the matrix of Q for the basis e..
i,j=1

Consider the functions indicated in the following diagram

; 1 J

‘Nl L

q T

1 \"
a af

—_— |iR i. he

q.
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The g" and q are the usual coordinates and 7 is quadratic and

positive definite on each fiber, thus J is a Riemann metric on U,

== - is a quadratic plus a constant on each fiber. Let

n ”

J = > g;.q &® where gs U—>R , that is for ueU, (g; (1) is the
ij=1 : )

positive definite symmetric matrix associated with the quadratic form J

induces on T,U, the fiber over U. But we have already noted that such

a Riemann metric gives an isomorphism

T U—> (T U)" = TU
u u

of the tangent space to its dual, the cotangent space. This isomorphism

carries a point with coordinates (gq ,..., gq) to the point with coordinate

p. , Where : n
i | . oJ

p= >, gd = —>— .
j 1

oq

If we apply this isomorphism to each fiber of the tangent bundle, we get a

smooth map JX :T.U—> T'U called the Legendre transformation, as in

the diagram , .

— 9 % —b
R—— _ TUv————>TU_:_ _[R
“7 on

q .
Te

Nd 1

——— 1

TTR RR- >

The coordinates for T.U are ar. yo eo qT, , 4; yoo , a and for TU

they are q Teen, qr , Py yee oy P . The map < is then defined by

9g
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We now consider the properties of this Legendre transformation re

§9 The Legendre Transformation

: : no, . 1 n
Suppose U is an open set in [R with coordinates q ,...,q and

we are given a smooth kinetic energy function J from T.U to R . We

1 < ishall assume J quadratic; i.e., J = > > oT gq . Such a function
| i=l aq

determines a smooth function XL defined by TS
57 i Co R<«l—T. UX TU

p.% DT —— qd = qT . We set \.
x agi | TT. THe
A iy |

J = pe « From the quadratic assumption U

on J we have |
n n

2dJ = ° a2 + 21 at,
i — ip!

dq i=1 9q

n n
5 J i 9] ..i

Subtract a7 = > — dg * + >, 3 dq to get
i=l oq, i=l aq

11-3 alg. 5 21 ade. The
i=1 dq i=l 9q Tr,

7 7-3 Flysdd = JF) =(¥)* ad

n . n rt .
- oT Aim a J -1 i
= > dX a3 - > —7 d(q 7.37)

i=1 9g i=1 oq Tr. |

(Recall that if X >Y ——>I. are smooth functions, then f pulls back

via § to the function ff and we have d(fg) = g*df , g*(gdf) = (gf) Pdf.)

Finally, using the defining equations for J ,

A n . n .
. - 0 . -1ad = ety - = (2 adke

— i : i
i=l i=l oq mw
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n A n 2
a 0 © 9But also dJ = > 2 ap, + > 21 dq , and the coefficients

i=1 “Pj i=1 8g

of the differentials are unique. Thus

A A

Lig-1_ 8] EV A oJ
ad = 5p 2nd -— 5 ==

i oq Tw. oq T°

. A

which are the equations of the transferred kinetic energy J in terms of

the given one J .

Now if we have a mechanical system with Lagrangian L = J. in

which a path c¢ satisfies Lagrange's equations, then these last equations

yield Hamilton's equations for c¢. Let's follow the conventionin mechanics

of not writing in the maps w,,w" and J , so the last equations are

i , "

dt op, Th Th

By definition of ZX

dp.

dt dt -i dt i
9q oq

es!

_ 8% _ aJ 2v (2 . NA

Bq" a 5g" oq" 5g"

z -1

So by setting H = J + VZ , we have Hamilton's equations

dg. 0.5% od dp; 9 7
t op, dt a

A

Exercise: Let n=1 and J = a5, where U—-2>R | Calculate J .



-50-

We want to understand better how this scheme produced these

equations. Notice first that J maps TU into TZU -- which is to say

(4, 15)2 T —> 7° is a morphism of prebundles. Thus we may as well

look at £ on each fibre.of T.U and paste the fibres together where we

must. So consider a finite dimensional vector space V (think of this as.

TU for some a U):

a) At each point ve V, TV ~V (7, cone w) , where c(t) = v+tw

is a curve I —>V, (Identify V with TV by this isomorphism. )

b) Ateach ve V, T VV (df ~~ df ) where

df (w) = = (£(v +tw))| and V —f5R . (Again identify V and TV.)
t=0

c) T'V can be identified with VX V via

AANA df(v, d_£) (v, d f)

TV ———> VX V7"

- | TM where w(v,a) = v.
| - v

Vv —————> V

We have another projection V X VS — sy (v, @)a~—s a.

d) Aid-form w on V is a smooth function w:T— T'V such that

Tow = ly . Composition of o with a vx v¥ o Vv

l-form w produces a smooth function . | _

= |< "ow / cw

\%
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e) In particular, suppose L: V —R is smooth (think of L as a

Lagrangian function restricted:to one fiber af T.U). Then dL is a

AL 0
{-form and so determines V ——— V , To compare this with the

example at the beginning of this section, let the potential energy be zero

so L=J , The first defining equation for J” says Liq = od] when

written in coordinates. Returning to the general case, the explicit formula

for > gives each value TV as a function of w:

x = 4a1. Vw) on Mlvtew)| .

1
f) Let eyo ceo e be a basis for V with coordinates e ,..., eTM :

then e ,...,e area dual basis for V with coordinates €, ce oy ee

The formula for 9" = x in these bases is

n 51, :

Z viw) = > (—— | ) lw .
j=1 ge’ 1V

i ; dL
Apply e., to both sides and use ee = S. to get e. Lv = — | or, as

i i j 1 Sei
e Vv

functions

Le.d = oL_ , 1=14,...,n
i i

oe

In the mechanical rotation e' = g" and e. = Py since V = T U and

He a : n |
V =T U for ae U, U openin [R, and the result reads

SL

as before,

The Hamiltonian function arises from asking the question: when is x

invertible 7 (This is probably not the way Hamilton found it.)
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By the Inverse Function Theorem (see Abraham p. 10), Lo exists if
2

and only if the matrix ( —— ) is non-singular at every ve V,
dee’ Iv

: wr=1
g) Suppose X invertible. Does A come from a smooth function

* :

on V inthe same manner { came from a smooth L on V? That is,

* -

is there V —E SR such that ye 1 =qodH? Sa
| | VXV —>YV

From part f) we have |

n ; dH| | 1

dL = > (eX )de . Ny
i=1 A"

Let's try the formula dual to this one:

LA
We want H so that dH = > (el ) de, . Use the derivation property

i=1

of d¢

=~, i= — , i.-1 = i-1
> (eX “)de, = d[ > (e Z Te.] - > e.dleZ 7).
: i i : i
1=1 1=1 i=1

The second term on the right is

n n
-1 i we=1 N = ne i

- > XAT ALT = (47) > (eX)de
i=1 i=1

-4 2% . w=1

= -(£ 7) dL = -d(L~ ).

Substitute this in our conjectured dH to get

=, ie -1
dH = af > (ef Te,- LL 7],

i=1

so H should be

i,-1 -1

i=14

The steps reverse sa this is indeed the right formula. On elements,

-1 oC | %
H = Ley = LA for e VREYES ] y

NE. inner product
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and in mechanical notation

n :

1
H = -> q Pp, L.

1=1

(Notice that we are leaving out rg and Jt as is customary in mechanics.)

If, in particular, L = J -Y where Vv is a function of only the q's and J

is quadratic as in our example, then

H= > q — -L=2J -L=J+V
i=1 oq

Given the Lagrangian L, define the Action A: V—>[K , and

E gy sg V— = < = - .ner E: V—=R by Av Li Vev> , Ev SL Gp ve v> Lv. Both

are smooth functions,

The last lecture proved most of the following theorem:

Theorem (Legendre): If V is a finite dimensional real vector space

of dimension n, then

1) for each ve V, there is a natural isomorphism TV =v" (which

we consider equality below)

2) for each smooth L:V —> IX, there. is a smooth

4 si

v—2L5 vy (v Arn> dL)

In coordinates n

A 2 1

1=1 3

with e4,..., e 2 basis for V, ron is called the Legendre transformation

for L.
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3) the function be = X dL is invertible if and only if the matrix

ZL, pel(——— ) is non-singular at each ve V. If this is so A Lv —-> V
de de) lv 2 ~

is the Legendre transformation for H:V —>IK. defined by

1 -1 -1

Hy=<y,f y>-L1 'y = El "y.

4) in particular, if L is quadratic, then be is the isomorphism of V

with its dual given by the inner product induced by Land E = Li in this case.

[See Sternberg pp. 150-153, Goldstein pp.215- , Abraham §17 .]

Corollary 1. If U open in rR, I open interval.C Rand

L: T.UXI —R is smooth, then L on each fibre determines

~f

T.UX]———————> T'UXI

UXI

and all parts of the theorem hold for this J . (Abraham calls L the fibre

derivative of L.)

Corollary 2. Let c¢ be a path in U, T lifted path in T.U. If ¢

satisfies Lagrange's equations for L, then © satisfies the canonical

differential equations for H (Hamilton's equations):

dq" _ 8H P; am
aCep. MM {x TT TI

i } aq

Exercise Prove Corollary 2.

: . —~ 2n
Forget the projection, so T U is an open set in {[ and on it sits

a first order differential equation -- Hamilton's equation of Corollary 2. We
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shall consider changes of coordinates in this 2n-dimensional space which

leave this differential equation invariant. To do this we need to consider

2-forms, and in general k-forms.



Chapter II. Tensors and Exterior Forms

§10. Vector Fields

: no. : i n :
Let U beopenin [{ with coordinates gq ,...,q9 » A vector field

X on U isa cross-section of the tangent bundle of Ujiji.e., m X(a) = a

for all ae U.

For example, for given coordinates q’, T. U

we can define a vector field D "along the axis

X 0

gt" by D(a) = (a, Da) , where D(a) = T, (path along

jth coordinate axis) = unit vector in ith direction U

in TU, fori=1,...,n. This clearly defines a cross-section Dl of the

tangent bundle. The set of vector fields on U is an Z-module, where >

is the ring of smooth functions U —>[R . The F -module structure is

given by the equations

(X, + X, )a = Xa + X,a

X, (a) = f(a)-X,a ,

for ae U, fe F and Xi X, vector fields. The vectors D(a), i={,...,n

form a basis of TU, SO

n .

Xa= > (X.a)D'(a);
i=1

n : .

thus X = > XD » where the functions X.: U —>IK are smooth and
1=1 }

unique. This says that the vector fields pl, coos D~ are a basis for the

set of vector fields on U as a real vector space.
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Each vector field X produces a function called the Lie derivative

Ly
J—=— 7 ‘with |

L. f(a) = < d_{, Xa> = derivative of f along X,

Here we need "smooth" to mean Cc, since otherwise Lot has one lower

order of differentiability than f. The function Lo has the properties

(1) Lo is [RK -linear,

(2) Lo (f g) = £- L.g + ge. Lf .

Property (1) is a consequence of the linearity of d_ and < ,Xa>, For (2)

. - < .L(f ga d_f g, Xa>

= < . + . Xa>f(a). d_g + g(a) d_£,Xa

= f(a)< d_g,Xa> + g(a) <df, Xa>

= (f+ Lg + g Lyfla .

= i
In coordinates, X = > X,D 50

i=1

— of = i
Lyf= < > —Fdq , >, XD >

j=1 oq i=1

= — of joi
- Sx, > 2 <add, pts

1=1 j=1 oq

= SC x, 2 , since <dg,D* > = §&
. y 1 1 py
i=1 oq

In particular, if X = D’, then

Lif = = ,
oq

so L . is sometimes written 3/0q" .
D
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Definition. A derivation on the ring F is an R-linear

function 6: 3 _— JF such that

6(f- g) = f-0g+ g. of.

Each L is a derivation on IK, ; in fact, these are all the derivations

on 7 .

Theorem. For every derivation 8 on J , there is a unique vector

field X such that 6 = Lo .

Proof, Take a e¢ U, Since translations are invertible functions

which preserve all differentiable structures, we may as well assume a = 0.

Since U is open, it contains a ball with center at the origin: for any u in

that ball define.a path ¢ in U by

c(t) = tu.

The Fundamental Theorem of Calculus gives us the equation

t dfc
fc(1) - £c(0) - — dt

dt
0

L'n 5c- [2 de
0 i=1 09g

: ofc 1Set h.(u) - | — dt and notice that q (u) is independent of t:
0 dq

= i
f(u) = £(0) + >> nh. (u)q (uv).

i=f *

Then, by the defining property of 6°

2 i i
0£(0) = > h.(0)8q (0) + q(0)ek,(0)

i=1

n

i of
= > 0q(0) — ,

i=1 9q 0
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since q*(0) = 0 and h.(0) = — | . For any fe J then we have
oq 0

ef = = 6g" y — ’
i=1 oq

which is exactly Lf when X, = 6 J. The X, uniquely determine X, so

the theorem is proved.

§11. The Tensor Product

This section begins with the material in MacLane and Birkhoff

Algebra, Chapter VI, §§4 and 5, and Chapter IX §§7 and 8.

A tensor is sometimes desc ribed by symbols with many indices,

upper and lower, To really understand tensors, we must understand their

relation to the basic vector space V under discussion. Tensors are in

fact elements of new vector spaces built up out of V and its dual space by

the operation.of tensor product.

Given vector spaces V and W, a tensor product of Vand W is a

vector space, which we will write VW, together with a bilinear function

RX: VXW—>VX®W, which have the following property: if B: VX W — TU

is any bilinear function, | then there is a unique linear map F:VRW—>TU

such that the diagram below commutes:

Vw

VW 13

TE

Briefly, we say that & is "universal" among bilinear functions on VX W,

If we write the image of the pair (v,w) ¢ VX W under the map & as
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v® w, then the commutativity of the diagram is expressed by the equation

B(v,w)= F(VQ®W), Similarly, the bilinearity of &@ is equivalent to the

equations

: _ cos - +

(i) V® (w, Xw,) v®w, X v® Wo (iii) (v, tv,)®w v, ®w v, dw,

(ii) vO kw = k(v®w) , (iv) kv@w = k(v®Ow)

for all Viv,Vy Vv Wy Wy,W, W, and keR .

The universality of @ means that the elements v@w generate

V®W as a vector space. Thus

n

VOW = p> (v,.®w.)k,| V, € V, we w, k, scalars and satisfying

1= the relations (i) - (iv) above f

describes VOW in terms of elementsbut without bases. This decomposition

may be used to prove the existence of the tensor product (Algebra, Ch. IX)

3
What in the world is this: space VOW? Let V=W= R , and let es es €,

oo 3 33 Ce
be a basis for R . A bilinear function B: [K XR —> UU satisfies

3 3 3
B(S xe, ,> ye) = > xv, Ble,e.),

ii’; JJ , < i'd i’ J
1=1 j=1 i,j=1

so B is determined by the 3 X 3 matrix (Be, e;)) Let U be the arti-

ficial space on the basis {e.. | i,j=1, 2,3} and set B(e.,e.) =e... Then
1) 1) 1)

by the universal property of tensor products we have a unique linear h such

that 245 = B(e,, e;) = h(e, ® e.)

3. 3 ’ 3 3
RxR —& ____R®R

: /

B 8 ~~
7 h

7’

Us
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: : : 3 3
On the other hand, define a linear transformation g:U—> KR ®@ R~ by

3 3
gle;) = e; Oe, . Then U is isomorphicto R ® R , since

h =g (e; De) e. ® e,

and

hg(e..)=e,. .gle) e;

This analysis works for any pair of finite dimensional vector spaces V and W

but not in more general situations. If dim V=n and dim W =n, it proves

that VW is a finite dimensional vector space of dimension mn.

In forming the tensor product of given spaces, we must say

"a tensor product of V and W!" instead of "the tensor product," because

for all we know there may be many non-isomorphic spaces VW and

maps & enjoying the above properties. These doubts are removed by the

following theorem.

Theorem. Any two tensor products of V and W are isomorphic.

Proof. We can show somewhat more. Forlet VW and VOW

be two tensor products of V and W, with associated maps &@ and [J

respectively; that is, @:(v,w)mmesv®@w and CG: (v,w) ~~ vowe VOW,

Then we will show that there is a unique isomorphism £: VOW —= VOW

such that L(v®w)=v Ow.

First, since VOW is a tensor product of V and W, we may replace

U and B in the definition above by VO W and O , getting a map f mak-

ing the following diagram commute

&
VXW————> VW

rdTh 5B

VOW
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But 0 is also a tensor product of V and W, so we may reverse the

roles of @ and 0 to get the map g in the following commutative diagram

VXW eB5 VOW
A

f g

a

|

VOW

Thus commutativity means that for all (v,w) e¢ VX W, we have

f(v@w)=vaw, glvow)=vQRw.

In particular, gf(v®w) =vQ®w, fg(vo w)=va w. Now use again the

fact that VOW is a tensor product, replacing U and B in the definition

this time by V®W and & We have just shown that gf and Ivy ow both

make the diagram commute; hence, by theuniqueness assertion in the defi-

°, 1 oo = ) ° - — 1 . *

nition, VOW gf. Similarly, we show that fg Vv aw This means

"exactly that f is an isomorphism of VIW —=> V0 W with inverse g.

X
VXW—————> VOW
T

e

 
\, 

|

y 4

~ VXRW

We have shown that if tensor products exist, they are unique, "up to

isomorphism". But there might not be any tensor products of V and W

at all. ’

Theorem If V and W are vector spaces then they have a tensor

product.
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Proof. Even though V and W may have infinite dimension, we

can still find bases {e,} for V, ie I, and {a for W, je J. The

basis elements are indexed not by integers but by members of the

(possibly uncountable) sets I and J; that is, to each element i of I

there exists a basis element e. of V. Then every element v af V will

be uniquely expressibleas a linear combination of some finite subset of

the {e.}.

We are likewise free to form a new set of symbols bys one for

each element (i,j) of the cartesian product IX J. The set of all possible

finite expressions > Tk P(k) , where each ® (x) is a b;;-symbol for some

(i,j), and each r, €R , forms a perfectly good abstract vector space

when we define addition and scalar multiplication in the obvious way. We

claim that this new space L is a tensor product of V and Ww.

Define D:V XW —>1L by (> x'e,, > Parnes xy", .

Clearly, § is bilinear. If now B:V XW —> U is bilinear, we have

B(> xe | , >" vid.) = > x Ble. > vd) = Sul Ble.,d). Hence
i J’ : i j 3 i’ 75

if we define f: L.—> U on the basis elements {bg of L by the formula

f(b, .) = B(e., d.),. computation shows that the tensor product diagram com-

mutes, and that this is the only { which will make the diagram commutative.

Hence L is a tensor product of V and W.

Denoting the elements By; by the symbols e, & ds we derive as a

corollary that if {e} 'is a basis of the vector space V and {d,} is a
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basis of W, then {e.® d;} is a basis of VW. Notice that not every

vector of VOW is of the form vQ®w for some v in V and w in W.

There will usually be surns 2 v.Qw, which cannot be reduced to single

terms of the form v®@w; e. :. e, ®d, + e, ®d,.

We now define the space of 2-tensors on V as T,(V) = VV.

Since V®V has basis {e;®e}, we can write any element t of T,(V)

as t= > xe, @e. , where the J are real numbers. The traditional

viewpoint is that the tensoris the array x Of course, the matrix ele-

ments depend on which basis of V we pick; we can derive the rule for

transforming to the new basis e , Where et = > al e; , as follows

e, Oe, = 2 aj e! ® > at e; = 2 a) al e; Def

Therefore, ”

t= >° xe, Oe = > x1) al e;@e,
1,j,k,2

So pl ik j 1x7" = > x a%.a) (1)

Thus we have replaced the usual opaque definition that a tensor is an array

of coordinates relative to a basis which transforms according to equation (1).

Our new definition helps us see how tensors behave under linear

transformations. In the most general case, we have linear maps g:V —=V!

and h: W— W' giving us a map g X eV XW—V!'X W' defined by

sending (v,w) to (gv,hw). The composite &(g X h) is a bilinear map on

V XW, hence by the definition of tensor product, factors uniquely through
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V®W as below, giving us a new map gRh:VRIW—> VIQ®W', Thus

g(v®w) = gv®@hw. It is also easy to see that if g's: V'—> V'' and

h': W!—> wh, then g'g®@h'h = (g'®h')(g®h) (use the uniqueness

property in the definition of tensor product).

VX W— VW
|

: aN, X W' gh
To VOW

A historical note: we have defined elementsof the tangent space

to be "contravariant" vectors. Actually, modern usuage considers

tangent vectors to be covariant in nature, since given ¢: V —> U, the

induced map ¢, on the tangent spaces maps T.(V) — T,(U); if the

induced map reversed the arrow, taking T.(U)—> T.(V), it would be not

"co" but "contra." The reason for the traditional terminology (which we

will stick to) is that the coordinate transformations under change of basis,

given by (1), do interchange the position of primed and unprimed. letters.

Similar arguments to the ones we have been using prove that either

VR(WRU) or (VRW)XU is a universal object for trilinear maps from

VXWX U. (cf. MacLane and Birkhoff , Ch.16). Thus we can unambigu-

ously define the tensor product VROWKU to be VR (WU) and similarly

the tensor product of any finite number of vector spaces. The elements of

T_(V) = VRV®...QV (n times) are called n-contravariant tensors, or

contravariant tensors of rank n. |
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Theorem. Let V and W be finite-dimensional vector spaces,

x x

VW a tensor product, and V © W a tensor product of the dual

* : HRs 4
spaces V and W°. Then there is an isomorphism V oW —> (VW).

3% |
Proof. Recall that V was the set of linear maps f:V —>R .

ne ® :

If now (f,g)e V XW , {&@g: VRIW —>R ®R = R ; therefore

fg e (VOW) . (cf. the corollary above). Furthermore, the map

(f, g)~> fg e (V QW)" is bilinear. By the universality of 5G , there

i se Xe
is amap h: VOW —> (VQ®W) suchthat h(fgg) = £{®g. We wish to

show that h is an isomorphism. It suffices to prove that h maps the

4 3 (J i - <3

basis {e'o a} of VOW to a basis of (V&® W) . Thus it will be enough

to show that {e'® d'} is the dual basis of {e® a}. But by the definition

of the tensor product of two maps,

(e'® 3%) (e Kd )=(e'e &d'd )= (ee N(d’d ) since kX! = k2
k £ k 2 k yi

for k,4 e

CL J! if i=k,j=4

= § 6 =
kL LO otherwise :

Thus e ®a is the dual basis. We can now state the conclusion of the

3 wo 38 : 3

theorem as (VOW) =V QW ; that is, we identity (VR W) with

x x

V @W by the isomorphism here established.

§12. Tensor Algebras and Graded Algebras.

Let us now consider all the vector spaces T_(V) = VX... RV

(n times), for n=1,2,... . For n=0 we will define T,(V) =R .

Suppose that a = vy Lv, D. . Ov _ is in T _(V) and that b = w, Ow, ... Dw
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is in T_(V). Since all of the vectors v, and Ww, belong to V, we can

form v,®...®v Ow &...8w_e T__ (V), which we will call the
Tr 1 s r+s

product of a and b. Thus if we refer to the whole collection of spaces

{T _(V)} as T,.(V), extending the above multiplication by the distributive

law gives a natural multiplicative structure on this set, which has the unusual

property that the product of an element of T _(V) with one of T_(V) lies in

T + V) so that the product is usually’in a space different from those of

the factors.

We generalize this situation as follows. An algebra A is a vector

space which in addition possesses a multiplication; that is, not only can

we multiply elements of the space by scalars, but any two elements of the

space itself have a product. This multiplication is required to be bilinear

and associative, and to have a unit element. Thus, we have the rules

(k,a, +k,a,)b = k, (a,b) + k,(a,b) b(k, a, + k,a,) = k, (ba) tk, (ba,)

a(bc) = (ab)e , la=al=a

(ka)b = k(ab) , .a(kb) = k(ab)

for a,b, 2,,2, ¢ A and k,k, ,and k, scalars. A graded algebra is a

string G of vector spaces, Gg G, ... , with an additional product structure

such that if ae G and be G , then abe G . For each m and n,
n m n+m

this product must be a bilinear function from G XG to G ., must be
n m n+m

associative, and must have a unit element 1 e Gye Notice in particular

that a graded algebra G is not an algebra, since the sum of any two elements
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is defined only if they both have the same degree ; that is, if they both

lie in the same G,." Now we can see that T,(V) is a graded algebra,

with unit element 1 ¢ T,(V) =R . can T,(V) the tensor algebra of V.

There are other examples of graded algebras: consider the set G_ of

all homogeneous polynomials of degree n in the two letters X and Y.
n : :

A typical elementof G_ is 2 a XY", where a, R . G_ is a

vector space under the usual addition and scalar multiplication of poly-

nomials, and since the product of a homogeneous polynomial of degree n

and one of degree m is a homogeneous polynomial of degree n+m, itis

easy to see that the set of all polynomials in S and ¥Y contains the graded

algebra GG.

§13. Exterior Algebra.

An exterior algebra E is a graded algebra with the property that

the square of any element of degree one is zero. Now if a and b are of

degree one, so is a+b, hence 0 = (a +b)° =0+ab+ba +0. Thus in any

exterior algebra, ab = ba for any two elements of degree one, What

does the rest of an exterior algebra look like? We can get some idea of

the answer by considering the simple example of an exterior algebra A

for which A 1s a two-dimensional vector space. If (ef, e’] 1s. a basis

for Ay then ele? = eel will lie in As. Thus A, is forced to be at

least one-dimensional. (Note: We assume that no other relations besides

“1g ae G, then we say a has degree" i.
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2 PT _ 1 2
(a =0 for deg a=1) are satisfied; in particular, e e~ # 0.) It's also

easy to see that any product of elements of A which lies in A_ (for n> 2)

must be zero. So we are tempted to form A by letting A be the zero

vector space for n > 2, with A, a one-dimensional vector space whose

basis is {1} , where by definition 12 = e'el. This does give us an

exterior algebra: for example, if xe + xe’ is any element of Ag the

forme (x ! + x 4)( ! + e) = ( - x Vole?
1 2° Vy 2 *1¥2 T *27y
i 2,2

tells us that (xe tx, e )® <0.

Move now to the case where A is three-dimensional, with basis

i i
{e Lele] . Then e e% e%e3 led all must lie in As denote them by

12 23 13 : :
e ,e ,e respectively. Then we can let A, be three-dimensional,

with basis {e!?, 23, e3] with Ag a one-dimensional space generated by

123 i 2 3 er :
e .=e e e, and A = 0 for n> 3. Multiplication is now always possible

: 2 12 2 1 2 2 2 1 3 21 312
since for exampleee =e ee =-eee =0 and ee e =-e ee =

e'e”e” = _elele’ = el? Calculation gives the rule

3 3 3 . Tt "2 73
(> X.e INDY xe AS z.e ) = det V. VY. VY RY
=~ 1 : ] — Kk i 72 73
i=1 j=1 k=1 zz. Z

1 2 73

where we have used the traditional "wedge" symbol to denote the anti-

symmetric multiplication of an exterior algebra.

It is now apparent how to extend the above construction to the

n-dimensional case.
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Theorem. Given a vector space W of dimension. m, there exists

a (free) exterior algebra A = A(W) with A, = W.

{
Proof. Let {e,..., eTM} be a basis of W. Let AL (W) be a vector

space whose basis is the set of symbols {e }, where

1£i, <i. < <i €<m. ThusA (W) has dimension (FP) =
{fz ter Tie =e TOES My mm k’" kI{m-k)! °

To write out the rules of multiplication in a simple form, we will use the

language of permutations, considering a permutation o of order n as a

one-to-one function from the set of the first n integers to that set. The

sign of ¢, sometimes written (-1)°%, is defined to be +1 if o is the pro-

duct of an even number of transpositions, and =-{ otherwise, Then if

i, <... < i, while o is a permutation, we define e o(1) (2) 7(k) =

(-1) e ; it is not hard to see that this agrees with ouz two- and

three-dimensional examples. Now define exterior multiplication by

yeeed dyed [f if some i eqpals some Jy
e Ae = — Co

TE PYRRE PRI |

Le otherwise

PR PRI Jydoe ee
Finally, let i.e ie Tz oe 172 t , and extend this multiplication

linearly to all of A(W). Now all the properties in the definition of exterior

algebra follow: for example

loved Jeo dg kyooo ky eeed Jpeg ky

(e Ae JA e = e

I. Tale SA ot ty

is the associative law. Moreover, if a, = > cys , then the formula
i=1
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dei

a a_ = det(X i :§ Aes N23, VAS;

holds, If a= > x. is any element of degree one,

2 _ iJ. - i J OKI, 1a = > x xe Ae = > +> +> = 0 tS xxe A € EEL Ae = 0,
i=) 1<j 12; i<j i>]

so A is an exterior algebra.

This construction is in fact the most general way of obtaining an

n-dimensional free exterior algebra, it does not depend on the choice of

basis. To prove this, we note first that if E is any exterior algebra, and

f is a linear transformation mapping W to E. then there are unique linear

transformations f, AW —_— E, such that the collection {£.} forms a

morphism of graded algebras; that is, £ (1) = {, and f;(a)f(b) = f 45(ab) if

a and b are of degree i and j respectively. This is true since we must

1,...1 i (1 | i i i{ ~X k

have £ (e Ky = £, (e ba e 2A A ne) = f(e bya fle “YA oon fle TT)

since £ is now: defined on a basis, it extends uniquely to all of Ay .

Our proof that the construction of an exterior algebra on V does not

depend on the choice of basis of V will be based on the following very —

general principles, which we have been using implicitly for some time. Let

us define a functor on algebras to vector spaces to be a function ~ which

to every algebra A assigns a vector space 4 (A), and to every map

A —>A' of algebras assigns a map Z(f): &(A) —> H(A') of vector

spaces (a linear transformation) with the rules that (1,) = Lua) , where

Ly is the identity map on A, and ,J(gf) = ~<(g) K(x) if A—> A! > AM,
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Given A and a vector space V, a universal construction for A and V

is an algebra R and an arrow w:V—> 4 (R) (that is, a linear trans-

formation) with the following property: given any arrow t: V —> H(A),

there is a unique map of algebras f: R—> A such that t= pa (flu. That is,

A (£) makes the following diagram commute and f is the only map which

has this property.

V ——— [J (R)
Sl [feo

SEA)

We saw this situation in the construction of the tensor product ( $id above).

In that case we showed that any two universal arrows, i, e., any two tensor

products, were isomorphic. Exactly the same proof works in the general

situation:

Theorem. If (R, u) and (R',u') are both universal arrows for /

and V, then there is a unique isomorphism h: R — R!' such that (ha =u’,

To prove this, simply repeat the proof of the above-mentioned

theorem about tensor products ; Since nothing in the argument there depended

on whether the objects in question were algebras or vector spaces, this

universal property is all we need in the proof.

Now considerthe functor (& from graded algebras to vector spaces,

defined by K(G) = G,.
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Theorem 1. The tensor algebra T,V is a universal construction

for V and O.; that is, given a graded algebra G and a map V RIN G, ,

there is a unique map T (V) ——> G of algebras making the diagram

below commute,

|

V—— D(T, (Vv) = V

NY | (x) = =,
| Y

T B(G) = Gg,

Proof. It is easy to see that we are forced to take r = to ,

r, =t; and to define r_(v, ®... Rv) = (tv, )tv,). . (tv).

Theorem 2. Define [© as before, but mapping graded exterior

algebras to vector spaces. Then if W is a finite-dimensional vector

space, A(W) is a universal object for W and J .

Proof, In the same situation as that of Theorem 1, defining

r (a, A cee A a) = (ta, ) A (ta) A A. A (ta) does the trick.

Now we can prove our assertion about the construction of the

exterior algebra on a given finite dimensional vector space V. Theorem 2

shows that the algebra A(W) constructed from a particular basis TERRELL

is a universal object; likewise, the exterior algebra coming from a

different basis d,, cee d_ is universal. Since any two universal objects

for a functor are isomorphic, the two exterior algebras we have constructed

are really the same. Incidentally, it is possible to define A(W) directly

as an invariant object; for details, see the last chapter of MacLane and

Birkhoff.



74 =

§14. Alternating Tensors

We now go on to derive a new and very useful way of looking at

z

A(W) as a special subspace of T,(W). In }1Z we studied elements of

Sy the set of permutations of k letters. Now each o ¢ Sic can be in-

terpreted as a linear transformation on T, (W): define o{w, SD... Qw, ) =

W (1) SD... DW 1) and check that this can be extended to a well-defined

linear map (this amounts to checking that ¢ on WX ... XW defined by

T ®e 0 0 X = R oe o X i -13 °7 (w, X w, ) %o(1)® SW x) is a k-linear map)

Definition. A tensor te T, (W) is cailed alternating if o(t) = (-1)%¢

for all oe 5S,

Theorem. The set of alternating tensors in T_(W) can, ina

natural way, be made into a graded exterior algebra isomorphic to A(W).

Proof. The set of alternating k-tensors clearly formsa subspace of

T, (W); furthermore, any tensor t can be symmetrized to yield an alter-

: oe — << a
nating tensor. Specifically, let A(t) = > (-1) ot if t is any k-tensor,

gE Sy

not necessarily alternating, Then

TA) = > (<1) Trot) = (-1)7(-1)T > (+1) rol) = (<1) > (-1)" T(t),
ces, oe SK +c SK

: : oy T oT :
since in general (-1) (-1) = (-1) '.- But since 5) is a group, as ¢ runs.

over all the elements of Sic oT also runs over all the elements of S,

(perhaps in a different order, but each element is counted once and only once).

Hence TA(t) = (-1)T A(t), for te T, (W), so A(t) is alternating, whether or
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not t is. If t does happen to be alternating, A(t) = (k!)t, since there

are k! elements in Si so the mapping A defined by A(t) = (1/k!) A(t)

has the property that At is always alternating, and that if t is already

alternating, then At c= t.

Now if s and t are any two tensors in T,.(W), define s At to be

A(s Xt), where (s, t)ar> s @t is just the usual product in the tensor algebra

T (WW). We assert that the alternating tensors form a graded exterior

algebra under A. First, given t of degree one, we have tA t= 0, since

S, consists of only two permutations, one of each sign, and hence

Alt Xt) =t®t -t®t=0, Next, we check the associative law. The proof

of this is divided into steps.

i. Art) = (-1)T A(t) for te T, (W), T € S,. .

This follows easily from the definition of A.

2. Given co ¢ Sr define © ¢ S +k by

cd(i)=zi for 1<+m

7 (itm) = o(i) + m for m+l £ m+i< m+k.

Then (-1)° = (-1)°.

3. If s is an m-tensor and t is a k-tensor, then sA t= s A(At).

Proof. .

sAAL= A(s® AL) = —~- AS s®(-1)ot) == ACS (-1)° Hs ®t)
) ceS, J oeS,

cE STARS) = (by DE (17-1) AD)
oe Sic Gc Si

= Al > s®t) = A(s®t) = sat.
T
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4. ralsat) = rrA(sQt) = ra(s@t) by3

= Ax@(s@t) = AERBY = (=) at

= A(r@ sat = (rAs)at.

Similarly, we check that the alternmatin g tensors have the other properties

of an exterior algebra.

To finish the — we must establish theisomorphism between the

set of alternating tensors and T(W). Let € rmeene bea basis of Wj;

then a linear map on A(W) is determined hy its values an all basis elements

e, A... Ne, . Then mapping e. Naan A ce. to the alternating tensor
t Ck | y" 3%

Ale, X...¥e. ) is an isomorphisms it is one-to-one since

4 pY |

AT af, ®...8e, )=> al) > (-1)7e_ (® Be
i tM ki oes { x

is a sum of distinct basis elements of T, (W) with non-zero coefficients,

hence non-zero; it is onto since given any alternating tensor t ¢ T, (W),

write t= > a.e; &.. . Xe. ; then the element > a.e. A...Ne, of A
1 i % { %

A(W) is mapped to A( > 3, @ wT Dey) = At = t. This completes the

proof.

§1 5. Local Manifolds: Invariant Description.

Eventually we will describe mechanical systems (Lagrange's equations,

Hamiltonians, etc.), on smoath manifolds obtained by piecing together open

sets of Euclidean spaces RM. Hitherto, all cur treatment has been local,
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so has been formulated for open sets U in rR” . Each such set

UC rR” comes equipped with a natural set of coordinates -- those of

R". However, the basic constructions such as the tangent bundleT. U

or the Lagrange equations for a smooth function L:T.U—>R have in

fact been independent of the choice of coordinates. Indeed, all of our

previous discussion of such open sets U can be made more clearly in-

variant if U is replaced by a "local manifold" M in the sense of the follow-

ing definition. The sense is this: Given coordinates q on U, a function

0£: U—>R is smooth if all the higher partial derivatives — are con-
| 5q

tinuous, The set & of all smooth functions is then the same for any allow-

able choice of coordinates; hence we can give an invariant description in

terms of F.

Definition. A local manifold is a set M together with a set 3

of functions f: M —>R such that

1) there exist ql coe q" € F such that the map

cP 1 n

n

M—2—s R

is one-to-one onto an open set U C a ,

q4 : -1
2) fe if and only if f¢ = is smooth on U.

We leave the reader to carry out the replacement.
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§16, The Exterior Bundle

We have seen that given any finite-dimensional vector space W,

there exists (uniquely up to isomorphism) the exterior algebra A = A(W)

of W, i.e., a graded algebra universal for the properties

1. W = elements of degree 1,

2. waAw=0,

We have also seen that

A, (W) o alternating tensors on W

= {te T, (W) | ot = (-1)% for all oe S, }

As we have done in the case of a two-fold tensor product, we can

show that k-factors

T (W) =z Mult (w”, © Ws K ) k factors
= all multilinear maps ff: Ww x cee X Ww — RE

Then an alternating tensor corresponds to an alternating multilinear map

a: WX, eo X Ww —>IK

such that k factors

a(v,, co Vy) = (-1)"alv 14) ‘ee Vi) for all oe X, , Vv, wr .

Suppose U is an open set in 5 (or better, a local manifold as

defined above). We define the iP exterior bundle over U to be

Afy = A (TT) = {(a, d)]| 2c U, de A (TU),

5 Ve U
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i.e, , the KP exterior bundle is the bundle whose fibers are the kth exterior

algebra of the cotangent spaces of U. If k = 0, each A (TU) is just R ,

50 A%uy = UXR (all fibers isomorphic to the 1 -dimensional vector

space Rr.

k.. . : : : 1 n
A7U is a local manifold -- for if U has coordinates q ,...,q9 and

TU has basis el coe e, then Aku has coordinates , cv q and

D. . , where the p, . are the dual basis to the basis
1,001 1, 0001
i k i k

H x a | k
{e A...Ae } for A(T U); we can define a function on A" U to be

smooth if it is smooth in terms of these coordinates.

For any integers k and m, we may form the "pullback" of AKU

and ATMU over U

kk... m k m _
AUX ATU = {(x,y)e A"UXA U| n(x) = w(y) }

P. U p |

TNE
A"U pullback ATU

oN

U

This pullback is itself a bundle over U. Now we can define a multiplication

k
on AU X ATU to ART by means of the multiplication in A(T?U) for

each ae U:

A¥y x APY —E5 pRimy
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Definition. An exterior k-form won U (k=0,1,...,n) isa

smooth cross-section of A¥u

I
U

Thus a k-exterior form w on U is a smooth map U = AF

of the form anr~~»(a, wa) where Ua ¢ A, (TU).

Note that a 1-form by this definition coincides with our previous defini-

tion of a { -form, and that a 0-form is just a smooth map from U to R .

Definition. 2 (Uv) = the set of all k-forms w on U.

We remark that

i) Q*(U) is a vector space over R. , with vector space opeations as

follows: if we Qu), ae R and w: a~~~>(a, da), then

aw: an~~»(a, a(wa)) ; w twa rasa. © a + @,a).

2) 2 (u) is an 4g -module, where TF = the ring of smooth functions

f: U—» RK . The module action is given by fw:an~m~» (a, f(a)na).

3) For each k and m. there is an exterior product

XU) x @TM(U) —> 2X (vu)

| (w, n)rr~rew wan

defined by

WAN: a Armada, da) AR) .

This is well-defined since @&(a) and (a) are both elements of A(T?U).

The exterior product is associative and bilinear. Thus the a (u) form a

graded algebra 2" (u) over 4 :
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Since AX) has as basis all k-fold wedge products of the dq’,

1
where q ,..., q are coordinates in U, any k-form w is of the form

SE | i
1 k 1 kw = > f ANdg A... ANdg ,

<i. < <i <1< i, <e <i = n

where f : k : U—>IR . If the p ! x are the coordinates corres-
S| he

ponding to the dg A ... Adg , then

SERRE RRR

f =p ow .

Given a smooth map U “sur, we have an induced map

a ot a CL : :
T U <——— T U', which in turn determines, via the properties of the

ko o% Kk oq:
exterior algebra, a map §§ U «——Q U' such that ¢* is linear and

o* (0 Am) =(¢* W) A (&* 7).

1 n : 1 n , :
Then if q ,...,q9q are coordinatesin U and r ,...,r in U', it

will follow that

1 n 0 : 1 n
¢" (dg A ... Ndq ) = det(—-2—)ar A... Ndr,

ar

which is just the usual change-of-coardinates rule.

Now we define the basic operations of exterior differentiation

of forms.

Theorem. There exists a unique linear map

d:2(U) — ou) for each k

such that

1) for fe a’, df = usual differential of f{

2) dlwAn) = (dw)An + (-1)% Adm, where k = degree of w [i.e.,
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- every time d is moved past something of degree 1, the sign changes]

3) ddw=0 for all w

(d is called the exterior derivative)

Proof. If d exists, then by linearity and (1)-(3),

a>! Kn bn oi Adq
i,-..1 i i

= > ae! KAdg tA... AdgF)

=> at! dala... ndgE ,

since all other summands have a factor of the form ddq and hence are

zero by (3).

Since every k-form ww can be written as

i, ..1 i i
kw= St! dq t...dg ="

for smooth functions f , the above shows that d, if it exists,

must be unique, since it is determined by its effect on 0-forms, which

is specified by (1). But the above expression also defines a function

k k+l : : Co
d:Q (U) —>Q" "(U) for each k. It is easily verified that this d is

linear and satisfies (1)-(3).
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Chapter III. HAMILTONIAN MECHANICS

17. Calculus of Variations

Suppose that M is a local manifold with coordinates gl y eee: yo,

and that K:T.M XI —>R

is a smooth function. We have already seen that the integral

[ K. dt

o

is stationary along the path c:I—> M if and only if c satisfies Euler's

Equations for K:

dt ol 1l
Oy oy

In particular, using K = L, we obtained Lagrange's equations in this way.

Theorem. (Generalized Hamilton's Principle): Given U with

coordinates ql Cee, q, additional coordinates Py ree P in TU, and

a smooth function H:T'U —>R . then Hamilton's equations for H are

just the Euler equations for the function
n :

A oe 1

i=1

where M =T U.

Proof. T 'U has coordinates q y eee q" and 2% Cees P_: SO

Euler's equations correspondingly take two forms:

1) for the q's
d 0K 0K

oq 9q

or

4, 0-0 2H
dt “i 9g"
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2) for the p's

d 9K dK _ 0
é « 9 -

dt 9p, P;

or

-q + 3 = 0, since K is independent of b, ‘
i

In the above, we would like to express

ol/ 2. pa dt
in terms of a differential form. Suppose

c:I—->M

is a curve in M, lifted to

¢:I— T.M.

Let Ww be the l-form

i
w = >, p.dq on M,

1=1

Pulling w backto I via c, we get

si = se. 1 = d i
Cl w= > pele dq’) = > pc —g— dt.

1=1 i=l

Thus what we mean by

t
I n .

ol[ 2 pb dt
t i=l
o

is just

t
| (cw) dt .
ts

In what follows, we'll find it convenient to use the 2-form

n :
i

Q = dw= > dp,A dq

1=1

rather than w itself.
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M = T.U is called the phase space of the system, apd U is

called the configuration space.

Definition. Let M' and M be phase spaces with coordinates

1 n 1 n
ce es sc P.,...,P y ve, d 3 sees . AQ , Q 1 n and q 43 Py P_ respectively

smooth, one-to-one mapping M'—> M is called a canonical trans-

formation, or contact transformation, with respect to the given coordi-

nates, if *- n : n ;

@ (> dp,Adq’) = > dP, AdQ".
: i i
1=1 1=1

The importance of these transformations is that they preserve

"Hamilton's equations:

Theorem. Given a canonical transformation ¢: M' —> M,

a smooth map H: M —sR , and a path ¢ in M' such that the image

of c is contained in some open, simply connected subset of M'. If

oc satisfies Hamilton's canonical equations in M for H, then c satis-

fies them in M' for o*H

R <
Proof. We want to show that N &

9 a \
, (>) P.dAQ" - oH) at ~

o 1i=l Na
M———>M

is stationary over the path c¢ with ~~

NN Hy, H

respect to nearby smooth paths with NS
ot SG

: N
the same end-points.

*R
Since the transformation ¢ is canonical

i i
dp (>, pdq) = ¢*(> dp.Adq)

>. dP Ada’ = a( >) P da),
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so the 1 -form

i i
p=9¢"(> pdq) - >, Pd

is closed, i.e., dp = 0. Thus (by Poincaré's lemma, to be proved

below) there exists a O-form F on the open, simply connected sub-

set of M containing the image of c¢, such that

p = dF

on that subset. Then over any curve y in this subset,

2 n i
J(> Pd - ¢*H) dt

t i=1
o :

£4 i-[ (¢*( > pda’) - p - ¢¥H) at
Me)

[ ty i |
=J, [#(> pda - H) - dF] at

o

ty i
=| © eX > pdq - H) dt - Fy(t,)) +F(y(t))

to
ty .

i[1S pad - mat - Fle) + Five),
t

where the last integration is over ¢y. But we are comparing c¢ with

nearby curves y with the same endpoints. Thus Flv(t,)) - F(v(t )) is

a constant. Then since

. (> p.dq - H) dt

0

is stationary for the path ¢c, the above relation says that

t
{ i rJ ( = P.dQ - oH)dt

| 0

1s stationary over c.
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Examples :

i) Let M — > M be the transformation defined by
i

i
=P, .qe :

Then n : n i

o*(> dp.Adq) = XO dlp.e)Ad(qe)
i=l i=1{

Nad
= - > dQ AdP,

: i
i=1

= i
= > dP,AdQ".

i

i=1

Thus ¢ is a canonical transformation.

2) We will see later that if V “5U isa smooth, invertible map of

: ® :
configuration spaces, then the induced map T V <———T U of the co-

tangent spaces is a canonical transformation. Such a transformation is

called a (canonical) point transformation.

§18. Application: The Harmonic Oscillator

a) The linear oscillator (cf. Goldstein, p.24 ):

This concerns the following phase space:

U is one-dimensional with coordinate q,

i ,2 1 2

T = a Ta

V = xq? ,
2

i p° 2
H = T+V=3[->= + kg |.

We would like to find a canonical transformation of T U so that

H is of a simpler form.
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Let p=~Nkm F cosQ,

q=F sinQ , where F is a function of P.

Then
i 2 2y _ k_2

H= ale +kmgq | = > F ,

dpadg = Nkm (F' cosQ dP - F sinQ dQ)A(F'sinQdP +F cosQ dQ)

=Nkm FF'dPAdQ.

So our transformation will be canonical if

dPAdQ = Nkm FF'dPAdQ,

i.e., if

Nkm FF'=1.

We can integrate this to get

F =f .

(icra) */
Let w = (km) 1/2 . Then

H = k Fé = wP,
2

so Hamilton's equations become

dQ _ =~ dP _ |

dt *odt

These may be immediately integrated as

Q=wt +a , P = constant,

and

P = mw (2p/maw) 2 cos (wt + a),

q = (2p/mw) 2 sin (wt +a).

These are of course the familiar equations for the (one-dimensional)

harmonic oscillator.
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b) As a further example of the technique of canonical transformations, we

consider the case of any oscillation around an equilibrium position. A point

of equilibrium is characterized, in configuration space, by the equations

av / 8g" = 0, all i. For n= 2, imagine the potential function V to be repre-

sented by a surface in space; at an equilibrium point this surface has a

critical point, which in the stable case is a local minimum. The state of

the system behaves like a marble rolling on the potential surface; it oscil-

lates back and forth in the potential well, To see this, we expand T and V

by Taylor series about the origin, neglecting all except the quadratic terms:

T= > 24d , V= > ba’ :

where the ct and by; are constants (here we've used the fact that the point

at which qt = q° = hee T q = 0 is a critical point of V to eliminate the

first-order terms in the Taylor expansion of V). We can find a linear

transformation to new coordinates (£*} in which T is diagonal:

T= > (+) ©. The well-known principal-axis theorem now allows us to

change coordinates again so that V also assumes a diagonal form,

V = > k(x") ; since these changes may be made by an orthogonal trans-

formation (which preserves the inner product), T remains diagonal. But

now that we have diagonalized both T and V, we see that each of the i coordi-

nates -r satisfies the equations T= 22, V = kr’, which we have shown lead

to simple harmonic motion. We say that small perturbations around a point

of stable equilibrium produce simple harmonic motion in each suitably

chosen coordinate.
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§19. Canonical Transformations.

We will now prove that every point transformation (one that

is given by a smooth,1-1, onto map of configuration space) is a

canonical transformation; at the same time we will be able to get a

more natural invariant description of the basic form £2, which we

have been writing as 2 = > dp.A dq . Recall that to each map

. : : : w, mela), a
9: U—> U' we associated a linear map ¢ :T (Uy —> T(U). In

particular, we can regard T (U) as a local manifold, and the canon-

ical projection ® onto U as a smooth map of local manifolds. Then

given we T(U), v* maps (a,w) to a and so m* maps the cotangent

space to U at a to the cotangent space at (a, w) to

T"(U):
*: T3U —» T(® w)(p- u).

Define the one-form w on T'U by w(c) = (c,7 (w)) where c = (a, w)

is a point of TU (that is, ae U and we TU), and w(c) is a point

of T'(T'U), since ce T'U and mw e¢ TS(T" U). Let us find what

this invariant description becomes in terms of coordinates {q") in U,

and { qo TT, Pp, in T'U. We can always write w as d_f for some

smooth function f; then

of i i
w=df = > —— dq = > plc)dq .

a
aq

a

Hence 4 ;

i = : =w= 2ple)d (aem = > plc)d (dom),

so :

w(c) = (ec, > p.(c)d_(q 0m).

: _ i _ i Cy
Thus by abuse of notation ww = SS p,d(q om) = > p;dq , which is



the same form we have been working with all along, In particular,

2 = dw, having been described invariantly, is independent of the par-

ticular coordinates we use. But our smooth bijective point transforma-

tion ¢ may be interpreted as nothing but a change of coordinates: if

{q"} is a coordinate systemon U, then so is {qs 0}. To say that

remains invariant under ¢ 1s to say that §2 is the same whether ex-

pressed in terms of {q's ©} or {q'}. Hence ¢ is a canonical trans-

formation.

For those who like to get their hands dirty, here is a direct

proof that ¢ is canonical: let {P., ol! be the new coordinates on

T°U induced by ¢; then

: 5 i : i

dg" = >, —— dQ’ = > a dQ’,
u Joy J J

j :

0 0 oQ J

P;= 3 = > i 1 2 pb;
: oq J 9Q" dq J

j .

where b, and ay are in fact inverse matrices. Then

i i k

0 = 2 pAdg = > (STBIPIN(DS]a dQ)
i i j : k

J oi k k
= P = PA ‘2 (2b, 2,JPA dQ > jad

J, k I Nyro j

5.
J ‘.

so ¢ is indeed canonical.

Definition. A smooth family of maps ?, is called an infinitessimal

canonical transformation if the induced coordinates {P.(t), Q'(t)} in
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phase space satisfy

a| 2 i
= > dP.A dQ =o

1=1 t=0

Theorem. Every motion in phase space satisfying Hamilton's

equation is an infinitessimal canonical transformation.

Proof. We will prove more; in fact we will show that the map

which takes every point of phase space at t = 0 to the point repre-

senting the corresponding state of the system at time t is a canonical

transformation. For this we calculate:

d i dP, i dQ’—_— = —_— d —_mn (2 ap; naQ) 2 d(—z—)AdQ + >a P.Ad(——)

(since if f is a function— (df)'= d(=—) is easy
ot ot

to derive)

_ oH i dH

} 2 -d(—=5-)AdQ” + > dP.Ad( 55)
i aQ i i

9%H j i 9%H i
= D> (> ————aQdaaQ' + > —=— aP.A dQ")

: 1g J : i j
1 j 9Q aQ j 9Q oF,

2 2
d H j 0 H i j
Se din A cere

fF 2 (25 dPNQ + 2) pp dP dQ).
i J 9P. 90 J 1]

Since mixed partial derivatives of smooth functions are equal, the second

and third terms cancel. But the first and fourth terms are both zero,

nad? = —adaaat 4 - 4g ;since dQ AdQ" = -dQ'AdQ. Hence It (2, dPAdQ) Tt RQ is zero

for all times t, so the motion of the system to time t is a canonical

transformation for any t.
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We sketch another proof of the preceding theorem. Let ¢ be a

smooth map of an open set in R’ into M, where M is now viewed as

any 2n-dimensional manifold. Let the coordinates on R° be u and v,

and the coordinates on M the usual fd, A . It is easy to see that

any 2-form w on M is determined by the set {o" 0} for all possible

such ¢. But ‘

v*(Z dp_A dq’) = z d(p.e)A d(q'e) = ud du + 2 a A Lae du r Age) g,

i ou ov du ov .

The coefficient of duAdv in this formula is called [u,v], the Lagrange

bracket of u and v, to prove the theorem, we must show that d/dt[u,v] = 0

at zero for all ¢. We do the calculation only in the case where M is

2-dimensional, with coordinates p and q:

en -E 22) = = - ak + 2B = = ) interchanging differential

_ 2%Hdp bq _ _8°H bg Bq , 8°H 8p dq , 8%H 2p Bp
9pdq du dv 9qdq Bu dv 9pdq du Ov 8pdp Ou dv °

The first and third terms above cancel; and when we subtract

a/ at(z2 23 ) corresponding terms also cancel each other, so the result is

Zero.
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§ 20. Sy mplectic Spaces

We now turn to the problem of finding a standard way of writing

2-forms on M. It will turn out that. under suitable conditions, any

closed and non-degenerate 2-form can be expressed as 2 dp, A dq" for

some set of coordinates {p,, 4} . We look first at the situation on a

vector space (i. e., ona single fiber of phase space).

Theorem. Let V be a finite-dimensional vector space, we AV).

Then there is a basis {e, yoo os e } of V and an integer r such that

© = ola nH + ceo T eA e’TM .

Proof. Regard w as an alternating bilinear formon V. We may

assume w + 0; then we can find linearly independent vectors © , e, with

we), e,) # 0. By scalar multiplication we can adjust 3 and e, SO that

wie, e,) = 1. Now let S be the subspace of all v € V satisfying

w(e,,v) = w(e,, v) = 0. Calculation shows that no linear combination of e

and 5 lies in S. Furthermore, V is spanned by S, € and e,. For

let z be any vector of V; we wish to find numbers x and y such that

v=z-xe -ye, lies in S. To force w(e;;v) = 0 we must have

w(e, , Zz - xe, - ye,) = we, z) -y=0. Thus y= (ey; 2); similarly, we

can take x = -w(e,,, z). This accomplished, we now apply the same tech-

nique to the form w Testricted to.S. We find ey. 8, ¢ S and a subspace

S'S S such that no linear combination of e, and €, lies in S', but ee,

and S' span S. Continuing in this fashion, we eventually find 5(K) on

which wo is identically zero. Then, choosing any basis CP ens e }



-95-

for sik) we get a basis {e;, cee e J for V with the property that

w(e, e,) = w(e, e,) =,,. = ole, 11s © retz) = 1, and all other

w(e, e;) = 0 (except for reversals of the above, e.g., w(e,,e,) = -1).

This means that w = A e’ + A ¢* +... F e ET, gEkte, Renumber-

ing the e's gives us the desired formula, as in the theorem.

Each w determines a linear map w* tV—» Vv given by

[wé(v)]¥! = w(v,v'). We say w is non-degenerate if oF is an iso-

morphism. Since V and v* are finite-dimensional, this is equivalent

to saying that w* has zero null-space; in other words, w(v,v') = 0

for all v! implies v = 0. Using now the canonical form given in the

theorem, we derive

Corollary 1. If w is non-degenerate and in the form given by

the theorem, then V is 2r-dimensinal.

For if m » 2r, we, 1+V) = 0 forall ve V.

More computation with the canonical form establishes

Corollary 2. If V is 2n-dimensional, w is non-degenerate if

and only if wAwWA... Aw (n times) = 0.

Corollary 3. The integer r in the theorem is determined by

w £0 5 AL

The number 2r is called the rank of w,

Definition. A symplectic vector space is a finite-dimensional

vector space V with a non-degenerate form we AVY).
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We have proved that evéry symplectic vector space has dimen-

sion 2n for some integer n and possesses a symplectic basis {e}

for which w= >. e'A PH . In this basis, the matrix of the bilinear
i=1

form w is |

0 I

=I 0/.

Furthermore,

b -(w e;)e;) = w(e,, e;)

= > 2 (e®@eTM -e’ “®e)(e, re) :
1<k<n J

Hence Pe) =3e ', 1gign. Similarly, we.) =-3 e!. If w is non-

degenerate, wb is an isomorphism, and so is 20# .
* |

This map 20% 1 V — Vis given in this basis by the convenient

formulas

+

(20#)(e) = "7,

b EE SR
(2w Je ..) e , i=1,...,n.

# br-1 :
We let w =(20w”) = be the inverse map.

§21 Hamilton's equations

Now apply this machinery to T.(M). Here M = TU is our

2n-dimensional phase space, and, we are given a non-degenerate closed

2-form w on M. This form w yields maps 2w® and w? on each

tangent space of M, and hence gives a bundle map 208: T. (M) — T" (M).

Also, the Hamiltonian H is a function on M, and thus gives rise to a
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one-form dH on M. Here is the diagram:

#
Ww .

T.( M) &—————=T (M)

20P

dH

M :

Explicitly, if c is a point of M, we have the map 205: T_M —= TM,

2

where we have identified V above with TM, V with TM. This

allows us to pass from vector fields to one-forms and vice versa, since

w® is an isomorphism. Specifically, of (am) is a vector field on M.
: 1.

Identifying the {dq") with e ,..., e" and the {dp} with LAE eee

we compute

_ oH i 0H )
dH = >, —+ dq t 2 5 dp,;

oq i

that is,

am = (22, 22 22 2H
3q" oq P Pn

Therefore

# oH oH oH oH

Py Pn oq oq

OH 0 oH 0

= 2 = Rl dp,
dy 9q oq i

The vector field X = oF (am) determines a system of differential equations

on M, namely dc/dt = X(c), where c is a path in M. This equation

means that the curve c threads its way through the tangent vector field

X on M in such a way that the tangent vector to c¢ at any point is

exactly the same as the value of the field X at that point. But in coordi-
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nates, the paths which satisfy the equation dc/dt = X(c) are those

which satisfy Hamilton's equations:

ot 9p, > at aqt

it X= ofa) = (om oi, om Ls, - 22) In
Py Pn aq aq"

other words, we have reached an invariant way of stating Hamilton's

equations on a local manifold.

§22 Symplectic manifolds

Generalizing the results of our last lecture, we define a sym-

plectic manifold to be a manifold possessing a closed non-degenerate

two-form w. We have seen that w AV) may be viewed as an

alternating bilinear functionon VX V to R ; thus if v and v' are

vectors of V, w(v,v') is a real number. We will say that a linear

transformation f:V —=V is symplectic if it is one-to-one onto and

preserves the form w; that is, Fo = w, or w(fv,fv') = w(v,v') for all

v,v' € V. The set of all such f is called the symplectic group; it is

in fact a group in the mathematical sense, since the operation of compo-

sition is associative, has inverses., and has a unit element. In particular

though, a symplectic transformation is a linear transformation on a

finite-dimensional vector space, and thus may have eigenvalues.

Theorem. If \ is an eigenvalue of a symplectic transformation,

then so are\ (the complex conjugate of \), 1/\ and 1/N ; in particular

\ #0.
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Proof. Over the complex numbers, eigenvalues always exist;

so our first task is to create a complex vector space out of the real

vector space V; that is, to find a way of multiplying by complex as

well as real scalars. It is not hard to see that taking the tensor pro-

duct CQ®V = V results in a complex vector space Vv, where the

product of a vector > ci®v, by a complex scalar c¢ is

c( > c,®v.)= > cc, @v, . Also , the real dimension of V is

twice that of V: if {e), ceo ve} is a basis of V , then since {1,1}

is a basis of C considered as a real vector space, a basis of V as

a real vector space is 1Qe, sooo 1Q®e ie, ceo i®e s there are

2m of these vectors. But the m vectors 1®e,, ceo,yl Qe form a

basis of V over C since scalar multiplication by i converts 1 Qe,

into iQe, . We now extend w to aform Won VRC , defining

Wc®v,c'Qv') = cc'w(v,v')

for any two complex numbers c¢ and ¢' and any two vectors v,v'e V,

and extending this definition by linearity. Similarly, each linear

f: V—>» A goes oyer to t =1@®f: CAV —C @V. Moreover, the

formula fv, To) = w(v,v') still holds: that is, if f is symplectic,

T is symplectic with respect to ©.

Now suppose u is an eigenvector corresponding to \ : u # 0,

f(u) = Au. If AN were zero, u would be in the null-space of f, contra-

dicting the assumption that f was one-to- one. But then if u' is any
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other vector, w(u,u') = (fu, fu') = T(\u,Tu') = 3(u,\Tu") , so

W(u,u' AT(u')) = 0. Now if the map taking u'ameu' - AT(u') were

onto, every vector w of 2 could be written inthe form w=v - NT(v).

Then we'd have w(u,w) = 0 for every we V , which would mean that

u=0 since w is non-singular. This is a contradiction. Hence the

map mentioned above is not onto; since it's a linear transformation

between vector spaces of the same dimension, it's also not one-to-one.

Thus there is a u' with u' - Af (u') = 0; this says that T (a) = = , SO

: is an eigenvalue of T , and hence an eigenvalue of f. Also T( v) = Tv)

by the definition of £, so f(a) = Au implies Flu) = Au which implies

T(T) =". Hence NX is an eigenvalue, so by what we've already proved,

= is an eigenvalue. This completes the proof of the theorem.

§23 The Poincare Lemma.

We return to the problem of expressing our closed form w in

some system of coordinates as w= > dp. A dq’ in some region, not
i

just at a point. We first prove the Poincaré lemma:

Theorem Let U be an open ball in rR . Let w be a closed

k-form on U; that is, dw = 0. Then there is a (k-1)-form non U such

that dn = w. (succinctly: closed forms are exact on U).

Proof. We will first derive a new formula for the differential d,

which makes (k+l)-forms out of k-forms. We will then use the assump-

tion on U to define a new map s which makes (k-1)-forms out of k-forms
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for each k, such that ds(w) + sd(w) = w for every form w, If then we

have an w with dw = 0, it will follow that w = d(sw), showing that w

is exact, We will also let V denote the tangent space (at any point)

of U

A k-form w may be regarded as a smooth map from U to

AV), the space of alternating k~tensors on V. Thus for each ue U,

@ is an alternating k-tensors: VireensVy € V implies that

w, (vy .o © Vy) € R . Write wu, vis... » V3) = w (vo, crea Ve); then w

1s a function smooth in the first argument, and linear and alternating

in the last k arguments.

Suppose f is a smooth real-valued function on U, We define

a new function Df: UX V —R by letting Df(u,v) = ( d f:v> » that

is, Df(u,v) = srl . where v is the path definedby v(t) = uttv.

Hence Df is nothing more than the directional derivative of f in the

direction v at the point u. Now if f happens to be a function of other

variables as well, we can still form Df by ignoring those other variables

as we take the derivative, and then putting them back: thus if

f= fu, w, . i ALP

Df(u.v, Wiseoes w 2.) = (a/at) fluttv, Wises ow.) :

t=0

Notice that Df is a linear function of v: if also f happens to be a linear

function (in u). Df(u,v) = £(v).
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If w is a k-form, redefine the (k+l)-form dw by

x .-o A(dw) (8, v se eeyvy) = Pp (<1) (Da) (0, v, sv _,v sees Ven avy)

(Here the A over v, means that v, is omitted.) We claim this dw

is the same as the dw defined previously. This is checked by showing

that this dw is linear and alternating in the Vioreees Vis and has the

same values on the basis elements of VX V X,,, XV as the old dw,

The linearity is clear, given our comments regarding the operator D;

dw is alternating since computation shows that it vanishes when any two

successive arguments are equal. Suppose now w is a one-form ;

i i :
w = > w.dq , where {gq } are coordinates on M and {e.} are the

corresponding basis elements of V = T (M). Then w.(u) = w(u, e,). By

our old definition

ow, ow, : ; ; ;

dw = >) (—+- - —5 dq Adg = > dw(u, e.; e;)dq A dg’ .
1<] aq oq 14]

To prove that the two definitions coincide for one-forms it will thus

suffice to show that duw(u, es e:) is the same as in the new definition.

But in the new definition

dw(u, e., e) = Dw(u, es e.) - Dw(u, es e.),

and

Df(u, e.) = 9f/ dq, .

Hence

dw (u, e.) dw(u, ee) Sw. dw

. 9q dq’ 9q 0’
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which is what we were trying to prove. Similar techniques show that

the two definitions are the same for general k-forms.

We are now ready to define the map s which makes a (p-1)-

form out of every p-form. If w is a k-form, let

: k-1(sw)(ujv,,. oo Vi) J. t (tu; u,v, cos ' Vie! dt.

Here we consider the open set U as part of the vector space V = rR",

which has also been identified with T (0). Thus onthe right-hand side

of the equation, the second argument, ue U, is viewed as a vector

of V. But since U is an open ball, tu, the first argument, isin U

for all t# 1. It is now easy to check that sw is a (k-1)-form -- linear,

alternating, and smooth as a function of wu.

We now take a k-form ww and show, at last, that ds(w) + sd(w) = w.

First,

( bo ket
D(sw)(u,v,v,, «es > Vi _1) = : D[t “w(tu,v, UVa. » Vy _p)]at

: k(since all functions involved = | t Dw(tu, v, u, Vise »Vie_1) dt
are smooth and bounded) 0

1

+f £7 elt, v, v yeee,V. .)dt.
1 k-1

0

The latter term appears as it does since w is linear in the third variable,

and it was proved that if f is linear, Df(u,v) = f(v). Now
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k £-1 A
d(sw)(u,v,,. .. » Vi) = 2 (-1) D(sw)(u, v, yVireeesVysen. vy )

k 1

= > Sail £Dultu, v SU,Ve peony Veseas,v, dt
£ 1 { k

£=1 0

: k-1- Af| t (tw, v, , Vip ea Veen, vy dt],
0

and

: ks(dw)(u,v,s:20.,V,) -{ t dw(tu,u,v,,...,v, )dt
1 k 0 1 k

1 k

£ 1 { k
0 £=1

: kof t Dw(tu,u,v,,...,v, )dt.
| k

0)

When we add d(sw) and s(dw), the first terms of each expression cancel;

also,

k 1

> Shas elt, v, ve, beve avy) dt
£=1 0)

£ 1 |

= Sf (-1)f2 7 oltu, v ye oey Vv, )dt since w is alternating
1 k

k=1 0

1

= k Lota, v ere, v, dt.
1 k

0

Hence

1

_ k k-1
(sdw+ds w)(u,v ,...,v.) =| [t Do(tu,u,v. ,...,v.) +kt owltu,v, ,...,v, )]dt

1 k 0 1 k 1 k

1
d kJ) dt [t (tu, viyee, vy )] dt
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(since Dw(tu,u,...) is.just the directional derivative in direction wu

_ qk -- | W(@, v5... sv) = 0 - (u,v seen vy): Q. E. D,

§24. The Lie Derivative

Let X be a vector field on U. There is an operation on the

ring Ea of smooth functions on U -~defined by

Lr (£) = Df(u,X(u)) = (X)(£). sical

This operaton Ly is a derivation, since each X,€ T (0) is a FNS

derivatign.:..li. is called the: Lie. derivative. We have shown that a

vector field is determined by the way it acts on the functions of 7 :

this meas that knowing the operator Ly determines X, ! .°

Now it is easy to check that if:@: and..{+ are derivations of F )

then so is 6 - y8., Call this new derivation [0, yu]. “Then: [Ly Ll is

a derivation, so to it there is associated a unique vector field. ~This, T°

vecton. fieldis ¢alled the Lie bracket of X-and Y and is written. [X, Y].

In coordinates 14. +s % "i Q. boos let. R= Dx : »” Y= 2 y! ST Io

X ,y € 7 » Then L.(f} = > Kio for .1 ¢: 3 RE sq. -

. 5 i : Inc C9 »

Ix Y] = > > x = vi -— ) = - Infact, it-is ‘easy to check
i jog 3° aq fo

without using coo rdinates thas | 3 Tie linear in-each a rgurient aiid datis-

fies the relations ~ ) B

[X,X]=0 , [X,[Y,2]]+[2,[X;Y]]+[Y.[Z2.X]]=0 (Jacobi identity).
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We will now show that the Lie bracket provides a natural way

of extending the Lie-derivative operation to apply to all tensor fields.

1

There is an identity tensor 6 J vy; 5 corresponds to the identity
*

map on V under the series of identifications

l 3K 3X 3 *% _ %
J (V)=V®V = Hom(V @QV,R) = Hom(V ,Hom(V,R )) = Hom(V ,V ).

: : _ i
In coordinates {e, } we find § = > e.®e .

Theorem. Given any vector field X on U, there is a unique

r

linear map L_, where L_: 7 (U) => J (U) for all non-negative

integers r and s, with the properties .

1. Lf = <df,X> for any smooth function f on U,

2. L,Y = [X,Y] for any vector field Y,

3. Lb = 0,

4, Ly is a derivation: that is,

1) = | 1L (r®n ) (Ly) + T® (Lym ),

for any tensor fields T and T'.

Proof. We put coordinates 9, coos q on U and show that any

operator Ly satisfying the given conditions must satisfy

k
k ox 1

(5) L,(dq") = > —— dq for all k.

Write X = > x* — ; then we have shown that
3q

- j _8Y j 6X yo _ i 8LyY = 3° (X : Y=) =, HY > YY —

i,j 9q 9q 9q 9q

d _ ax 9
In particular, Lol ) = - > = —

oq i oq oq
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d k
Now 6 = S ® dg . So

k dq

0= Ls = 5 L(——)®dq"+ — ® L_dq"
X X' . k k X

k aq dq

i
9X ¢) k 9 k

= 222 — (= ®dg) + > = ® Lyda
k i 9q aq k dq

: ky, _ i i, _
If we write L. (dq ) = > C1 dq , it is clear that we are forced to

take ce = ax" /aq" . But it is clear from (4) that once L. is defined

on functions, vector fields, and co-vector fields, it extends uniquely to

all tensor fields. So we merely define Ly by (1), (2), and (5), and check

that (3) and (4) are satisfied. Notice that this is really an invariant proof,

since we have shown that any extension of the Lie derivative satisfying

1-4 must, when expressed in coordinates, agree with the operator we've

defined.

Corollary 1. L.(df) = (Li £).

For example,

k i aq" k ax i k
dLyq) = (SX —— )= dX = >) —— dq = Ly(dq).

aq i aq

Corollary 2. If V is an open subset of U, and a. denotes the

restriction to V, then

\%

Corollary 3. Lo maps 2, (U) into 2 (U).
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Proof. Think of an exterior form as an alternating tensor;

recall that a tensor 7 is alternating if and only if AT = 1. Hence,

we must show that if T is alternating, A(L,T) = LT. In fact,

A(Ly 7) = L (AT), since A is a sum of permutation operators, and it

is easy to see that L, commutes with permutations.

Corollary 4, Ly (wan) = Low AT tw AL, , if wand n are

exterior forms.

Proof. L (wan) = L, (A(e® n)) = AL, (w Xn)

= A(Lyw @n + w @ Ln)

= LywA n + wAL, 7 .

Corollary 5. d(Ly w) = L (dw) if w is a k-form.

: 1 2 k
Proof. Write w= > fdg A dq A... Adq . Then

do= S dfAdg A...Adq", while

1 k x 1 i k
Lyw= 2, L fd a... dg +2, 1 dq A... AL,dq A... Adq

i=1

Computation now proves the equality, with the aid of the preceding

corollaries.

§25 Transportation along Trajectories

This purely formal proof of the properties of the Lie derivative

does not really shed much light on the geometrical meaning of this

operator. Actually, as we are about to show, the Lie derivative can be

interpreted in a way very much like the ordinary definition of a derivative:

the limit of a difference quotient.
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Recall that every smooth vector field X on a local manifold M

has integral curves c¢ passing through every point of M. An integral

curve is one whose tangent at every point p is the same as the tangent

vector which is the value of the vector field X at p; symbolically, if

p= clty),

de/dt(t ) = Xe(t,) , or dc/dt = Xoc.

The standard existence and uniqueness theorem for ordinary differential

equations, when applied to this equation expressed in coordinates,

guarantees the existence of at least one integral curve through each point

of M (although each curve may be defined only on a small interval on the

real line); furthermore, two integral curves passing through the same

point must agree wherever they are both defined.

Now change the point of view slightly, and consider the motion of

M which takes each point p to the point t units along the integral

curve passing through p. For a fixed t for which all the integral curves

are defined, this would describe a map from M to M. In these terms,

the existence and uniqueness theorem may be stated:

If X is a smooth vector field on a local manifold M, there is a

unique trajectory of X through each point, and for each point p

of M there is a neighborhood v of p and an interval ICR,

together with a function F:IX U —= M, such that F(0,u) = u (initial

conditions) and for fixed u, the map taking t to F(t,u) is a trajectory

of X.
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Write F for the map of M to M defined by F (u) = F(t, u).

In the case where M and U happen to be all of R and I = R :

we must have FF) = F(a) for all t and t'. Indeed.

tas F (F(u)) is a trajectory starting at F(a), but so is

tee F(a); by uniqueness, they must be equal. In particular,

F(F (2) = u |

for eachue M,

F_(F. (a) = u x

so each F, has a smooth inverse map. In this case we say that FE is

a diffeomorphism. Then tv EF is a map of the additive group of real

numbers into the group of diffeomorphisms of rR”. In general, of

course, the map F will be defined only on subsets I and U of R and

R® s it is not hard to see, however, that restricting further to an interval

I'e I and an open set U'e U gives us a map F'= Flix ut for which

F, has the smooth inverse F! for each te I'. (Cf. Abrahampp.

39-40). Such a system F' will be called a flow box of X.

Suppose now that B is a functor from vector spaces to vector

spaces: for example, B(V) = Vv or B(V)=VXYV, or B(V)=VA...AV.

Associated to such a B is a bundle B(M) over M, whose fiber over

p is B(T M). Thus if B(V)=V, B(M)= T.M; if B(V)=VAYV, B(M)

is the bundle of all 2-forms on M; and so on. Furthermore, if

f: M—> N, is a smooth map, then there is a map
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B(f): B(M) —> B(N) if B is covariant;

B(f): B(N) —> B(M) if B is contravariant.

For instance, if B(V) = V', B(f) = £5:T* (N) => T° (M).

To define the Lie derivative of a general field T with respect to

X we wish to do the following: given a point p, move along the tra-

jectory of X through p for a time t; at this point. find the value of T,

and now move T back along the trajectory to get a tensor at p. This

pulled-back tensor will not generally be the same as the value of the

tensor field at p; but we can form the difference quotient.

Fiber over F (a)

Fiber |

B(M) [A Te

T/ | | T
|

a F (a)



-112-

Definition. If X is a smooth vector field on Mand T is a co- or

contra-variant field on M, define the operator Ky by

d/dt(B(F HeTor)] _ if T is covariantK,(T) - | t t"'t=0
d/dt(B(F,) eT °F) | 2 0 if T is contravariant,

where ¥ is a flow box for X,

Notice that this definition does not depend on the choice of F', by

the uniqueness of flow boxes.

Theorem, Ky is the same as the Lie derivative Ly .

Proof. By the Theorem of §24 characterizing Ly, it will suffice to

show that Ky is a derivation, Ky = 0, and that Ky agrees with Ly on

functions and vector fields. In fact, examination of the proof of that

theorem makes it clear that we can show Ky = Lo on covector fields in-

stead of on vector fields, and the result will still follow.

First, Ky 6 = 0 since 6 may be expressed as an identity matrix in-

variant under E, and B(F.); its derivative is zero. Showing that Ko

is a derivation will involve working with functors B, B!, and B", and a

covariant, bilinear, natural transformation 0 :B X B'——> B", Then if

T: M—> B(M), T':M—> B'(M), we can define T X T', mapping M

into the pullback bundle B(M) Xap B'(M); TAQT' is the composite map

TXT ur “Mm
M ———> B(M) XM B'(M) ————> B"(M)

To show that K A(T aT') = K,TaT'+ Ta K,T', we compute
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-1 -1 -1
B"(F, )eTQT'eF, = [B(F, )T a B'(F, JT']oF,

-1 -1
= a B! 1 .

(B(E, TIE, s [BYE ) TIF,

Now in general, suppose oft), c’(t) are maps of an interval I to V

and V!', respectively; o(t)0 ¢'(t)e VO V'= V", Since O is bilinear,

we can write

e' (s(t)aa'(t)) = > c. e.(o(t))e) (c(t)
1 jk j k

Js

for some constants Ci . where {e.} are coordinates on V, and so on.

Now the ordinary Leibnitz rule for the derivative of a product of real-

valued functions applies, and it follows that Ky is a derivation.

If { is a real-va.ued function on M, the fiber over every point

is R , and in this case B(F,) is always the identity map. Thus

Blok
| dd _ ow of t _ 1 Of
Kelf) = = (fF (a) = >= + —5— = 20x ——= = Lyf,

i dq aq

i_ i i 9
where qF, =F, ; and X= > x —

i oq

Finally, to show that Ky agrees with L. on covector fields, we can

use the properties already proved to find Ko (>) £.dq’), once we know

K, (dg) for any function g: hence it will be enough to prove K. (dg) =

3¢ se

L. (dg). Now in this case B(V)=V , so B(F,) = EF, . In general,

however, we defined the pullback of a form w by a map ¢ as the form

*
¢ w given by

3 3 P33
¢ wa) = ¢ (w = cwop)(a) .(¢” w)(a) ( o(a)’ (o ¢)(2)
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Thus

-d _ 4dK, (dg) alien (B(F,) odgo F) = = (F, o dgoF,)

d .* d
= — = F+ (F, (dg)) = =~(d(geF,))

= a-2(goF)) = d(L,g) = L.(dg)
dt — X X

by previous part of the theorem.

This completes the proof of the theorem.

Note. ~ In the above proof we considered a k-form as a cross-section of

a suitable (exterior) bundle. This means in particular that we should

consider a 0-form (= a smooth function) as a cross-section; we will show

that it is a cross-section of the trivial bundle. Explictly, take that

functor B which sends each vector space V to the one-dimensional

6 pace R and each linear transformation f: V— V! to 1: R — R .

(Thus B is a "constant" functor). If B is used to construct a fiber

bundle over .M it gives the bundle MX R (m,k) . A cross-section

M |
here is clearly just a smooth function M —R

§ 26. Canonical Transformations described by generating functions

A function F(q osu q. P., «aay P) of 2n variables will

yield a canonical transformation. We first describe informally how

this arises. Suppose that the quantities q yoo oy q, P, y oe es FP are

coordinates on some local manifold U and that the matrix
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5°F

| 9¢q AP,

J [)
is everywhere non-singular, Define 2n more quantities p and Q'

1

(= smooth functions) on U by the cquations

i i . i oF

Pp. = BE i-1,....n Pp =P , i=1....,n.
i 1 i i

9q

The assumption on the matrix above, plus the standard implicit function

theorem, tells us that the P. q or the F, Q' may also serve as

coordinates on U. In particular, there is then a transformation from

the Xy to the PQ’ coordinates. This is the transformation

"generated" by the given function FF, To show that it is indeed a canonical

transformation we calculate the differential

AS eal -F) = Sara + rat - SE aq - > 2 apt,
1 i i aq" 25

Inserting the values chosen for P, and Q' above gives

i i i
d P -F) = P - dg .

Taking the differential once more gives

i 1
P.A = .

so the indicated transformation is indeed canonical.

Similar transformations may be generated from functions G of

othe: sets of variables, say a(al, cen Q", Pyseos p_)- The formalism

may be found in Goldstein, we turn now to a more conceptual explanation.
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Theorem. Let M be a 2n-dimensional local manifold with

P. F 59°F :
coordinates { } M —> KR a smooth function and det — © # 0

q oF 8q

DEF i
everywhere. Then w= - > — dg AdP is a closed 2-form

i,j 9q dP, J
J

with wA... Aw #0. Thus M is symplectic.

x
Proof. We must first show that dw = 0. But

5>F k i 53°F i
dw= - > —————dq Adq AdP, - >, ——————dP, Ndq AdP, = 0

k, 1 j i,, k J
oq 0g oP, ~—u-o—— > oq oP oP.

J alternating kj

Next we must show the n-fold exterior product WA..- Aw # 0. Write

1
w = a.dq andP, .>. ada ndP,

In the n-fold product many terms (iterated factors ) drop out; there re-

main the following terms, for all permutations ¢ and T of the sym-

metric group on n letters:

> TT | ad'n ...AdqdA dP. A...AdP
i J n

1]

so one gets the determinant n! times and

WA... Nw = n! det [|a,]| 70.

-Thus (M, w) is a symplectic manifold, as required.

Now the definitions

n= oF

aq i=1,...,n
i 1]

qQ = q

give 2n coordinates; since w = > dpAdg’ in these coordinates, they
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are cancaical conrdinates. Indeed,

1 oF i °F i °F j i
vda” = SD d——VAdg = SY ———— Ada + > ———— Adp’Adg> dprdg > dl : ) ndq > NE dq > 7 p q

9q 8q-8q aq oP;
\——— —————

0

This is exactly the 2-form w defined above.

Similarly, the definitions

P = P,
i 1 |

5 = 3F i=1l,...;00

i oF |
i

give 2n coordinates which are canonical coordinates, since the 2-form

may be written ;

= PA -Ww > d ] dQ

Note the advantage of using differential forms. Specifying any

closed non-degenerate 2-form makes U symplectic -- no matter what

the coordinates. Here there are three possible coordinate systems

1 n Cd
Q years: PyseensP w= 2, dp ,Adq

2
1 n Jd F i
qs.0c59 Poi... ,P w= - >, ———dq AdP,

1 n 9q 2 J

Q',....a%P ,...,P w= - SS dpAAQ |
1 n 1

The first and third systems are symplectic, but the transformation is

generated by going through the intermediate non~symplectic coordinate

system.

Such transformations may now be used to simplify a given

Hamiltonian function H (a smooth function on U, given in terms of the



-118-

coordinates q, p,)- If we relabel the generating function F as W,; then

P, = 5W/98q", and

1 n 1 n oW ow
H(q neee;q HP ree, P ) = H(q yee g Sm een, ——) .

1 n 1 n
9q oq

We propose to choose new canonical coordinates of P, so that H will

become simply Pr the first P-coordinate. Writing a, for P., and

considering @, asa constant (a parameter) this yields the equation

1 n ow ow :
H(q RERER Tq 2c —) = al .

9q oq

This is a first order partial differential equation for the function W, It

is called the Hamilton-Jacobi partial differential equation. If we find a

solution W depending on n-1 additional "constants of integration"

1 n
W= W(q seco: ’ @rsenss@)

satisfying the condition

2
2)det | 2 | £0 ,1,j=2,...,n

9q 0 a.
J

we can then prove that

2
0 WwWdet |= | # 0, i,j=1,...,n.
i

oq da.
J

Then W, with the a's replaced by. P's, may serve as the generating

function of a canonical transformation. In the new canonical coordinates

the Hamiltonian function is just BP . Therefore Hamilton's equations

0become b=,

i il

P = 0. i=1l,....n
i
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and may be immediately integrated as

Q =td,, + B, » P. =e, i=1,...,n.

From the transformation equations

ppmi Qs seep,
aq 9a

one may then solve for the original coordinates P. and q, as functions

of t.

§ 27. ‘The Top

As an example, we consider the rigid motion of a heavy top, using

the "Euler angles" 8,0, and # as the parametrization of the rotation

group in 3-space, with the axis of top along the z-axis (see figure). Let

©_s Ws and w_ be the angular velocities about the x,y, and z axes. The

kinetic energy of the top is then

T = 5 [10° + Lo! + Lo] ,

where I Ly I are the diagonal terms of the moment of inertia tensor.

(The axes are chosen so that the non-diagonal elements are zero.)

Choose the top symmetric with respect to the x- and y-axes so I = I.

One may calculate from the definition of the Euler angles that

w = Ut cos0 ,

wy = g sin © siny + 5 cosy

w =f sin 8 cos yo - 8 siny .
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Therefore

T = > (1, (6° + 7° sin” 0) + L( + # cos 0)°) .

: : oT
Since the momentum coordinates p, are defined as p., = —— , we have

1 1 94"

Py = 10,
- ’ + )

p. =I_({ cos 8) + (I sino +1 cos’ §)
3 3 1 3

from which we obtain

P : 1% : Pp, cos q -P
H=2 —— + —= + = (23 2 + Mgl cos q

i 3 1 sin ql

where f is the distance along z from the origin to the center of mass

(see figure).

Substituting Pp, = —5 gives the Hamilton-Jacobi partial

9q 2
differential equation for W. Since H also is independent of q and >,

we know that P, = a, and Py = a5: a, and a, constants are solutions of

Hamilton's equations. Hence we "separate the variables" in W, writing

1 2 3
W=W (q)+W,(q)+W/(q),

1 2 3

where we may take

Ww (4°) = aq, + constant
2 2 “2 . ’

3 3
W.(q ) = a, q + constant,

since _OW =p, =e, for i=2,3.
oq! !

The remaining equation for = is
dq
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a 2 a_ cos q a
dw 2 1 2 1 ~ 3.2(£=—)° = I,[2e, - 2Mgl cosq - —2— - — (—2———2)“],

1 1 1 I I 1
dq 3 1 sin q

Set u = cos q vy the equation becomes

2 a :Ww 2(1 EL = I [(2a = 2Mgt u)(1 - °) 4 (@. uu -a.)]
1 1 1 I I 2 3

dq 3 1

a a 2

= Flu,a) = (1 -0)(h-ku) - (=2 u-=—=) ,
1 I I

1 1

where h and k are defined accordingly so

WwW = ——— dq .
2

l -u

1 ow °Butwe want Q = —/—— s0 ats oH andQ. =t+B, so
da, op, 1

2

ol. AW - dq)(1 - v7) | du
© da, - i

bd Vd?Raa) J VE)
80

du 1B, +t -f ——————, where u=cosqq = cos9.
L VE (u, a)

Since F is a cubic polynomial in u, this is an elliptic integral; the

detailed explicit solution is given in Klein and Sommerfeld (4-volumes)

on the gyroscope.

We consider now the qualitative properties of the solution. Since

F(u) = ku +... , with k> 0, we have F(oo) =+ 0, F(-®0) = -0, and

F(u) = 0 has three roots. The roots u, and u, between -1 and +1 (see

graphs) are the only ones of physical interest since - 1<u< 1 is the
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only part which is physically possible. Now

= = implies (5° = F(u)
NF (u)

so the zeroes of F(u) are where — is zero.

If we take the positive square root of F, we get a solution for u

increasing from u, to u, as time goes from 0 to. say, A. This may

be extended by reflection (negative root of F) to give a solution decreas-

ing from u, to u,. Continuing, as in the figure, we have a solution for

all t

u, —— —= _—— — —— -

u, — —_—_——_——— — -——-

of the general form indicated, so that u(t) is perjodic with period 2A.

This solution may be pictured in terms of the angles (0,¢) which

give the point where the axis of the top pierces the unit sphere. For

example, Pp, = a, and P, = 2, allows us to solve the equations above

for @ as

I sin © 1, (1 - a’)

Here ¢ is the speed of precession of the axis of the top around the vertical,

while 6 is the speed of rotation. For further qualitative discussion, see

Goldstein, Classical Mechanics, pp. 164-175 or W.F. Osgood, Mechanics.
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8 1%,

| ~ Euler's angles and the
ravi Heavy symmetric top

with one point fixed

center of mass

U = Mgl cos 6 vy

FN | =Y,

LA
/ ? v “x

* N——Lline of nodes

1 f(u)

u= 1 u=1

u

i UN 3

Location of turning angles

92

6, |

One possible Locus of the figure axis on

the unit sphere
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§28. Darboux's Theorem.

The typical example of a symplectic manifold is a cotangent

bundle of configuration space. In such a bundle we have the usual position

and momentum coordinates q and Ps and the basic 2-form of the mani-

fold is given in terms of these coordinates as

w= S dp'adq .

The definition of a symplectic manifold (M, w) was apparently much

more general: Any 2n-dimensional manifold with a 2-form w which is closed

(dw = 0) and non-degenerate (wA...A w, to n factors, nowhere 0),

The added generality is illusory: Darboux's theorem asserts that

at each point a of such a manifold there is always an open set U con-

taining a and coordinates q and Pp, -- good in this neighborhood U .-

for which w has the special form above.

One proof of this theorem is done by systematically exploiting the

correspondence between vector fields and forms which is given by the

basic form ww. This is the proof given in Abraham, pp. 92-94, Another

proof (see Sternberg p.137) depends on a more general theorem of

Frobenius on the integration of differential systems, We refer to these

texts for details, ’
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Corrections tc Geometrical Mechanies, Part I, Saunders Mac Lane

(1-4 means 4 lines from foot of the page)

po 10, line 2 (display) gl) after 7 should be gy

p. 10, line 7, 1-5, 1-1: All V1 should be l.e. vi.

Pp. 11, line 6 (display): Vv, — Py

p. 11, line 10 (display): (see below)
p. 18: "Proof of theorem incomplete because addition of tangent
vectors 1s not explicitly defined. Definition should be by mep

pT U" — (7 U)® given in line 1 via

= ' a gynpir 0 + vc’) pre + pt e (addition in TTM U)

This requires proef that p is ento. Use loeal ceordinates QT ,000,q]

: n - (2 ocQ:T U —> R by 9T,C es ELA )

9: TU —> (RT) by wat = (XL of ;

*: KR" — (170)

and thus show by caleulation that the diagram
, £

Ny ys
Ra~

with 0, ¢* both isomorphisms, commute (920 = p)

p. 20, 1-1,-2 f should be k:v —57R

p. 11, line 10 (display): Jp, should be 3) (1st equation)
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Introduction to Part II

This sequel to Part I completes the notes of my two-quarter

course on Geometrical Mechanics, except for the final section of the

course which discussed Relativity Theory, the Schwarzschild metric,

and the relativistic explanation of the advance in the perihelion of

Mercury. (These lectures have not been reduced to written form.)

These notes have many of the imperfections of a first course on

a new subject. Here the new subject is the use of modern geometrical

ideas in the long-stagnant treatment of classical mechanics. The initia-

tive of George Mackey has been vital for this subject, and the books by

Ralph Abraham and Schlomo Sternberg are excellent guides. A few of

the topics covered here are apparently not to be found in this form in

the literature: The treatment of the Legendre transformation (§9 of

Chapter I), the conceptual treatment of the generating functions for

canonical transformations (§26 of Chapter III and §44 of Chapter VI),

the description of manifolds by means of germs (Chapter IV, §30) and

the geometric description of the characteristics of first order partial

differential equations (Chapter VI, §46). This, with the material on

contact transformations, may suggest how much of classical Mathe-

matics stands in need of modern conceptual formulation.

iii



I am much indebted to the students whose notes have improved

,

and codified my lectures, and to Rene Thom for permission to include

the material of his guest lectures.

The University of Chicago Saunders MacLlane

October 1968
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CHAPTER IV. MANIFOLDS

29 Topological Spaces

To define manifolds, we first review the basic properties of topo-

logical spaces.

Definition. A topological space is a pair (X,t) where X is a set

and t is a collection of subsets of X such that:

1° det, X et;

2° UNV et whenever Uet and V €¢ t;

3° If {U } is a collection of subsets of X such that U e€ t
a ae A a

for each «a, then U U,e t.

Here t is called the topology of X. The sets in t are called open sets.

A subset F of X is called closedif X-F et, where X-F = {xe X|x¢F}

is the complement of F in X. We will often use just X to refer to the

topological space (X,t) when it is clear what topology on X is intended.

Example. Rr" together with the subsets which we have previously called

open is a topological space.

If (X,t) and (X',t') are topological spaces, a function £:X —> X' is

continuous if £1 (v) ¢e t whenever V ¢ t', where the set

£~1(v) = {xe X| f(x) ¢ V} is the inverse image of V under f.

The function f:X —> X!' is a homeomorphism if it is a bijection

(one-to-one onto) and both f and £1 are continuous.
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A neighborhood of a point x ¢ X is any open set in X containing Xx.

A function ff: X —> X' is continuous at x, where x ¢ X, if for

every neighborhood V of f(x) in X', there exists a neighborhood U

of x in X with

{(U) CV (i.e., UC £ HV)

It is easy to show that f:X —> X' is continuous if and only if f is

continuous at every point x e¢ X.

‘Examples:

19 If (X,t) is a topological space and S is any subset of X, let

t' = {UN p|Uet}.

Then t' is a topology for S, called the relative topology.

2° If (x,t) is a topological space and the function X SS maps

X onto the set S, let

t' = {Vc S| ov) e t}.

Then t' is a topology, called the quotient topology, for S, and

(X,t) LP (S,t') is a continuous map.

3° If (X,t) and (Y.t') are topological spaces, let X XY denote the

ordinary cartesian product of the sets X and Y. Let

t= {UX Vv] Uet, Ve t'},

t = all subsets of X XY which are

unions of sets in t
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Y

0 X

Then (X X Y,T) is a topological space, and t is called the product

topology.

We have the two projection mappings onto X and Y:

p: XXY —> X QP XXY —>Y

(x,y) —> x (x,y) —>y

These are both continuous when X XY is given the product topology.

Definition: If (X.t) is a topological space, a basis for (X,t)

(or a "basis for the open sets of (X,t)%) is a collection ty of open sub-

sets of X such that every member of t is a union of members of t.

Thus in Example 3°, T_ is a basis for (XX Y,%).

A topological space is separable if it has a countable basis.

A sub-basis ty for (X,t) is a collection of subsets of X such

that the set ty of all finite intersections of members of ty forms a

basis for X. Given any collection ty of subsets of a set X such that

X = J U, there exists a unique topology t for X having ty as a sub-

basis namely, t consists of all unions of finite intersections of mem-

bers of ty-
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I X ® [] »

f {( o' t)},. A 182 family of topological spaces, let

X = TT X, be the cartesian product of the sets X, and let
a

PX —> X, be the projection onto the oth coordinate space. Let

; 1 \
t, = J {P, (VV et,}.

aeA

The topology t for X having t, as sub-basis is called the product

topology. Then each P:(X,t) —_ (X, t) is continuous, If (X',t') is

another space, and if for each a ¢ A we are given a continuous map

fr (X1,t') — (X,, f,) there exists a unique function f:X'—> X such

that Pf =f, for each a, since the set X is the set product of the xX,

Then if Vet, --say V = plu ) where U is open in X , it follows
a a a a

that fv = ipty = (P ty =f lu is open in X'. Since t, is
a « 0 a a a i

a sub-basis for (X,t), it follows that f is continuous (This means that

(X,t) is the product of the (X t) in the category of all topological

spaces.)

Suppcse the £, as above are disjoint (if not, take disjoint homeo-

morphic copies). Then we can topologize their disjoint union

Y = 4 X, as follows:

UCY isopenin Y <=> UMNX is open in X, for each a.

In a fashion similar to that above, if (X',t') is another topological space

and Epi X X' is a continuous map for each «, then there exists a

unique continuous map g:X —> X' such that g,~ 89, > where

q, XL, X is the injection of xX, into the disjoint union. This means



-5-

that Y is the "coproduct® of the (X ot) in the category of all topologi-

cal spaces.

Suppose we are given a set X and subsets x, each with a topo-

logy t, such that

© x= x
a a

2° Yap = xn Xa is open in both X, and xg; and the relative topo-

logies on Yup induced from (X, t,) and (gto) coincide.

Then X has a topology

t= {UC X|[unx, ¢t for all a}.

This situation can be expressed by the statement that X is the

coequalizer, in the category of topological spaces and continuous maps,

of the maps

L Yop— Ll X_

where one map injects Ya into X the other into xq :

An open covering for a topological space (X,t) is a collection of

open sets of X whose union is X. If {u) is an open covering for

(X,t), it is easily checked that a function f:(X,t) —> (Y,t') is con-

tinuous if and only if f| u, u, —> Y is continuous in the relative

topology of u, for each «a.
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A topological space X is Hausdorff if for every pair of points

X,y € X there exist open sets U, VC X with xe U, ye V such that

Un vVvs=4d,

30. Manifolds.

Let X be a topological space, x ¢ X, Every function f: U —> IR

such that x ¢ U and U is an open subset of X determines the germ

£, of £ at x, where f = eg, if gi: V—> IR and there exists

WC UNV suchthat xe W, W is openin X and f|W =g|W,

Let C. denote the set of germs of all continuous functions to IR

defined on some neighborhood of x. C is an algebra.

Definition. A loaded space is a triple (X,t,G) where (X,t) is a

topological space and G assigns to each point xe X a set G_ of germs

at x (germs of the "goad" functions).

Unless otherwise specified, we will assume that GC C_- Often

we will require that G_ be an algebra.

Examples:

1° X= U_ open in R” (e.g., X=1R) and G = germs of all C~

functions at x. Call this loaded space (U_, cTM).

2° If (X,G) is a loaded space and V is open in X, then (V,G|V) is

a loaded space.
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3° Let (X,t) be a topological space and pe any set of continuous

functions ff:X —> IR. Set q. = {t_|f € 7 }. Then (x,t) is

a loaded space.

If x,9) is a loaded space and U is open in X, define

4) = {£]£: U —> IR continuous and f ¢ gq. for all x eU}.

(wv) has the sheaf property: if U Uv, where the v, are open,

then f «A(u) if and only if for each a, f|V, ¢ A v,).

If (x,4) and (Y, 4) are loaded spaces, a loaded map

xd) —£ > (Y, ) is a map X —#> Y¥ such that

{© @ 1s .continuous,

2° x X, h(x) « HM (x) implies (ho) € 3 :

Notice the similarity of this definition to that of a continuous map.

The following facts follow easily from the last definition:

1° The composite of loaded maps is loaded.

2° V openin Y implies oe AV)Cq (eV).

3° ¢ is loaded if and only if at each x e¢ X, ¢ is continuous and

carries "good" germs at ¢(x) to "good" germs at x.

A loaded isomorphism is a loaded map x ) aN (Y,34) such that

1° x£L5v isa topological isomorphism (i.e., a homeomorphism)

2° for each x ¢ X, the correspondence HH o(x) —4 induced

by ¢ isone-to-one and onto.
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Definition. A C® n-chart on x.) consists of

1° an open set U of X, called the domain of the chart,

2° a loaded isomorphism (v.g|v) ~ (u_,cTM), where U_

is open in Rr",

A C®n-manifold is a loaded space mY) such that M is Hausdorff

and the domains of all C® n-charts on (M, 4) cover M. We

will usually also require that M be separable.

n , oo :
Example: Any open set in IR is a C n-manifold.

An atlas of a C® n-manifold (M, q) is a set of n-charts whose

domains cover M. The same manifold can have many atlases; the only

"invariant" one is the maximal atlas (all charts).

4 7 coUf U= u, and V = Vv, are charts of the C~ manifold (M, 4 ),

then the induced map 0

U, OAV =v
1 o -1 |

y
. Q i n . .
is C7, forif x°,...,x are smooth coordinates on Vis then it fol-

lows that each oY: 1s smooth.

U \4

‘
0

Ys X Vy
4
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Suppose S is a set. A charton S is a one-to-one function

Pp
a n

—_— i dS, u, where SC S, u, is open in IR , an ¢ , maps

S, onto U, Two charts ? and ?g are compatible if, for

T = SN Sg ¢,T is open in u_ vot is open in Ug: and

-1 ©
T T T.(og Jolo |, T) isa C map from ?, onto ¢g

= S

T

|

U
a

? Ys

If {(s ?,)} is a family of pairwise compatible charts on S such

that the S, cover S, then the ¢, collectively determine a topology

on S. If this topology is Hausdorff, then S becomes a manifold. More

generally, we have the following theorem which is often used to construct

a manifold from overlapping pieces M, (espe rally with each M, an

: n

open set in IR):

Theorem. If X is a set and X = J M where each
— p” a

(@) : Qo :
M =(M,t .¢ ) is a C n-manifold such that for each ao and B
a a «

0
= M\ 1 ] 01 Tap M, Mg is open in both M and Ms

2° if xe Tap and g is a real-valued function defined near x, then

(@) ®
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3° if UCT _, then Uet <> Ue t, ;
af a B

then

a) X has a topology, namely W is open in X if and only if for

every a, WN M_ is open in M (We've seen this part before. In

particular, each M_ is open in X.)

b) X is a loaded space, where for xe M, gq = a with x M

c) If X is Hausdorff with the topology in (a), then X is a c®

n-manifold. If U L2N Ug is a chart in M for some «a, then it is also

a chart in X.

If U—2> u, is a chart on the n-manifold M and xl, cs , x are

coordinates on uC R", then q: = xo ¢ are called coordinates on U.

We will say that a function (X, 9) LN (Y, 3) between two loaded

spaces is loaded at x ¢ X, or smooth at x if it is continuous at x and

satisfies condition (2) of the definition of loaded map for x.

Lemma. If (X, g ) sv, A ) is any function between Cc mani-

folds, x ¢ X, and ql, cee q" are coordinates on the domain U of a

chart U—%— uC R" such that h(x) ¢ U, then h is loaded at x if and

only if each (qo h)_ ¢ q. .

Proof. h is loaded at x if and only if ¢h is loaded at x. So if h

is loaded at x, then for every C® function u, Ks R, (k oh) ¢ qg. :

In particular, (a;h)_ = (x'ph)_ € q. .
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Conversely, if each (a'h), € q. let V LN Vv, be a chart of X

such that xe V. Then ¢'h he must be c®. so for any k as above,

kohyTM 1 = i(q hy? ce ,q heh is the composite of C ~ functions and

hence c®. Then since Uy is loaded, ko¢h € qg.. This holds for all c®

functions k, so ¢h and hence h are loaded.

A smooth map (a C®-map) h: M —> N between C° manifolds

is now defined to be a continuous map which is loaded at each point

x €¢ M. In other words, a function h is smooth if it is continuous and

if it carries good germs at each point h(x) of N back into good germs

at x. It follows that the composite of smooth maps is smooth.

Example. The sphere Ss" is an n-manifold. The usual manifold

structure is a generalization to higher dimensions of the charts obtained

by stereographic projection of 52, However, for n> 7 there exist

other manifold structures on s”, giving the so-called exotic spheres.

In other words, there exist two manifold structures 4 and MH on sTM

such that the identity function (s®, ? ) — (sTM, AH ) is not smooth.

We have described a manifold as a topological space with a function

d assigning good germs. This function may be replaced by the function

U —{{ (U) described above and called a "sheaf” (more exactly, the

sheaf of germs of CTM functions. This sheaf-theoretic definition of a

manifold is equivalent to a different definition by atlases (A manifold is

a topological space equipped with a suitable "maximal" atlas).
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The product: If M and N are c® manifolds, let MX N be

their product as topological spaces. If {U, = u, (- IR} and

J o
{Vg PF Vg - RTMY are collections of charts covering M and N

respectively, then the UX Ug cover M. Furthermore,

¢, XU
U XV nn P u°xul which is open in RTM X R", so each
o B a g °

U,X Vg isa manifold -- if U XV, DOW-£E»R and xe W, then

g € 9 if and only if gle, X bg) is C° at (o, X baly: The mani-

fold structures coincide on the overlaps, so by the theorem MXN is

a manifold -- indeed, the topology given in the theorem is the product

topology. The projections

!

M «2 MXN —E—=N

Il aN r— (m, n) AA IT)

are smooth maps. If K is a manifold and {,f' are smooth maps

K

M N ’

they are in particular continuous, so since MX N is a topological pro-

duct, there exists a unique continuous map K NY X N such that

f=ph and f' = p'h. By selecting suitable charts and coordinates we

can easily show that h is smooth. Hence MX N is the "categorial"

product.
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31. Thé Tangent Bundle.

The tangent bundles defined in Part I, § 3 for open sets of R",

can now be defined for manifolds.

If M is a C® n-manifold, the tangent bundle T.M consists of

I
M

‘all points (a, T_c) where a e¢ M and 7 _c is a tangent vector at a.

-

a

(More precisely, TC is a tangent vector at ¢ where a ¢ U Zs us R"

is some fixed chart of M.)

® o n

For each chart U——=> U C&R of M,

U°XR" ~T.U CT.M

: : 1 n J d .
via coordinates q ,...,q ; {cc To for T.U. This defines a

9q 9q

chart on T.M. Any two such charts are compatible since the Jacobian

of a change of coordinates in M is non-zero. Thus T.M is a manifold.

(Apply the theorem of the previous paragraph constructing a manifold

from the overlapping pieces T.U.)

A pre-bundle is B where B and M are c® manifolds, mT is

— |=

M

smooth, and each (mm) is a vector space.
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: : n 2
Example. If U_ is open in IR", then UX IR (u,v)

LN0

U u
0 0

with the standard vector space structure on each {u_} X RE RY is a

pre-bundle called a special pre-bundle.

A chart of a pre-bundle B consists of anopenset U M and

|
M

a pre-bundle isomorphism of ~~ Hu) with a special pre-bundle.

[lt
U

A vector bundle is a pre-bundle covered by charts, (i. e., the U's

of all possible charts cover M and the +H u)s cover B.)

Note that it is not necessary to require that addition be smooth in a

vector bundle, since a vector bundle is locally like a special bundle, in

which addition is automatically smooth.

T.M is a vector bundle with the charts described above. Similarly,

we define the cotangent bundle T° M and the bundles constructed from

the various mixed tensors. We can consider each of these as a functor

which takes smooth functions between manifolds into smooth functions

between vector bundles.
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32. Bump Functions and the Extension of Germs.

We could have defined manifold with "analytic", "piecewise linear"

or "continuous" replacing c® throughout. If we did this for

"continuous", we would get a topological manifold -- a topological

space which locally looks like Euclidean space.

Recall that in PartI we defined a local manifold as a set M with

a set F of "smooth" functions such that M = uC R" and F cor-

responds one-to-one to the Cc® functions on Uy: We could have de-

fined a manifold in a similar manner: as a set M with a set F of

"smooth" functions which would determine both the topology of M and

the "good" germs on M as the germs of the functions in F. We used

germs of functions defined only on open sets of M, but the following

theorem shows that it suffices to consider only germs of functions de-

fined "in the large’' (on all of M).

Theorem. If Mis a cTM manifold and 8. is a smooth germ at

Xx ¢ M, then there exists a CTM function f: M —> RR such that f= By

Before proving the theorem we will need some preliminary results.

Definition. A topological space X is compact if every open cover-

ing of X has a finite subcover.

Theorem. A compact subspace of a Hausdorff topological space is

closed.

(This is a standard result and can be found in any text on point-set

topology.)
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Lemma (Existence of "bump" functions): If M is a manifold,

UCM is open, and x ¢ U, then there exist compact subsets C and

C' of U anda C® function h:U—>R such that x¢ CC C' CU and

h=10on C, h=0 outside C'.

Proof of Lemma. It suffices to consider a chart containing x.

We maytake achart in Euclidean space containing a disc about 0 of

radius 3. (If not, blow up the chart by a large enough factor.)

Take C = closed disc about 0 of radius 1, C' = closed disc about 0

of radius 2.

U

If n=1, define h_ =0 for x> 2, h_ = i for 0<£x<1, and to be

any suitable Cc function which is {1 at 1 and 0 at 2, for 1 <x< 2.

(Problem: give an explicit formula.) Define h_(x) = h_(-x) for x <0.

For general n, let

h(x) = h(|x|%), LN
where x = (= x2) for x=(x,,...,x_).

1 | n

Proof of Theorem. Let U be the domain of a chart containing x.

Construct a smooth “bump function b on U by the above lemma. Let
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N on U
f =

0 outside of U ,

Then f is continuous -- for VC IR open, £1 (v) = (gb) L(V) is

openif 0 ¢ V, and if 0 ¢ V, £1 (v) = (gb) L(V) J(M -C') is open,

since C' is closed by the above remark. Moreover f is smooth,

since g and b are both smooth,

The theorem shows that we could have defined a manifold in terms

of functions defined on the entire manifold. However, such a definition

would make it more difficult to show that certain manifolds (such as

tangent bundles) can be constructed by piecing together other manifolds.

Note that the Theorem would also hold for topological manifolds,

but does not hold for analytic manifolds, because the bump function

cannot be made analytic.

33. Volumes on Symplectic and Contact Manifolds.

Let us now review the standard set-up we use for discussing mech-

anics on a general differentiable manifold. Configureation space, C, is

an n-dimensional manifold whose points correspond, roughly speaking,

to "configurations" or "positions" of the mechanical system. Phase

space is the cotangent bundle, T° C, with the canonical 2-form w; in

local coordinates, w=Z dp, A dq’, We define event space to be the

topological product C X I, where I is an interval of time, that is, an

interval on the real line with t as coordinate. A point (c,t) of event
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space represents the state c at the time t. Finally, state space is

defined to be the product manifold T°C X I, endowed with the canonical

one-form given in local coordinates as 6 =-Z p, A dq’ + dt.

Now recall from Part I,§22, that a symplectic manifold (M, w) is

a manifold M of even dimension 2n together with a closed 2-form w

such that wA ... A w (n factors) is nowhere zero. Each phase space

T°C is a symplectic manifold, Similarly, a contact manifold (M,8) is

a manifold of dimension 2n + 1, where n is an integer, with a one-

form 6 such that the (2nti1)-form 6 A d6 A... A d8 (n factorsd®) is

non-zero everywhere. State space is an example of a contact manifold.

(Note: These contact manifolds are called "exact contact manifolds" in

Abraham, loc.cit.)

Both a symplectic manifold and a contact manifold have a non-zero

form of highest dimension; that is an "element of volume". For ex-

ample, in euclidean three-space an element of volume is usually written

dxdydz = dxadyadz with respect to rectangular coordinates;

r’ sin® dr d®d¢ with respect to spherical coordinates, and so on. In

general a volume element on an n-dimensional vector space W is a non-

zero element be A_(W). Since the n-th exterior power A_(W) is a one-

dimensional vector space, any two volume elements b and b' on W

are proportional: b' = rb, where r is a non-zero number. Now we

often speak of "right-handed" and "left-handed" coordinate systems on
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Euclidean three-space; similarly, there may be two types of volume

elements. To see this, say that b and b' are equivalent if the pro-

portionality constant r is positive. This divides the volume elements

up into equivalence classes: dxadyAdz = -dxadzady = dzAdxady,

so the elements dxadyadz and dzAdx Ady are equivalent.

A volume on an n-dimensional manifold M is a form © on Q_(M)

which is non-zero everywhere on M. Any two volumes 2 and Q' are

related by the formula 2 =£fQ', where f is a smooth non-zero real-

valued function on M. If { is positive everywhere, call © and

equivalent. Then an orientation of M is defined to be an equivalence

class of volumes. Since M may not have a volume in the first place,

M may not be orientable; however, we have seen that symplectic

manifolds and exact contact manifolds are orientable. A mobius strip

is an example of 2a non-orientable manifold.

Let 2 be a volume on the n-dimensional manifold M. If X is a

vector field on M, the Lie derivative L$ is another n-form. But

any two n-forms at a point are proportional. Thus there is a smooth

function f such that L. (£2) = fQ. We write f = div X; notice that

div x depends on the choice of a volume element. Does this agree

with the usual notion of the divergence of a vector field? In the situa-

tion M = Rr", with coordinates x Ve x we can write

Q=dxia ...ndx" and X=zX —— Then
ox
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1 i n
LQ = 2 dx A...ALydx A... Adc

But

: i
: : 5X :

Logdx' = Sx? 2) dx’ = — dx.
: J i
j dx ax

Hence

n 1
0X

L (0) = [> (ZF)
: i=l ox

so divX = Z K:2.3 , as expected,
ax

Moreover, our generalized definition of divergence proves a suit-

able extension of the idea of divergence as the infinitesimal change of

volume at a point. For (Part I, 24) the derivative L 9 describes the

rate of change of the volume along the trajectories of X.

34. Poisson Brackets.

Let (M,w) be a symplectic manifold, with symplectic coordinates

{p.. q }: if f and g are two real-valued functions on M, the poisson

bracket of f and g with respect to the coordinates Pp; q is the

smooth function defined by
a

of dg of og

i=1 9q op. Ip. 9q
i 1

It can be shown that the value of the poisson bracket {f,g} of f and g

does not depend on the choice of coordinates; however, we seek an

invariant description of this function, since it will help us find a formu-

lation of the laws of mechanics leading naturally to quantum mechanics.
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We now develop the general algebraic machinery needed for this

invariant definition of the Poisson brackets. We previously defined

the exterior derivative d, which takes k-forms into (k+l)-forms

for every non-negative integer k. Given a vector field X, there is

likewise an operation i, mapping (k+l)-forms w to k-forms ew:

iew(X,, cae » X,) = (kl) o(X, X,, cos y X.)

= > (1) WX, X LEX LX),

Finally, the Lie derivative Ly takes k-forms to k-forms. We can now

state three identities:

(1) iyd + aif): Ly ("homotopy identity");

(2) Ly(n(Xy,e..nX))) = (Lym)(Xpe oon, X)) 4 2 AX eel XX),

where mn is a k-form, so that (Xs ces » X) is a function on M;

(3) 2dw(X,Y) = L(Y) - L,w(X) - o([X, Y]),

where ww 1s a one-form.

Proof. For (1), we first notice that iy isan antiderivation: that is

if « is a k-form,

i (anf) = (iy@)p + (-1) an(i Bp).

This is an easy computation from the definition of i, :

Now we prove ida + di, a = Loa by induction on k: for a function

f (a 0-form), if is defined to be zero, and we have i df = (df, X>= Lf.

Assuming the result true for k-forms, write a general (k+l)-form, o, as

Z df A Ww, ; by linearity it will suffice to prove the result for each summand.
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But

L (df Aw) = (Lyedf) Aw + df A(Ly w),

while

i d(df aw) + diy (dfAw)

= -iy(dfadw) + diy dfac - df Aw)

= -(iydf) adw + df A (iy dw)

+ (diy df) Aw + (i, df) Adw + df a (diy).

Here the first and fourth terms cancel, giving

df A(i, dw) + (diy df)aw + df A(diy w)

= dfA Lo + (diy dfAw) (by inductive assumption)

= df AL, + (d(Ly £) Aw) = df AL + (Ly df) Aw,

This proves (1).

For part (2), recall that Lo commutes with contractions, while

evaluation of mn at (X, oes , X,) is nothing but the contraction

6 (n XX, x... RX.) With this observation (2) follows from the fact

that L. is a derivation. To derive (3), we verify the formula for

w = gdq, since we can then extend to a general one-form ww by linearity,

But since dw = dga df, it is easy to show that both sides of (3) reduce

to (Ly g)(Ly 1) - (Ly f)(Ly 2). A similar argument shows that for w any

k-form,

k : A

+ X ) see 3 X = - L UD GR(4) (kt1)du(X MEDI CIRNICC SFP TPES.)
1=0 1

i+ A A

tS CDM WXLX LX ee, Re, Re, XO),
—. RE 0 1 ] k

0<i<j<k

(Here the A over X, means "omit X.")
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Now let (M,w) be a symplectic manifold. w induces linear map-

pings (§21) X —» x4 and «a — taking vector fields into co-vector

fields (= 1-forms), and vice versa. We may now define the poisson

bracket of two one-forms, a and 8; by

b
Definition. {a.B} = la", 5" 1 ,

In other words, we turn the forms temporarily into vector fields,

take the Lie bracket, and return to the space of forms. The minus

sign is chosen for convenience in proving such formulas as

Proposition. {a,p} = -L yB+L ja di ,L ,w).
a git oft ptt

Proof, w is closed, hence by (4) above

0 = 3dw(X,Y,Z) = L(Y, Z)) + L(w(Z,X)) + L_(w(X, Y))

- ([X,Y], 2) + w([X,Z].Y) - o([Y, Z],X).

If we let X = oa, Y = 8", and recall that, by the definition of #, we have

ola, ¥) = Ze (Y), the above equation becomes

0=L (38(2)) - L_,(3a(2)) + L,(ofa", 6")
oft 2 pf 2 Z

# # # # #

Therefore

1 1 # oH
LL (= + -#ZP(2)) Laz 2) L_(w(a”, 8")

1 1 # 1 #
= {a, B1)Z - 3 Bla", 2] + zap", 2]

1 1 1
==({e,B})Z-=BL ,Z+=aL ,Z.

2 2 of 2 pit
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Now the proposition follows from the three identities

L 4(>p(Z) = (>L ,B)Z + = BL ,Z)aft 2 2 Tt 2 TT

L ,(sa(2) = - = (L ,2)Z - = o(L ,Z) |
#2 2 att 2 #

8 p

# _# ..
-2L, (w[a ,B8]) = di ,i ,w)Z,

oft pit

of which the first two are merely (2). above, and the third is a con-

sequence of the equation i w(Y) = 2w(X, Y).

Corollary l. If PB is closed. then {e,B} =1L La

Proof. By the homotopy identity, P

L B-1 ,dB+d1 ,B
a" ot | ot | \

= 0 + 2d(3 (eh) = 2d(w)p" oa") = da i ,w)
2 oH gt

Now use the proposition.

Corollary 2. If o and B are closed, {a, B} = L ya = -L 4B = 2d(w(B" , ot).
B o

Corollary 3. If o and B are closed, {a, B} is exact.

For {ap} = a(2u(g*, ot).

Now by using #, we see that each function f on M determines a

vector field X, = (an).

Corollary 4. If f and g are smooth functions on M, then

{df, dg} = Ly (df) = d(L, f)

g g

= -Ly (dg) = -d(L g)
f f

= 24(w(X X,)) o
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Definition. The Poisson bracket of the functions f and g is

{f,g} = L f (Xg = (ag)TM). (Hence d{f,g} = {df,dg}).
g

Proposition. Ly f = -L. 8 = -2uX s Xp).

g f

= = #N = #Proof. Ly | <a, X > Cat, dgt> = 20(af?, dg)

- - - - = # it20(Xy X) 20(X X.) 2w(dgTM, df")

= -<dg, afTM>
= -L g. -

xg
In particular, L. f=0 if and only if Lo g=0. Thus f is constant

g f

on the trajectories of g if and only if g is constant on the trajectories

of f. (By the trajectories of f we mean those of the vector field X..)

Of course, we must check that this definition agrees with our

coordinate-wise notion of poisson bracket. Let the symplectic co-

ordinates be {p,, q'1. This means that w=2Z dp, A dq’. Any l-form «

can be written i :

a= h.dq + = dp, \

while any vector field X can be written

x=zx2- +z,
Ca 1 op

Then we have seen that

xX’ = © THq - = X'dp,

o" =-SK 2 2 h — .

Thus {f, g} = -L,g= =( Se Sg - — i ) as expected.
f j 3 aq Pj
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Since our poisson bracket { , } was defined invariantly from

the 2-form , the formula holds for any symplectic (= canonical) co-

ordinates, In particular, this formula gives the poisson bracket of

any two coordinate functions. We can deduce hence that a set of 2n

functions Ql sees Q”, P, ye wns P on a symplectic manifold are sym-

plectic coordinates if and only if they satisfy the relations

{P,Q} = 5,

{P,P} ={Q;.q;} = 0

for all i and j.

One can also prove that a transformation ¢:(M,w) — (M, w)- is

symplectic if and only if it preserves all poisson brackets of functions.

Proposition. For any three smooth functions on a symplectic

manifold

{f, {g.h}} + {g{h,£}} + {hn {£,g}} = 0.

This asserts that the set of smooth functions is a Lie algebra under

the poisson bracket { , }.

{f,{g,h}} + {g,{h,£}} + {h, {£, g}}

= xx - "x x + "x, ag

and this is zero, because

Xe 2} = (d{f, eh)” = {df, ag}? = _{af", ag") = -[X,, XI
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Here is an application of the antisymmetry of the poisson bracket.

Consider k particles moving in three dimensional space. Their posi-

tion is then specified by 3k coordinates

(rye ¥p2 203 %p0 Vor Zps ov =o Fig Vis Zid

so that the configuration space C is RrR3~, In the corresponding

phase space M = T°C we can write down the Hamiltonian function H

in terms of the potential energy V and the usual kinetic energy of the

3k particles. If we assume that V depends only on the distances be-~

tween particles, then the Hamiltonian H is left fixed by the trans-

formations of M induced by rigid motions, like translations and

rotations, in R°, Let Xe be the vector field corresponding to such

a translation; then Xe leaves H invariant. By anti-symmetry, Xu

must leave g invariant; that is, since the system moves along the

trajectories of H, g is a constant of the motion. For translations,

g turns out to be the linear momentum, while for rotations g is angular

momentum. -We have just derived the familiar conservation-of-momentum

laws. In general, any function f with {f.H} = 0 is a constant of the

motion,



-28-

35, Submanifolds and Immersions.

We will study "energy surfaces'' (submanifolds of constant energy);

for this we need some facts about submanifolds. In a number of places

in these lectures we have used (and will be using) the theorem below

and its corollaries. (Here Df(m) is the map induced by f on the

tangent space at the point m.)

Theorem. (Inverse Function Theorem): Let M EN N be a smooth

function. If Df(m) is an isomorphism, then f is a local diffeomorphism

at m3; i.e., there are neighborhoods U of m and V of fm such that H):=v ard,

f|U:U—> V has a smooth inverse.

Corollary 1. (Implicit Function Theorem): Let M Ls N be a

smooth function. If Df(m) is a surjection, then f is locally a pro-

jection;i.e., there are charts (U,#) at m and (V,{) at fm such that

gu =U XV! M—F SN

WV =v J U
_1 me U fmeV

and (ofed is the projection «| J = [+

of U'XV' onto V!. U'xXv: _Yofof © VA

Corollary 2. Let M SN N be a smooth function. If Df(m) is

an injection, then f is locally an injection; i.e., there are charts

(U,#) at m and (V,y) at fm suchthat FU =TU', yV = U'X V', and

bofod is the injection of U' into U'X V' as U'X 0.
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In what follows, M and N are manifolds and a e¢ M., An

immersion of M in N is a smooth function M RIN N with the

property: for each f(a) ¢ N, there is a chart at f(a) with coordinates

a, se os q such that qf, cee of are coordinates for a chart at a,

for some d <n.

By Corollary 2 above, a smooth function M Lion is an immer-

sion if and only if Df(a) is an injection for every a ¢ M. An embedding

is an immersion which is a homeomorphism onto its image endowed

with the subspace topology. A weaker notion of embedding which some-

times is used is an immersion that is an injection (1-1 function); but

the stronger sense seems to be what we want for mechanics. If MCN

and the inclusion is an embedding, then M is a submanifold of N. One

last definition: the point e ¢e N is a regular value of { if and only if the

Jacobian Df(a) has maximum rank for every a such that f(a) = e.

Since Df(a) is a linear transformation from RTM to R" it will have

maximum rank when it is surjective if m > n and when it is injective

if m <n.

Theorem. Let N.P be manifolds and N tf sp a smooth

function. If ee P is a regular value of £, then £1 (e) is a sub-

manifold of N.

EU
Proof. Since the inclusion f{ (e) CM is clearly a homeomorphism

onto its image we need only show the immersion property. Take ae N

so that f(a) = e,
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Case (i). Df(a) is surjective: Then Corollary 1 of the Inverse

Function Theorem gives a chart (U, 1) at a such that

dee) A U)=U' and gU = U'X V', Locally the picture shows what

the manifold M looks like near a.

' ‘
/

}

7/1 1-1 ys 7
£(e) 7) YL

dt

Case (ii). Df(a) is injective: Then f is an injection near a, so He)

is a set of isolated points each of which is a submanifold. Thus the

union of these is a submanifold, so the theorem is proved.

If P=1R in the theorem, it is useful to have explicit local co-

1 n
ordinates for a point a such that f(a)=e. Let q ,...,Q be any co-

: of of
ordinates around a; then Df(a) = (—— ses cs —), where e is a

9q 9q

regular value means one of the entries is non-zero, say 2 . The
i i : aq
—> < -change of coordinates 1 qa l<isn-l has Jacobian

q —> f

matrix
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1 O
1

O 5”

so a, snes hg are coordinates around a in N such that

gq. cee gn! are coordinates around a in £71 (e).

36. Invariants on a Symplectic Manifold,

We first study quantities invariant under a vector field on any

manifold.

Definition. Let M be a manifold and X a vector field on M;

then a k-form a is invariant under X if and only if Loa = 0.

We have the equivalences

L,a = 0 iff F a = o, where F is a flow of X,

iff a is constant on integral curves of X,

The following properties are easy to prove,

(i) eo invariant under X implies iio and da are invariant under X,

(ii) @ and B invariant under X implies af is invariant under X.

(iii) @ invariant under X and L,Y = 0 implies i, @ is invariant under X,

where X,Y are vector fields and «,f forms.

Proof of (i) for igo: By the "homotopy identity" (1) of 33,

Lo, = id + diy, thus

Lo (iy) = iy, dig a + di i a = -ipigde + digi a.
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But the definition of iy ehows that ieiy = 0, since we are dealing with

alternating tensors, so L, (iy) = 0.

Proof of (ii): Ly is a derivation.

Proof of (iii):

Ly (iya) = Ly (C (eXY))

= C(Ly(e@Y))

= C(Lye®Y + a@L, Y) = 0

where Cc is the contraction operator which commutes with Lie

derivatives.

A submanifold V of M is an invariant submanifold of X if for

each ae V, X eT VCT M.
a a a

Theorem. Suppose M a manifold and X a vector field on M.,

If the function M—> IR, asa O0-form, is invariant under X and if

-1
e is a regular value of k, then k (e) is an invariant submanifold

of X.

Proof. By the previous theorem, Ke) is a submanifold of M

and for each a €¢ M such that k(a) = e there are coordinates

1 . -
q around a in M with q Ce, ! coordinates for a in
-1 

:

k (e) and ok Z 0. By definition of L_, for X =X xt 9 ,
m X i

dq oq

m-1 Sic -
0 = Lyk = dl, X> = >) —— X' + = xTM = ok +m

at a because k is constant on ke). Thus X a = 0; but



~33-

T (Kk (e)) = {we TM] the last component w= 0}. So X e T (x (e)),

which was to be proved.

Proposition. If the function M ks IR is an invariant of the vector

field X on the manifold M and if e is a regular value of K, then a

trajectory of X which meets a connected component z of ke)

lies entirely in Z,-

(Here connected means path connected; i.e., any two points of Zz,

can be connected by a path lying entirely in Z _.)

Proof. Let y be a trajectory for X starting at the point a ¢ Z,.

Because XZ, is an invariant submanifold of X, X|Ze is a vector field

on 2,- The existence and uniqueness theorems for differential equations

say there is a unique trajectory y' in Ze starting at a which satisfies

the differential equation for X|Ze- But y is such a trajectory, thus

Y=Y' and y lies in Z_,

Now consider invariants for a symplectic manifold (M, w) of

dimension 2n.

Definition. A vector field X on (M,w) is locally Hamiltonian

if and only if w is invariant under Xj; i.e. Lo = 0. Equivalent con-

ditions are

(a) digo = 0,

(b) x* is closed,

(c) x* = dH locally, for some function H.
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The vector field X is globally Hamiltonian if and only if there is a

smooth M——>R such that X = (an), or equivalently, x° is

exact.

Recall that a volume on M is a nowhere zero 2n-form. For

-1 n/2

example Q = — wA... Aw (ntimes) is a volume. If X is a

locally Hamiltonian vector field, then Low = 0, so LS = 0. The

volume element thus is constant under motion along X. This state-

ment becomes Liouville’'s Theorem when translated into the language

of statistical mechanics. In detail, in statistical mechanics a system

of n particles is replaced by a single particle in 3n-dimensional con-

figuration space, and hence by a point moving in én-dimensional phase

space, An ensemble of systems thus corresponds to an ensemble of

points in phase space. Liouville's Theorem states that the density of

this ensemble is constant along the trajectories.

37. Submanifolds of Constant Energy.

The last proposition shows that for the trajectories defined by the

globally Hamiltonian vector field (am) it is appropriate to restrict

consideration to the submanifolds where H is constant. We now examine

the structure of such submanifolds for any suitable function K.



Theorem. (Hamilton-Jacobi); Let X be a vector field on an

m-dimensional manifold M, M—25R an invariant of X, e a regular

-1
value of K, and V a connected component of K (e): then

1° Vv is an embedded submanifold of dimension m-1.

2° If M is oriented, so is V,

3° If M has an X-invariant volume 2, then V has an X|V-

invariant volume £2,

Proof. 1° has already been proven,

2°, We will need a "normal® vector field N for V: that is, a

smooth function V —> T, M with the property that for each ae V

T M =v, “V)DIR- Na
ta wg

where vis the inclusionof V in M. To get suchan N let g be any

Riemannian metric on M (see the end of the proof for a different method).

and set N = gy ° dK- v. Thus Na for each point a is the unique vector

such that g(Na, -) = d¢, K is the differential of K at va.

By
pr Mc TM

N .° Te
ov dK

V ————> M
v

To prove that N is a "normal? vector field it suffices to show that

N, ¢ v (T,V). Now

{ -— —_v (TV) = {Ye T Md KY >= 0},

but <4, K; Na? = g(Na,.Na) which is not zero unless Na = 0, Since
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e is a regular value dK = g (Na, -) #0, so Na cannot be zero.

Suppose 2 is a non-zero volume on M, then vTM( id) is an

(m-1)-form on V and

*, —
v (i, &) (w,; ces Ww 1) = i (vw, oes VW 1)

= mQ (N,v, w,, “ee VW 1)

£0.

Therefore, v ( id) is a volume on V. Consequently, V is orientable.

This applies in particular when M is symplectic, and hence orientable.

3° First we need a lemma:

Lemma. If y is an (m-1)-formon M, ae¢ V, and

WesooosW4 € TV, then

(dKAy)_(Na, VeWiaenes VW 4) :

with ¢ a non-zero constant.

Proof of Lemma. We use the definition of a form as an alternating

tensor. Indeed

(dK Xv), (Nav w , cee VW 4) = {dK., ND v, ( VW snes VW 4)

SO (Kay), (Na,v w ,.c..v,w_ )

= > (1) (ax ®y) 4 DoW ea vw)
mi a SE A RE JoTB

oceS
m

1
= — dK, Np Y, (Vw, ye ns VW 4) ,

- : : 1
because dK, w, > = 0 and y is a form. Putting c = —, proves the

lemma,
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Now assume is an X-invariant volume on M and let 8 = i

Then dKA20 is an m-form, and hence is a multiple of $2:

dKAS = h.{ where h:M -~—> IR is smooth,

In order to make v8 invariant, we want h=1 -- if h # 0, we can

multiply by h-!. But

ha. (Na, VWs eeos VW 1)

= AKA 8), (Na, VW sees VW 1)

= c EK, Np o_( VWisons VeW 1)

= Jc'(dK, Np Q (Na, VW seees VW)

For Wises a Wing linearly independent in TV, all the terms, except

ha, at both ends of this equation are noa~zerc:.: therefore ha is also

non-zero. Thus set 9 = h le, then dKAG= and yo 8 is a volume

(as in 2°). We must finally show v8 invariant under XN = v¥X,

First

= Q = AB A0 Ly LdK 8 + dK L.®

so dK ALS = 0.

Using the lemma again

= A Ir)0 = (dK L.8), (Na, VW reas VW 1)

= ¢ {dK, Np (L.8), ( VeWisenes Vw 1)

= ¢ dK, Np v (Ly 8) (w,, coo WwW __))

c LK, N2>_( x |v” 9). (w,, WwW _1)

Since the first two factors c¢ and {K,N on the right are non-zero,

= 0
we get Lv (¥ 8) = 0, which proves 3°.

This proof oi the Hamilton-Jacobi theorem is a presentation of that

given in Abraham, loc.cit., in numbers 11.11, 11.15,15.]3,16. 27.
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This proof made use of the fact that there exists a Riemannian

metric on any manifold. The use of this result is efficient and sug-

gestive, but there is no unique or canonical such metric. After the

lecture, Alan Waterman suggested the following (standard ) way of avoid-

ing the choice of a metric.

Lemma. For M,K, and V as in the theorem, let Q be any

m-form on M. Then there is a l-form © on V such that for any

point a of V there is a coordinate neighborhood of a in M and an

(m-1)-form B on the neighborhood with

6 = VB , £=pnAndK,

Proof. Let v:V —> M be the inclusion. Since dK #0 at e, we

can take K as one of the coordinates at a in M, The form Q of

maximal dimension can then be written locally as 2 = B AdK, where 8

is some (m-1)-form on M. This form B is not unique, but if also

2 = B'AdK in the same coordinate neighborhood, then a representation

with coordinates shows that Va = vB, Therefore 0 = vp = v¥*p! is

an (m-1)-form well-defined everywhere on V, and the lemma holds.

The theorem itself is now readily proved from this lemma; in

particular, since Q and K are both invariants for X, it follows that

8 is an X|V-invariant volume.
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Chapter V. QUALITATIVE PROPERTIES OF VECTOR FIELDS

38. Orbits.

This chapter is devoted to the study of the qualitative properties of

the trajectories (integral curves) of vector fields on manifolds. Except

for the first section, the chapter consists of notes of lectures given by

Prof. René Tham of the Institute des Hautes Etudes Scientifiques (France).

Hence suppose M is a manifold and X a vector field on M. Con-

sider trajectories of X: that is, the curves c:I —> M such that the

tangent vector to c at each point is the value of X at that point. We

shall assume that ¢ and the given interval I are chosen so that 0 ¢ I.

Let

A = {(a,t)] ae M,t eR and there exists a trajectory c:I— M

of X with ¢c(0)=a and te I}.

By the uniqueness theorem for differential equations, there exists a

smooth map (a "flow")

F: RP, —> M

such that for each a, F(a,-) is a trajectory for X -- in fact is the

maximal trajectory through a. ( Ny is an open subset of MX IR, so

it is meaningful to require that F be smooth.)

An orbit of X is the image in M of a maximal trajectory. A closed

orbit of X is an orbit which is compact. For example, the vector field
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going around the torus as indicated has (infinitely) many closed orbits.

Finally, the support of X is the closure of the set {aeM|X(a) £0}.

A vector field X is complete when MV, = MXIR., It is equivalent to say

that every integral curve of X can be ex:ended to one whose domain of defini-

tion is the whole real line. This cannot always happen. For example, let

U be the first quadrant of R®, with the usual coordinates x,y. Then the

vector field X(x,y) = (= ,1) is not complete. (Verification is left to the

reader.) If however, the closure of the set of points p where X(p) # 0 is

compact , then X is complete.

The most important thing about a complete vector field is that it yields

a one-parameter group of diffeomorphisms. For each s ¢ R, there is a

diffeomorphism 2 of the manifold such that Q = 1 and 2.2, = LJ Ex-

plicitly, @.(p) is the value of the integral curve of X with initial conditions

p at time s. In contrast a non-complete vector field yields only local diffeo-

morphisms rather than global ones.

Theorem. Let X be a vector field on M. If M is a compact manifold

or if X has compact support, then X is complete.

We sketch the proof in the case that M is compact. We shall use the fact

that in a compact space every infinite sequence of points has a convergent

subsequence.
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We want to show that we can prolong any trajectory c:I1—>M

where I=(t ,t,) for t,<0<t,. |

Suppose ¢ were maximal and rte p 7 M A

ty <oo. Let {t;} be a sequenceof Ito a J
points in I convergent to ty Then I / /
the sequence {e(t)} in M has a | rd
limit point m (i.e., some subse-

quence of {c(t,)} converges to m). Apply the existence theorem of

differential equations to get a flow box F: UX I —> M at m. Thus

UC M is an open set containing m. But m must be in the closure of

the image of c. Therefore, U contains some point c(t) in the image

of c. F(c(t),-) is a trajectory through c(t) which must extend c.

A rimilar argument applies to the case when M is not compact but

X has compact support.

Suppose next that K is a compact orbit of X. Then we may as well

assume that K is not a point, and consequently that X is never zero

on K. The main result is that compact orbits are periodic.

Theorem. Suppose ¢:IR —> M is a non -constant integral curve of

X with compact image K. Then there is a T > 0 such that

e(t +7) = o(t), all t.

The least such t is called the period of the orbit.
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Proof. We first notice that we can assume the vector field X to be

complete. For if we take a neighborhood W of K with compact closure

and a C%° function @ whichis 1 near K and 0 off W, then aX is a

vector field with compact support which agrees with X near K; also ¢

is an integral curve of aX.

It suffices to show that there are points t # t' such that ot) = ¢(t').

For if {2: M —> M} is the corresponding l-parameter group of diffeo-

morphisms of M , it then follows that

o(stt -t')=&__ot)=2__ ot) = os)

for all se R. If t> t'. this is the conclusion (vt =t-t') of the theorem;

since t and t' are symmetric, we may suppose this is so,

We thus want to prove the following

Lemma. There are points t # t' such that ¢(t) = o(t').

Proof As noted earlier, X is non-zero on a neighborhood of K.

Therefore, by the inverse function theorem, there exists an open interval

J CIR containing 0 and an open disk V' of radius & such that JX V!

is a coordinate neighborhood at X(0) with coordinates t and ol “nny eg

and such that locally

o(t) = (t, 0).

By continuity we may assume that if

X = > w, = + vy =
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then y is bounded away from zero (and in fact is positive on J X V').
\V Ad

TTT UT amy |

eta AE A
— — r= = pl

J -- kil —— —_ <) Currts

P(t?)
SC RN EE

Suppose ot) ¢ J X V'. By our hypothesis that y is positive, a point

can travel backward or forward along the trajectory of ¢ until it meets

the disk 0 X V', (In the above picture, the point travels backwards from

o(t,) and forwards from o(t,).)

Again by our hypotheses on X, if o(t) = (0,v'), then no other nearby

point can also get mapped into 0 X V'. This is because the component y

is bounded away from zero, and hence the integral curves must have at

least some fixed positive velocity in the — direction. In other words,

the set of points t such that ¢(t) e 0 X V' is an isolated subset of R.

But it is easy to show that any such subset is countable; that is, it is in

1-1 correspondence with a subset of the positive ‘re vs

Since KN (0 XV") is countable and [0,1) is uncountable, there

exists an &' <&€ such that no point of K has distance exactly g' from

the origin. Let V be the closed disk of radius ¢g'; then KN (0 XV) is
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compact and countable, and is contained in the interior of V. As a sub-

set of a metric space, it has a notion of distance.

It is left to the reader to prove the next result, which is a trivial

consequence of Baire's theorem (see e.g., Kelley, General Topology)

Sublemma. Let Y be a compact metric space which is countable.

Then Y has an isolated point.

Therefore, there is a t_ and a neighborhood U of o(t) in V

such that K AU =f. Again, it follows by continuity that there is a

U' € U neighborhood of ot) and a Js € J neighborhood of 0 such

that K A(T X U') = J x o(t_)

Composing the result with the diffeomorphism 2 for s = t, - t,o

we see that for any point o(t.) e K, there exists a coordinate neighbor-

hood JX U of olt.) such that the intersection of K with the neighbor-

hood is J X 0.

Since K is compact, there is a finite collection of (J, X U.)

covering it. Since the inverse imagesof the J, X 0 then cover IR, it

follows that some point t' outside some interval tt Joe gets mapped

into Je X 0. But we know some t ¢ te + Jie gets mapped onto any point

of J X 0, and for these choices ¢(t’) = ¢(t).

We now want to ask what the critical elements of a vector field X

are. These are of two types:

1) ae M such that X(a) = 0 (for example, the south pole on the

sphere with a vector field which everywhere points downward). Since
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X(a) = 0, the Jacobian

2 |
aq

provides a linear approximationto X near a. For example, in

dimension 1, a Taylor expansion gives

rm = Aq + higher order terms,

where MN is the eigenvalue of the Jacobian. Thus

dq =- A
a 0

gives a first approximation to solutions near a. In higher dimensions

1
it is generally possible to choose coordinates q ,..., q so that

dg _ Aq

dt

give first approximations to the solutions near a, where the A are the

eigenvalues of the Jacobian matrix near a.

2) Closed orbits. Nearby trajectories may be studied by taking a

normal cross-section to the given closed orbit. Again, suitable eigen-

values determine the behavior; they are obtained by mapping the cross-

section on itself by following along trajectories going "once around" the

orbit.

Structural Stability -- René Thom "

The purpose of mechanics is to describe the motion of physical

bodies. Recently the theories developed for this aim have also been

used to study chemical and even biological phenomena.
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Two separate theories of mechanics have evolved. Time reversible

mechanics is based on the assumption that the time parameter can be

reversed without changing the qualitative aspects of the phenomenon being

studied. Vibration without damping is an example of such a phenomenon.

Time reversible mechanics has been dominated by Hamiltonian theory

and is centered on the concept of Invariance of Energy. Time reversible

mechanics suffers from the defect that it is in most cases an idealization

of nature. Time-irreversible mechanics is more true to nature but has

been studied less than time-reversible mechanics. It is dominated by the

study of gradient-like systems and centered on the concept of Increase of

Entropy. More explicitly, if X is a vector field on a phase space M,

then Increase of Entropy is satisfied if there exists a function S:M —> IR

(the entropy function) such that S(m,) is monotone increasing, where

dm,

Era X. Otherwise put, X is transversal in an increasing direction to

the level varieties of S.

(#) Prof. Thom wishes to thank Prof. S. MacLlane for having been given

this opportunity to expose some favorite ideas in the field of

Goemetrical Mechanics.
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39. Gradient Vector Fields.

IL.et M be a manifold with a Riemannian metric <, >, Then there

isa correspondence between vector fields X on -M and i-forms ay on

M given by

<X,u> = a. (u) for ue T M,

at each m ¢ M. (This is just the correspondence induced by the iso-

morphism of tangent and cotangent bundles given by <, >.) If

Ayr = dU, then we set

X = grad U.

The situation may be described by saying that X is orthogonal to the

level surfaces of U, This is just like an entropy situation, particularly

since we are free to choose a convenient Riemann metric.

- . X=grad U

At regular points (that is, points where X # 0) there is little diffi-

culty in determining the nature of the trajectories. At a singular point

the situation becomes more complicated. The behavior of trajectories

near a singular point of a gradient field mightbe as in the picture below.

\. vd
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In a more general situation a focus, as in the diagram below, might

occur; this cannot happen with a gradient field, however. (This is

ad °y
because of the symmetry of the second order derivatives ow 9x

1)

40. Qualitative Dynamics

The classical approach to dynamics was to try to solve the

Hamilton-Jacobi equation

B= X(m)

explicitly. This appraoch was beset with difficulties. Frequently, X is

not known exactly -- say, if not all the forces acting on a system are

explicitly known, In this case, empirical formulae are used to approxi-

mate the desired information. Given a known vector field X, there are

not always adequate means of integration available, as for the three-

body problem of Newtonian mechanics. Then the solution must be

approximated. To approximate reasonably, it is necessary to know how

much a slight perturbation of X affects the global solution.

In the 1880's, Poincare introduced the study of Qualitative Dynamics,

which aims to describe solutions rather than find them explicitly. Once

the geometric picture formed by the trajectories is found, one can pose
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the structural stability problem: to determine whether this picture is

invariant up to homeomorphism under small perturbations of X. We

whall examine these problems for the case of gradient fields. We will

deal with a potential function

M ——> R

and the corresponding vector field

X = -grad V.

First; a digression concerning the nature of potential functions. If

the vector field X corresponds as above to the one-form yrs then

(2) is called the work of the field of force z. If a is closed --

da = 0 -- then we say "V igtermings 3 potential." Either of two cases

7may occurs: ptt nl
1) If ay is homologous to zero in the one dimensional cohomology

group then iM, IR), then a = d4(-V).

2) If ay is not homologous to zero in ulm, IR), then the potential

is "multi-valued"; i.e., it is defined up to multiples of periods.

We shall consider only the first case.

Definition. pe M is a critical point of X if X(p) = 0; i.e., if p is

a singular point of X.

If X= -grad V, p will be a singular point of X if and only if

dv, = 0; i.e., if and only if p is a critical point of V in the usual

sense,
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Suppose M is compact. Let

h: M 2Bto, M

be a one-parameter family of diffeomorphisms obtained by integrating

X, such that h (m ) = m,. (That is, h, isa flow box for X.) Consider

the h 's applied to one point m ¢ M; since M is compact, the resulting

set {h (m)} has limit points.

Claims Any limit point of a trajectory m, for X is a critical

point of V,.

Proof. Suppose q is a limit point of m, . Then the trajectory m,

keeps coming back near q. By definition, V(m,) is decreasing. Since

M is compact, {V(m))] has a lower bound. Thus we must have

V(m,) | v(q) as t +o. If q is not critical, then V has a non-zero

gradient at q, so there would be nearby points with values less than

V(q), contrary to V(m,) | v(a).

Thus we have shown that "all trajectories 20 to critical sets." The

same reasoning shows that "all trajectories start from critical sets."

Definition: The critical set of X is (av) (0). Thus, if V is cl,

then the critical set is closed,

Is V constant on any connected component of the critical set? If

the components are all differentiable-arc-connected (i.e., if any two

points in the same component can be connected by a differentiable arc

lying in that component), then the answer is "yes",
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| i) : m
Theorern (A.P. Morse) ’s If V is of class C°~ where m2>n

= dim M, then V is constant on any component of the critical set.

There is a counterexample, due to Whitney, showing that V can

be non-constant on a component if its class is too low.

When V is constanton each component of the critical set, the com-

ponents can be ordered via the values which V assumes on them. The

structure of the gradient field may then be described by the following

procedure. Let 0. be the components of the critical set. To each 0.

associate a point above the value in IR which V assumes on 0.

Draw an arrow from 0. to Ts whenever there is a trajectory for X

in M which starts in a neighborhood of oc. and ends in a neighborhood

of Te Such a graph might look like the following:

ub! 3

xx
J NL :

0 x

G2

minimum maximum

value value

In what follows, assume V is c®, Let Vix.) denote the potential

as a function of the coordinates X.. Suppose the origin is a critical

point -- 1. e., 3V (0) . av ©) = o

9x TTT 9x So
1 n

1 ) See for instance G. de Rham, Varietes Differentiables, Hermann Paris,
Th.9, p. 10; or S.Sternberg, Lectures on Differential Geometry.

Prentice Hall -- Sard's Theorem --Theorem 3.1, p.47.
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9%V
The origin is a non-degenerate critical point if the Hessian ls Inon-cegenerate 19%,

is non-zero there. Equivalently, if

V(x.) = V(0) + ?,(x,) +...

is the Taylor expansion for V, then 0 is a non-degenerate critical

point if and only if the quadratic form ?,(x,) is non-degenerate. In

this case, ¢, can be reduced to the sum of squares of linearly inde-

pendent forms:

2 2 2 2 2
. = = - - . 06 = + + 9 ee .ox) = 2 kx] = x, fe FR tee Ry

Then k is the index of the quadratic form and, along with the fact that

0 is a non-degenerate critical point, it is invariant under changes of

coordinates,

Suppose V(x.) is a potential function which admits 0 as a non-

degenerate critical point. Perturb V slightly to

V(x.) + §V(x,),
i i

‘where §V (x) is small in a suitable norm. Then the new function has

near 0 a non-degenerate critical point of the same index.

To show this we introduce the "auxiliary map"

rR —S5 Rr”

ivenby x.Aarn~a»1 = 2 x ). Then th itical set is justg y x, : ox, XypoeerX Je en the critical set is jus

-1
G (0), and 0 is non-degenerate if and only if G has rank n at 0.

Perturb V slightly in the C, norm; this perturbs G to a new map G'

which is a C, approximation of G. Therefore G' has rank n in some
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neighborhood of 0, so (G9 Yo) must contain a point in this neighbor-

hood. The invariance of index follows from the continuity of the second

derivatives.

Thus we have that "non-degenerate critical points are invariant

under small perturbations". This theorem is due to M. Morse. We

next state without proof the following result of M. Morse:

Lemma. (M. Morse): If V(x.) = V(0) + ?,(x.) + 0 (x) + ..., then

there is a change of coordinates x, ~ x, near 0 such that

2
V(x) = v(0) +> + x, ,

i.e., V can always be reduced to a quadratic form (plus a constant).

If a critical point p is non-degenerate, we can get a good descrip-

tion of the gradient field near p. Before attempting this, we state a

related conjecture:

Suppose f is an analytic real-valued function on R” with 0 as an

isolated singular point; let (f,) be the ideal (in the ring of analytic

functions at 0) generated by the first partial derivatives of K. Then
(£,) contains a power of the ideal generated by the coordinate functions;

in other words, any monomial of sufficiently high degree is a sum of

multiples of the first partials of f. Consider the set of trajectories of

grad f. There will generally be a set I" of trajectories tending toward

the origin, and another, rt, of tra-

jectories emanating from the origin.

The problem is to show that I" and

rt have a nice topological structure; CN 3/
in particular, that they may be tri- - / - m

angulated, preferably by a triangula- r Pa ~ I
tion which can be extended to the

whole space. It has so far been shown

that if rt and I’ are cut by a suffi-
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.« v1: + - +
ciently small sphere S, yielding sets y andy , then y is a deforma-

tion retract of S-y, and vice-versa.

Now suppose 0 is a non-degenerate critical point of F(x)

Fy (0) = 0

i

and

Fx(0) 70.

1)

What can be said about the qualitiative structure of the gradient field

near 07?

By M.Morse's theorem, we can choose coordinates Xinesos Xt

Yyre oY x around the critical point 0 so that

k > n-k 5

Fe > xe > vf
Ae = J
i=1 j=1

Special case: Take as the Riemann metric about 0

2,2 2 _ 2 2
ds” = dx” + dy” = > dx, +2, dy, ,

Now

i -
2 Fe = *

i

|
=F = -y.,

cy; Ys
and

i 0 2)

2 gradF = > F, ox, 2 F, 5 ’
ii i 7

so integrating the system amounts to solving

dt i Tat TY

which we can readily do to get

t -t
X; = ae , Y; = be :
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The orbits of trajectories tending to or from the origin fill up the

n-k k :
"axes" R and IR, where x=0 and y = 0, respectively. The

trajectory through any point not in one of these sets does not pass

La
through the origin. In general (if V4 (R

\

k # 0, n), there will be a saddle

point -- as is pictured in the two-

2 2 crest Xx
dimensional case for F =x ~-y. lines k

_ (RY)
(The level curves for F itself in ANN yal

\ ;

tlhe case n = 2 are pictured in the \ | {

middle diagram ) lines

If instead we take an arbitrary y

Riemann metric in a neighborhood NN ~/ yd

of the critical point, an analysis N | /
—_ AVAVEN'S

more delicate than that above will / AN NN

N

yield the same results. There will SAIN :
7 rd . A N

be a k-manifold passing through 0 oo |

formed by trajectories leaving 0,

and an n-k manifold orthogonal to it

A-k
formed by trajectories tending to O, / manifold

er
where n-k is the index of the critical i {J

ali NO OF SE

i — a = ’

point. The general method is to take ;! - a

a small neighborhood U of 0 and NLT TN

consider its images U_= h,(U), men \
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where the h, form as above a flow box for X. The point 0 is a fixed

point of h,, so each u, is a neighborhood of 0. As t = oo, these

neighborhoods stretch along the x-axis, tending toward a limit which is

a k-dimensional manifold of trajectories leaving the origin. As t = -o00,

the U, tend toward the n-k dimensional manifold of trajectories approach-

ing the origin, P.Hartman has done the analysis, that of "unstable

critical sets", involved.

The above results hold only for

a c? function FF. For example, if

i ’
F(x,y) is a C but not ct function ya

of two variables, the trajectories ve
“br

arriving at the origin might form a is

full sector. =

A

It is known that the homotopy 7
/

types of the sets of trajectories a /,
entering and leaving a critical point / /:
are fairly well determined. How-

ever, other topological properties

may vary widely.

3) P.Hartman - On the local linearization of differential equations, Proceed-
ings Amer. Math. Soc., 1963,14 , pp. 568-73.
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41. Morse Theory.

Theorem (M. Morse): Any real-valued function of class cTM ona

n

compact manifold MM, where m > n, can be approximated in the C

topology by a function which admits only non-degenerate critical points.

n .
Consider 19 (Mm) = all real-valued cTM functions on M , with

the CT topology; it is a Banach space. Morse's theorem says that

the set of functions in IV (M7) which admit only non-degenerate

critical points is open and dense in 9.

Now suppose % is a function defined on a compact n-manifold mM"

: : n+l , : : n+l
imbedded in IR in such a way that 4 is a coordinate in IR. By

non-degenerate

Morse's theorem, we may approximate J by a function with only A

critical points. So without loss of

| 0
generality, we may assume > has R

only finitely many critical points, \

each of which is non-degenerate. F M
Associate to each of these the set

of "descending trajectories" from \
that point (i. e., the set of tra- >

jectories of -grad Z) These

form a k-dimensional cell Zi where n-k is the index of the critical

A point. The cells F\ form a partition of M -- for any point of M lies

on a gradient trajectory with ¥ inc reasing, and this trajectory must

tend toward a critical point. Thus we have the basic objective of Morse

theory a representation of M as a union of k-cells 5 Ic
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This partition is in fact a C-W complex. (For details, see Milnor's

book on Morse theory.)

If Le = the number of critical points of index k, then it can be shown

that n

i 2 oy(M ) , (the Morse inequalities);

n

i.e., i is greater than any k-dimensional betti-number of M '.. Con-

sequently, the number of critical points has a lower bound determined

by the topological structure of the manifold. This fact has interesting

applications in mechanics, since a non-degenerate critical point cor-

responds to an equilibrium position. However, not all the non-

degenerate critical points correspond to stable equilibrium positions --

in fact, it is possible to leave the critical point along an edge of the

corresponding cell unless the point is a minimum.

In dimension 3, there may be several minima. Each determines a

qnaximum

"basin"; the manifold minus the

separatrix

separatrices between adjacent

basins is globally partitioned into

basins. In general, we can't ex- ——/

minimum
pect the separatrices to behave

nicely, as will be shown shortly. oo.
minimum

Suppose that 0 is a minimum with value 0 and suppose further that

this is a quadratic minimum, i.e., if

Zz = ¢, (x, v) + ¢, (x, v) +...
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is the Taylor expansion near 0, then there exists an orthogonal change

of coordinates such that

2
¢, (x, y) = Ax® + By ,

where A > B> 0. Consider

ad d
- = a -_,grad z = X oo Y By

where ¢ = ¢5 +... and

- O¢
X= -Ax - x (x,y)...

= 9¢Y = -By "By (x,y)... .

Claim: The trajectories h, for -grad z are contracting near 0,

i.e., |b, | -+ (0 as t + oo, for trajectories h, near 0.

2Proof. Let p’ = x +y = n°

d , 2 dg dg
_— = - -—) + - - —qr (p7) = 2x(-Ax - 52) + 2y(-By - 5)

_ 2 2 dp 1%
= -2(Ax” + By ) - 2(x 5 + Y yy )

Now | 22 | £ Mp° , 52 | 4 Mp?, so the second term in the ex-

pression for =(p°) is dominated by 0°. But the first term dominates

2
p . Hence for p small,

2 2 dg do

Ax” + By > | x35, + Voy |:

SO

d 2

An alternative way of looking at the problem would be to consider

the inner product between the vector field at a point h, = (x,y) and the

vector from 0 to (x,y). This is just

xX + yY = -(Ax° + By) - (x 22 + V 5 ).
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The above reasoning shows that this inner product is negative for

2 _ 2, 2
p =x + vy small; hence the angle between the two vectors is

between w/2 and 37/2, so the vector field always enters any circle

of sufficiently small radius p .

Claim: All trajectories except the one along the x-axis arrive

toward the origin tangential to the y-axis.

Proof. Consider how the vector field acts along a line y = xtan 8

through 0: 3p

Y Vay
X ax.

ox

9¢
-Bpsinb - o= (x, vy)
SO.) A—

dg
-Ap si - — (x.p sin6 - —= (x.y)

_ ~-B sing + £(p)

~-A cos® |

for p small, where ¢g(p) >0 as p +0. For p small enough the

vector field is pointed at an angle | y=xtan®

: B
of approximately arctan( tan 6)

with the x-axis. Since B<A, ’

this angle is smaller than 6.

Thus for small p, the vector

field enters the angle formed by

this line and the y-axis. Since

B/A is a constant, every trajec-

tory near 0 which is not along the
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x-axis must enter every angle containing the y-axis, hence arrives

tangential to it. *

This last result says that the

trajectories near a quadratic mini- Ny a |

mum look as pictured.

The same analysis may be ’

applied to a quadratic maximum,

i.e., a critical point where \

0° = Ax? + By” /

‘and A,B< 0. If A¢ B, then X

almost all trajectories leave the f

maximum tangent to the y-axis. 7 / \

In particular, if there are two separatrices Going from the same

quadratic maximum to sadle points, the two situations pictured might

occur.

saddle saddle

\ date

peak

| | peak

A
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In the first case, the two separatrices will together form a smooth

curve. In the second case, a cusp is formed, so the separatrices do

not form a submanifold.

From our previous analysis, we see that the question of whether

there is a trajectory from a given maximum to a given minimum is

decidable by a finite procedure -- just look at the components corres-

ponding to each of the critical points. This is not true in a system

more complicated than a gradient system. In certain cases, the

decidability of this question depends on arithmetic properties of the

coordinates; in some cases, the situation is, practically speaking,

indeterminate,

42. Critical points in the degenerate situation.

So far a few results are known which apply to degenerate as well

as non-degenerate singular points, but knowledge of the degenerate

case remains sketchy compared to the non-degenerate case.

The theory of the Lusternik-Schnirelmann category states that

there is a lower bound for the number i= i(M) of all critical points

of a manifold: 4)
c(M"TM) < i(MTM).

It has also been shown that on a manifold M" of dimension n

there is always a function with only n+! critical points. 5) This is

4 Liusternik - The topology of calculus of variations in the large,
Translation of math. monographs, Amer. Math. Soc. , 1966.

2) Elsgolt, L. E. - Estimation of the number of critical points, Uspeki
Matem. Nauk 5 n. 6(40), p.52-87, 1950 (Russian) Math. Review p.721,

vol. 12, 1951.
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similar to the result that M' can be covered by ntl charts! For

example, in the case of a Riemannian manifold, we can do this in terms

of the cut locus of a point 0 ¢ M: For each m ¢ M, consider all

geodesics joining 0 to m. There is one or more of shortest length.

Let K, be the set of points of M which have at least two such geo-

desics of shortest length. Kj is the cut locus of 0. M-K_ is an

open cell which is everywhere dense. If X see-sX are n+l points

of M in "general position", then MK, = @#, so the n+l open cells
i

M-K_ cover M.,

i

In studying a degenerate critical point p, we may use the following

method. Perturb F to get a new function F +6F. By the Morse

theorem, we may assume the new function has only non-degenerate

critical points.. Tavs we have a finite number of non-degenerate

critical points of the new function, corresponding to the original de-

generate critical point, to study.

We can now state a conjecture as to the nature of degenerate

critical points. Suppose the perturbation is also such that the gradient

trajectories to and from the critical points always intersect trans-

versally. The trajectories between two of the relevant critical points

form a set Z. The conjecture asserts that Z£ is contractible and that

the dz _eaerate case arises by collapsing Z, (i.e., that the sets Ty

and ro of trajectories entering and leaving p are determined by the
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sets I’ and T * for the q.,, perhaps by taking the disjoint union

of the ri and identifying the points q,). Then degenerate points
i

could be characterized by the number of points and their indices in

the non-degenerate approximation.

+ ——— 143

P 2

4

3 3... :
For example, let £f =x" + y~ in dimension 2. Perturb f to get

3x + > - Ay. For XN > 0, there will be two critical points. The new

function gives the diagram on the right, which collapses to give the

diagram for f on the left.
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CHAPTER VI. FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

43. The Hamilton-Jacobi Equations.

In the first part, in §26 (page 118) we had occasion to consider the

Hamilton-Jacobi Partial Differential Equation for a Hamiltonian func-

tion H(q, cess q%, Pysec es Pp) and to show how suitable solutions of

this equation determined the trajectories of the corresponding mechani-

cal system. We now return to this topic, for the case when H also

depends on the time (time-dependent Hamiltonian).

Let C be a configuration space, M = T C the corresponding

phase space. In the metric spaces IR XC and IR XM the projection

onto IR will be written as t, so that t:IR XM =» IR is the "time co-

ordinate". Consider functions

HHRXM=R , S:RXC-=1R

(H is the hamiltonian, S the "entropy"). The function

S, = S(t, -):C = IR for each t determines a {-form

ds: C + M

(a cross section of the cotangent bundle). The corresponding equation

= + H(t, ds.) = 0

is the (time-dependent) Hamilton-Jacobi equation.

Given the function S, each curve b:I = C lifts to a curve

c(t) = dS, b(t) in T°C. The equations (for qt, eos q" coordinates in C)
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dg’b__ 8H _
3 ap, (t, dS b) , 1i=1,....n

will be called the first Hamilton equations, as they are the first half

of the 2n Hamilton equations for C. The role of the Hamilton-

Jacobi equation may be expressed by the following theorem (formulated

by George Mackey):

Theorem. Let S be a solution of the Hamilton-Jacobi partial

differential equation. Then if the path b in C satisfies the first

Hamilton equation, the lifted path c¢ satisfies Hamilton's equation.

Conversely, let S:IR XC = IR be a smooth function such that every

b satisfying the first Hamilton equations yields a c satisfying (all of)

Hamilton's equations. Then there is a smooth function $y: IR = IR

such that S -yet satisfies the Hamilton-Jacobi partial differential

equation.

Proof. First we calculate

dp.c
1 _ d 9S 1 n

3% TF 1 tab,...,qb)
9q

525 9°S db
1 ; 1, j dt

ot 9q j 9q 9q

By assumption, the first Hamilton equation holds. Hence

(1) PC 8s PS 5% oH
dt i : in J OP,

ot 9q J oq 9q j

(Here each second partial of S has the evident arguments.)
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On the other hand, applying — to Hamilton-Jacobi gives the following
- aq

"derived H-J equation:

5°s SH SH _ 3°S
(2) 0= —F + = (dS) + > = ——r !

ot dq 9q j 9q’dq

5s 53
Now ——————— = =—————— _ Hence subtracting the last two equations gives

Jaql 14 J
9q9°3q dq 9q

(with suitable arguments)

(3) PC am
dt 5

This is the second half of Hamilton's equations.

In the last equation everything is to be regarded as a function of t.

The "suitable arguments" required to make this the case are indicated

without ambiguity by the diagram of the functions involved.

. H
IXT C——> RR

c)

rd dS
I ————— IXC

(1,b)

It should be possible to make a systematic use of such mapping diagrams

to indicate which (composite) arguments we intended in equations (such as

the Hamilton and Hamilton-Jacobi equations).

Now consider the converse part of the theorem. Take a solution b of

the first Hamilton equations; then equations (1) above hold. By hypothesis

(1) implies (3); subtracting, (2) holds along b. But by the existence

theorem for ordinary differential equations, there is a solution b through
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each point of IX C; hence (2) holds at any point (t, ql, cee q). But

(2) states that
2)
— (HJ(S))= 0 , i=1,...,n,

i

9q

where HIS) denotes the left-hand side of the Hamilton-Jacobi equations.
PF pandn A ~~ Rid

Therefore, there is a smooth function 6: IR == IR with

dy _ rs
HJ(S) = 8et: IX C = IR. Take a function ¢ such that rile 8. Then it is

not hard to see that

HI(S - y) = 0.

This gives the conclusion of the theorem.

44. Transformation to Equilibrium.

Now let Y be an n-dimensional manifold, and suppose

SI:IRXCXY +R is a function such that everywhere

2

det ——— £0
dq dy’

where q" are coordinates for C and the yg are coordinates for Y.

Let @:RXCXY—=RXT C be given by

9S

P® =
9q

t®@ = t

q® = q , 1i=1,...,n.

Thus the assumption on S is equivalent to saying that @ is regular

everywhere. Consider also the mapping V":IRXC XY - RX TY

given by
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tr =t

vie _ v*

x. 0 = or , 1=1,....n,
i

where the gt are coordinates on Y and the x, the corresponding

(momentum) coordinates on T Y. This map is also regular everywhere.

Hence we have the diagram

RXT C #----Xeo. RXTY

AA
RXCXY=N |,

and locally at least there is a map y from one time dependent phase

space to another (compare §26).

Theorem. Take H:IRX T'C—> IR. For each point a ¢ Y, suppose

that S:N — IR satisfies the H-J partial differential equation for the 3

function H. Let c:IR IR X TY be a curve of the form c(t) = (t, const. ).

Then the curve yc satisfies the Hamilton equations for H on RX T C.

Proof. It will be more convenient to look at everything in N rather

than in IR X TC. To do this we pull everything back locally by & :

Thus we are interested in the curve ov le and the function H@® .

Let x, denote the coordinates as above. Then x, = 5 on N.
i

Taking L- of this, we get

0 = 2's FS ag Sic oy :
dy" ot dy 9g’ dt dy oy’ ot
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i
: : oy _ :

The third sum vanishes because —=—= 0. Since we are assuming

9S
— —at H=290

on N (more precisely, we should write HE instead of H), applying

ar yields > >
oy — + SE = = 0.

dtdy ap’ aq ay

which holds on the curve lc. Hence, again on the curve,

2 J

8q dy’ j
5%s

Since the determinant of (———) was assumed to be non-zero, this

9q dy

means that

de’ _ 9H
| dt 9p,

®3
holds for all j. T his is the first Hamilton equation. By the previous

theorem, we get the remaining half of the Hamilton equations.

For fixed ts the submanifolds of N of the form t, XCXY havea

symplectic form given by

2
dS

>. i dq’A dy’ .
9q dy’

By the theorem proved in § 26 of Part I, the functions @ and ¥ are

symplectic mappings, whence the usual symplectic structures are taken

on TC and TY.

In the theorem just proved, the trajectories c¢ in RX TY are

constant in TY. Hence one says that the map nk of the theorem

transforms the Hamiltonian H "to equilibrium".
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45. Characteristics,

The previous results indicate a close relation between the Hamilton-

Jacobi equation, a partial differential equation,and Hamilton's equations,

a system of ordinary first order differential equations. This is a

special case of the theory which relates a first order partial differential

equation to its characteristics, which are solutions of a corresponding

system of ordinary first order differential equations.

Sources: a) Courant and Hilbert, Methods of Mathematical Physics, II

b) Caratheodory, Calculus of Variations and PDE's of 15t

order, Part I.

The case of the arbitrary first order equation will be reached in

stages. We first consider the linear case, involving the following functions

on a configuration space C:

Cc u

R—gC— &
q,..,9

a.. C—+1R,
n 94 i

(1) 2 Si = bu+d |, b: C + IR,

to 1 d: C+ R .

Equation (1) for the linear case has a, b,d functions of position in C.

The a, determine a vector field X = > — on C which appears in

i=1 9q?

the following coordinate independent form of (1): Lu = bu+d. Call c

a characteristic curve of the PDE (1) when

3 , i=1,...,n.
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Thus the characteristics are the trajectories of the vector field X. In

view of the definition of X, this equation can be written as

(2') <2 zhu+a,

First suppose that b = d = 0. Then if the function u satisfies the PDE (1),

it is constant along the characteristics of (1). More generally, for any b

and d, the equation states that the values of u along a characteristic

are determined by the value at any one (initial) point there. This sug-

gests that we can obtain a solution u by taking initial values along a suit-

able set S, and then prolong these values by solving (2').

More explicitly, find a submanifold S of dimension n-1 transverse

to X (i.e., with T C= T S® IRX(a) at each point a of S). According

X

Te

to the basic theorem on the integration of (smooth) vector fields, the tra-

jectories of X through S cover some neighborhood of S, determining

on some neighborhood of any s a unique function u which agrees on S

with some chosen a: - IR, and which satisfies (2) along characteristics

(trajectories of X) onthe neighborhood. Here 3 is an open submanifold

of S with compact closure in S. In local coordinates it is immediate

that, for smooth us the function u is smooth and satisfies (1). So we

have found a local solutuon.
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Next we consider a first order P.D.E. in an unknown u, of the form

= | n, du { n { n
(1) > a.(u,q ye oo, q )— = b(u,q ,...,9) , u=ulqgq,...,q).

i=1 dq

This is linear in all the partial derivatives of u, but not in u itself,

{
hence is said to be quasilinear. We interpret the q ,..., q as coordi-

nates in an n-dimensional configuration space C, so that u:C = IR. The

equation thus has the form

a
i

PllA

(11) Saf =p, RxCTESR,
i=1 aq’ ~—7

for given coefficient functions a, and b.

We plan to reduce this to the previous case for a linear P.D.E. in

an unknown v:IR XC in one more variable, constructing the function u

A

via its graph 3:c 2+ RXC. Let r:IRXC = IR be the projection on

the first coordinate. We introduce a function v:IR XC — = RR defined

by v=u-r. Now ov -1 and ov = du (while on hypersurfaces
or i i

9q 9q

v = 0 we will have a. (u, q) = a (r, q) and b(u, q) = b(r, q)) so that (1)

becomes

n n n
ou ov ov 2) ad

= —_— - b = -_— + hb— = — + b—)v.0 >, 2 i -P >. 2 5a b 5s (> i 9q. basaV
1=1 aq i=1 i 1=1 i

This is a homogeneous linear P.D.E., in v:IRX C = IR. Its charac-

teristics are thus given by a suitable vector field X. Indeed we now de-
n

Fa)

fine the vector field X on IR X C by R = >, a, —- +b — , then (on
i=t * 3q t

the hypersurface v = 0) the equation (1) becomes:
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d 0 A
= — — = < .0 (> a — tb 5s WV dv,X >

9q

So & at each point is in the tangent plane to the hypersurface at that

A

point, and the trajectories of X remain in the hypersurface. Moreover:

Proposition. For x € IRXC, let viIRXC += IR with

A

<dv,X>=0

ov _5 3 40, v(x) = 0.
0

|
Then the function u: N_ + IR such that v(q ,..., q, u) = 0, constructed

o

for a suitable neighborhood N, C C via the implicit function theorem,

0

is a solution of the P.D.E. (1).

Proof. By the construction of wu,

d A a \4
0 = — (vou) C—> RXC—> IR,

9q,

dv 3d= ov + = = for each 1, so that we have
1 or i

9q 99

0 =<dv,X>= Sa op 5 o, 0 Ju yy Ov
Vi RTT £0 %8g, | Car i 9r aq, dr

1=1 1 i=1 i

Therefore for 2 # 0, u will be a solution of (1), q.e.d.

Let S,_ be a submanifold of C of dimension n-1, and let a :S_ - IR

be a smooth function. Through S, in IR XC pass the vertical hyper-

surface T = {(r,x)|r ¢e IR, xe St . Define v :T = RR by

A

v (rx) = u_(x) - r. Suppose that the characteristic field X is trans-

verse to T at a point x of the n-1 dimensional submanifold S on

which v= 0. Then, it is immediate in local coordinates (see the
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nN

figure below) that the trajectories of X through some neighborhood in

S of x determine an n-dimensional submanifold £ of RRX C (locally

unique). Moreover, £ is the graph of the desired solution u. For the

R

jl S, (Note: in the figure, C is
the horizontal plane and the

IR axis is the vertical.)

A

fact that X is transversalto T at x implies that the function

A

v(x, t) = v (x) (where xe¢ T and X = =) is well-defined on a neighbor-

hood of Xx in IR X C and satisfies the conditions of the previous propo-

sition (SX | = - {1 #0).
or |,

0

A

Any point of IR X C at which X is non-vertical lies on the graph of

such solutions. Explicitly, the hypersurface S_ C C may be described

as the locus where some smooth function f: C = IR is constant (i.e., as a

level hypersurface of f). Then the vertical hypersurface T is

T = {(r, y)[£(y) = £(y_)}

for y a fixed and y any point of C.
o)

We have proved
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Theorem. For smooth functions JERR b:IRX C + IR let

S CC be defined by a point y, € C and a smooth function £:C = IR as .

S, = ly e C and f(y) = f(y )} .

If u iS —+ IR is a smooth function satisfying the "transversality"

condition .

Sau ly),vy) 2 Fo,
oq

then in some neighborhood of Ys there is a unique solution u of the

P.D.E. > a, Ju = b with values u on S .
i, i 0 0

9q

46. The General First Order P.D. E.

Consider an equation

i n du du
(1m) E(u, q peed TF peers ——)=0

aq dq

in an unknown function u:C —+ IR, where al cous q" are local coordinates

in the configuration space C. We can regard the "equation" E as a

given (smooth) function E:IR X TC - IR. The differential du is a func-

tion C = TC; we also have d'u:C = IR X TC given locally as

| n | n oJu ou
(¢,...,9) + (u,9,...,9, — see —) :

9q dq

Thus the equation (1") becomes Eod'u=0. If r:IRX TC = IR is the

projection onthe first factor, then — applied to (1") yields the jt
9q

derived P.D. E.

n
oE 2) 0K oF %) 2)
5 TTT TTX 5 TT (T= 0 i=1,...,n.

3¢. dq j=i Fj 3g dq
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Interchanging the order of partial derivatives, this is

n
dE Ou 0E OE 0 Ju

(2) 1 tit a Cg) =o
dq 89q j=1 7j 9q 9q

By way of motivation, observe that the jth equation of (2) may now be

)
regarded as a quasilinear P.D.E. in the unknown P, = — . The

9q

characteristics of this quasilinear equation are then given by the

(n+1)-dimensional vector field (see above):

A OE 9 OE oE 2)

X= > = — + (- =F -3-p)57 -
— ID. J i or i’ or
i Fy aq dq

The differential equations of these characteristics are then the n+l

equations .

dq) _ BE 4m
dt dp. ’ J poe oy ’

J

dp _ _ _8E _ OE
dt i or Pi

dq

As i varies, the first n equations are the same. Note also that this

: : OE
reduces to Hamilton's equations when — = 0, A

Our actual interpretation of (2) will be slightly different, as an *~', ..

7 at

equation on IRX T° C itself, with characteristics in RX T°C which,’ }

are solution curves of: od v

dg’c _ 93E Pc DE
dt op. ST: By, or Py

(3) dr _ > oE
at 2 Pi Bp.

J J

The third set of equations is included since E = E(r, q,p) is constant along
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trajectories of the vector field

oE 2) OE © OE ad OE 0

eT mT oy hy Fe Ey RE
on T"TCXIR. F 2

05m & dE ag OE 2D. _

For our previous cases, the last equation disappears, while the middle

equations all collapse to the equation for r (relabeled pc) from the

quasilinear case, giving trajectories "parallel" to those of the earlier

cases. We state our existence theorem in the form:

Theorem: Given in C a compact submanifold S of dimension

n-1 and initial values a of u on S, such that a certain determinant

(which appears as (5) below) does not vanish, then there exists an open

set UD S, and a smooth function u:U = IR which satisfies E on U and

agrees on S, with a.

It will be clear from the proof that the conditions on the initial sur-

face could be taken as before, and that the determinant condition cor-

responds to our previous transversality condition, with no loss of

applicability.

Proof. We operate in R X TC, where we already have defined

in (3) the characteristic curves. In the submanifold T of dimension

2n above S_ ywe distinguish a surface S which will correspond to

3) AT. This submanifold (diffeomorphic to S_) with local coordinates

xb cee Eat embedded by wv: 5 — SCT, should have »
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R_ pont” of RxC
AN values Pp, Po

~~ t
A v

1

2

A C

Proof. In the configuration space C we have local coordinates

qt, coos q, an initial manifold S, C C of dimension 1 and initial

values u tS —- IR. On RX TC we have 2n+{ local coordinates

r,ql,. .. 4 Py . «>» BP . We can define a map vis —- IRX T"C; this

amounts to choosing "initial" values of rq and P; along S_. Spe-

cifically we make rov= a _, qo v = q and then we choose PysesesP

so that ;

E=0 , dr- > p.dq = 0

both along S,- The last condition on dr may be written in terms of

1 -

local parameters x ,..., x" L on the (n-1)-manifold S as

2 i du 9a". . k
(4) 0= du - > pdg = D> (—-> p, —=)dx .

0 , 1 k , 14 k
1=1 k ox 1 ox

Hence P+e--sP are determined uniquely along S_ if
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HE ~~ 9F IE

py op, o, \
' § +

0q «os aq TAR

(5) { 1 70. —

29 _oq”
951 9521

This condition may be readily satisfied, since we can assume that the

first row is nowhere zero. (This amounts to assuming that the given

partial differential equation effectively involves at least one of the

partial derivatives p, = du ). Given such a first row, the submani-

Ra DE
fold S can be chosen to make (5) hold; for example, if EN £0 we

n

can choose the submanifold S, given locally by the equation q" = 0,

: 1 i n-1{ n-1 :
with local coordinates x =q ,...,x% = q ; then the determinant (5)

is simply (-1) Fr Indeed, the condition (5) is then exactly the con-

n

dition that S, be transversal to the projection of Xpe

We now have viS_ - IR X T° C, with image an (n-1)-manifold S in

RX TC; moreover one can show S transversal to the characteristic

vector field Xp Therefore the trajectories of Xe through points of S

fill up locally a manifold T of dimension n. Now E = 0 holds along S,

so by the properties earlier established for characteristics it holds

along T. In other words, T gives the graph of functions

{ n : :
qe ees dG Pyse ees p, on C (or on a neighborhood of S, in C) which

: { n
satisfy E(u,q ,...,q Py ce2s BP) = 0.
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What remains to be verified is that p, = 5g. for i=1,...,n on

i

this manifold T. If v:T = IR X TC is the inclusion map, this amounts

to showing that the induced i-form 6 = V¥ (dr - > p,dq’) is zero on T.

i -1
We may calculate 6 in local coordinates x ,..., x (on S.) and t

(the parameter along the trajectories of Xe) as

n-1 1 i
_ ar oq k ar _ aq

0= > (—¢ - 2p, —pldx + (57 - 2p; —3—) dt.
k=1 0x ox

The last term is zero by the equation (3) for the characteristics. It thus

remains to show that

i
_ Or oq — _

0x 0x

is zero. But D. =0 on 5S by the choice of the initial values of Pp,

while a calculation with the equations (3) shows

Dy aE LOE BE_
ot = k dr "k 9dr "k °

ox

This is a linear first order differential equation for D. as a function of

the parameter t, with initial values zero on S_- Hence (by the unique-

ness of the solutions of such equations) D. =0, q.e.d..

47. Contact Manifolds. The use of the characteristic vector field X_

for the partial differential equation E raises the following question.

For a symplectic manifold any two smooth functions f and g have a

Poisson bracket given by

tf.g} = Leg = -Lo f.

f g
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On the manifold N= R X T'C, each smooth function F:N = IR de-

termines (by characteristics, as in (3) above) a vector field Xo and

hence two such functions ¥F and G have a "superbracket" defined as

X(G). We wish to examine the geometric structure producing this

operation; it will turn out that this structure depends essentially on the

{-form dr - > p.dq’ used in the calculations to the last theorem.

Another approach is in terms of "elements". An "element" of the

space RR XC is a point of this space plus a (non-vertical) hyperplane

through this point; for example, if C has dimension 2 an element is

just this: [-] . In coordinates r, ql, voes q" any hyperplane through

the origin has an equation ar + aq", cee, t aq" = 0 for suitable con-

stants a; it is non-vertical precisely when a #7 0, and in this case

we may take a_ = 1 and write r + aq’ +... aq = 0, Thus the hyper-

plane is determined by CERRY which we now write as PyreresP

(in case n = 3 they are the direction cosines of the normal to the hyper-

plane). Thus an element is given by coordinates r, q yo es q, Pyreess Ps

and so is exactly a point in IR X T"C,

Take a curve c;IR + IR X TC; it consists of points of RX TC and

so may instead be regarded as a curve in IR X C consisting of elements

there. In the classical treatments, such a curve of elements is called

a characteristic strip when the {-form 6 = dr - > P. dq, is zero

along the strip.
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These elements are also used in geometrical optics in the space

IR X C. Huyghens principle for the propagation of a wave front W gives

the new wave front Ww, after time t as the envelope of the spherical

waves centered at all the points of W. The transformation from W to

Ww, then does not carry points of the space (say the space IR X C) into

points, but elements into elements, so is really a transformation of

IR X TC into itself. Since such a transformation of elements carries

tangent wave fronts V and W into tangent wave fronts, it is called

a "contact transformation.

This pictorial representation of a contact transformation is again

connected with first order partial differential equations. One finds (for

example, see Lunebury, Mathematical theory of optic s) that Maxwell's

equations yield wave fronts of the form

U(x, y,2z) - ct = 0 where § satisfies (2)° + 5)" 55)" - n° =0

in the medium whose "index of refraction" is n.

A contact manifold is a manifold N of dimension 2n+i1 with a dis-

tinguished one-form © such that en(de)” £0 everywhere. We also

consider submanifolds ¢:S = N such that V9 = 0; one dimensional

such are called strips. A transformation (N, 8) bh (N',0) is called

a contact transformation when there is a map p: N = IR for which

ho = po.
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Theorem. A mapping h is a contact transformation if and only if

it takes strips into strips.

Proof. = Trivial since R —> (N,8) EN (N', 9).

<= Left to the reader.

Clearly, this notion ofa contact transformation is preserved under

composition; however, we also needed the characteristics before. Given

smooth mappings E and F of N into R, there were Xp defined by

(3) and X(F) = [E,F], analogous to the Poisson bracket though not quite

satisfying the Jacobi identity.

fe

Suppose we are given a mapping @:T (N) —> T_(N), with

i 7)
o =. — o(dq) 3p. T Ne— T*N

1 x

i 2) 2)
&(dp’) = — 2(dp). 1 Pigs \

d N
d

o = - —_—(dr) = - > p, Bo;

In particular (by construction) ¥(dE) = Xo. The matrix of 2 will be

of the form:

qQ Pp T

a 0 -I p

2*P = ol 1 0 op

r 0 -p O

where ao and f are indices ranging from 1 to 2nt+1. It will be of rank

: i 2) 2)
2n. Since &(dr - >" p,dq’) = - > i Bp, + > op, EN = 0, the form 6

will be determined up to a scalar factor as the kernel of &. At any point
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$ is a twice contravariant tensor field on N., i We may define such a

pair (N,®) to be a bracket manifold, where ® is determined up to

multiplication by a smooth p # 0. Given a configuration space C, we

may construct N= TC X IR and define pF as above, showing that

this matrix as defined in local coordinates transforms properly under

coordinate changes. In terms of ®, we have [E,F] = <dF, ®(dE)>.

Thus the tensor ® on N is indeed sufficient to define the bracket

operation. For a mapping h to be a bracket transformation of (N, @)

into (N', ®'), we require that hE, F] = o[h"E, h*F] for some p: N— N!'

with p py 0 on N. We could instead require that h* multiply by a com-

mon p # 0 the relations between canonical coordinates:

lq" a'1=0= [pp]
i i
a p,] = 8,

[a x]=0 [p,r]l=p,

We suggest that all contact manifolds are bracket manifolds. Note that

d8(Xg, Xr) = [E,F].

We now develop the suggestion of the previous paragraph. References

are Cartan's Lecons sur les integrals invariants (1922) or the article

by John Gray in the "Annals of Mathematics" 69(1959), pp. 421-450.

Let (N,8) be a given contact manifold. We will define in terms of the

basis form 6 a vector field Y and a bracket [ Ig : Since the matrix

of the 2-form dO is of rank 2n, we may define a vector field Y by,

L. (a8) =0 and <06,Y>=1,.
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For it suffices to do this locally, where we may take 6 in the form

8 = dr - > p.dq’ by the Darboux theorem, in which case we have

de = Sdq* a dp, , Y=> v2 + 7 — + zo
i i 5g" i 9p, r

and Lde = 0 ifandonly if Y= 2 = with <6, Z => = 4.

Equivalent would be an appeal to the fact that the (2n+1) forms on

N are spanned at each point by 6 A (de)TM, so that any such form, and

in particular the form dE a (de)” may be represented uniquely as

h(r, p, q)6A(de)" for some smooth function h. The quantity h of Y (E)

is easily shown to be a derivation, and therefore determines a vector

field Yo That this is the vector field of the previous paragraph is

verified by evaluation of <Yg» 86> and ty 9° ‘

We claim that 6 also defines [E,F] by:

dE A dF A 8 A (a8)! = [E, FlondeTM .

The verification that the function so defined is [E, F] is by direct calcu-

lation in canonical coordinates:

0a(d0)TM" = (ar - > pda") a(S] dp,naq)TM
i i

= (dr - > p, dq’) A (n-1)! > (-y)motin-2)/2 dpa da
i i

= )n=m-2)/20 yp PIL dgndr - > (1) dpynda,

where dpa is short for the product of all the dp, with only dp; omitted

from the product, while dq = dq A ces Adq’ with no terms omitted.

We have dE AdF computed as:
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oE i oE oE oF i oF oF
(> dq + Do dp, + =— dr)A( > (—— dq + =—— dp.) + — dr)

; i P. i or , i ap. j or
1 dq i i i dq j

-1
and by direct computation the nonzero terms of dEAdF A(6 a(d8)” ), the

only one without products 6A6, are:

-1)(n-2)/2 dE oF OE OF dE OF 9E oF(yn dn-1): > (—==— -=—== -p, =— — + p,7——)dpadqadr
i dr Op.: Th Ip, 9p, aq i 9p, or idr dp,

n(n-1)/2 CL :
= (-1) (n-1)[E,F]dpadgqAdr according to our former definition. Since

8 A (de) is (.1)2(n-1)/2 n! dpadqAdr, our two definitions of [E,F] have been

shown to agree (except for n! versus (n-1)!).
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CHAPTER VII. COVARIANT DIFFERENTIATION

By David Golber

The following material summarizes, in outline form, lectures on

covariant differentiation.

I (§48). Riemannian and Pseudo -Riemannian Metrics

A. Definition. A Riemannian metric g on a manifold M assigns

in a c® fashion to each point x of M an inner product g, on the tangent

vector space T M. A pseudo-Riemannian metric g assigns, in a c®

fashion, to each point x ¢ M a non degenerate symmetric bilinear form

g, on TM.

Certain important results, especially III B. 3 below hold for pseudo-

Riemannian as well as Riemannian metrics. TN

B. Local expression: In a coordinate patch on M, we have coordi-

nates X ceo, X and vector fields 8/0x, coe 8/09x_. Let us use the

abbreviation 3/ 3x, = 9, for these fields. Suppose M has a Riemannian

or pseudo-Riemannian metric g. Then we can define C% functions on

the coordinate patch by |

g(x) = g(8,(x),3,(x)).

If g is Riemannian, then, for each x, the matrix (g;(x)) is positive

definite and symmetric. If g is pseudo-Riemannian, then (g(x) is ~

non-singular and symmetric.
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C. How to get Riemannian or pseudo-Riemannian metrics.

(1) On one coordinate patch or on a Euclidean space, we have a system

of vector fields 9, cee 9_ valid everywhere. [t suffices to define the

functions g(x). We could, for example, set g(x) = 85 making the

vector fields {o.} orthonormal at each point.

(2) On a manifold, we can use (1) to construct metrics on coordinate

patches. Then we can use "partitions of unity" to combine these metrics

into a metric on the whole manifold. This is the method usually used to

show that any manifold has a metric.

(3) The usual way in which Riemannian metrics arise in practice is as

follows: Suppose N is a space (often a Euclidean space) which already

has a Riemannian metric h. Suppose we have a manifold M and a c®

function f:M— N which is an immersion (that is, the Jacobian matrix

of f is non-singular at every point of M). Then we define a metric

£ (nh) = g on M by letting g (X,Y) = he oy EX): £,(Y)) for X, Ye T.M

In local coordinates, this goes as follows: Let Xysoos VX be local

coordinates on M, and Yr eoer Vy be local coordinates on N. Then f

is given by y, = f(x, ees x) (i=1,...,n). Let h be given by h,.(y).

Then g = £(h) is given by
n of, of,

g(x) = =, Po, (0) =

1 ay oy

- = hyp (x) =

£ (h) is called the pullback of h by f.
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II (949). Covariant Differentiation

A. Motivation. We want some sort of directional derivative on a

manifold. Will Lo do? No! Why?

(1) A directional derivative in the direction X should depend only on the

value of X at the point in question. But L. xY¥=£ L,Y - (Y. £)X,

showing that L,Y depends on how X is changing at the point in question

(note the term (Y- £)X).

(2) We will be interested in Newton's laws, and therefore in acceleration

as we move along a curve; i. e., the derivative of the velocity vector in

the direction of the velocity vector. But the Lie derivative LX is

always zero. Thus we cannot use Lo to discuss acceleration.

B. The abstract covariant derivative.

(1) Definition: An (affine) connection ¢ on M is a rule which assigns

to two smooth vector fields X and ¥Y on M another smooth vector field

v x * on M, called the covariant derivative of Y in the direction X

(with respect to ¢ ), obeying

(a) v_ +x Y = V. Y tv, Y and Vex ¥ = fv Y 0

{ 2 | 2

(b) Vy(Y#Y )= VY + VY, and V_(£Y)=(X-0)Y + £VY

for fe F(M), X., Y, vector fields on M.

(2) If VY is to fulfill our expectations of what a directional derivative

ought to be, then the following proposition should hold:
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Proposition. For any point p on M, (vx ¥), depends only on

Xx and on the behavior of Y in a neighborhood of p (actually on the

"germ" of Y at p).

Proof. If Y=Y' in a neighborhood U of p, then we take a

"bump" function f which is one outside of U and zero on some neigh-

borhood VCU of p.

P
0: SE

Then Y - Y'=£f.(Y-Y"), so that

-Y'! = . -Y!(Fg(¥ =X) = [9 (6 (¥ -¥)]

= (Xf) (Y-Y') + £(p)V_(Y-Y'(X10) (Y=) + £(p) Vo (YX)

= 0.(Y-Y') +09_(Y-Y") = 0,), + 0T (YY)

=so (VY), (Vy ¥ )s .

If X =X! 1 -X! =5 0’ then we can write X-X > LP, where f ¢ F(M)

and P, are vector fields on M, with £.(p) = 0. (Details left to the

reader.) Then
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> £P

= \% = .E.D.> ive Y), = 0, Q

(3) By the proposition above, Vy ¥ is well-defined at a point, even if

X and Y are defined only in a neighborhood of that point (rather than

on the whole manifold). Thus the following definition makes sense:

For {x,, ce x} a local coordinate system on M, 9, = 9/ dx, as

k
before, we define n> smooth functions I" (x) (i,j, k=1,...,n) on

1)

the coordinate patch by

k
a (8), = 2 T (x) 3 (x).

i J kU

The functions I; are called the Christoffel symbols of the connection

e can calculate that for > a (x)3,, Y > b.(x)3, ,

db, k

Vt = > a [>] ox, OT > 5; Is By 1
1 ) i js K

(4) Examples:

n k
(a) In IR’, with the usual coordinate system, let Ts; be identically

zero. Then we get the usual directional derivative of vector fields.

(b) If M is embedded in N (particularly Rr", and if N has a

N
connection and a Riemannian metric, then we can use these to de-

fine a connection on M as follows: For pe M and X,Y vector fields

defined on M in a neighborhood of p, extend X and Y to vector fields
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defined on N in a neighborhood of p. Define vy by setting

( M a d h diculVy Y), = Proj (vx Y) ): where proj, denotes the perpendicular pro-

- M
jection of LN onto TM. It is easy to verify that satisfies the

M
definition of a connection. (Vy ¥), is independent of the extensions of

Xand YtoN, and...)

C. Covariant derivative of a vector field along a curve,

(1) Define a vector field X along a curve c:I + M to be a map X

such that T M

pa |
IZ—=ss M commutes.

Note difficulties involved in extending X to M when c crosses

itself, has cusps, stationary points, etc. An example of a vector field

along a curve c¢ is the velocity c

(2) For X a vector field along c, define the covariant derivative of X

along c, V.& by

(a) where c(t) #0, extend X to a neighborhood of c(t) in M, and

let the covariant derivative along the curve just be the ordinary covariant

derivative in M, v.(X). We show that the result is independent of the

extension by showing that

= -y.)o. + y. 1. :v (Y) >. (c y;) i — “iY; Ii io"
1 1, J, k

h Y =where > y. 9,

(b) Where c =0, let V_ (Y)=0.
C
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D. Parallel translation

(1) For M a manifold with connection ¥ , ¢ a smooth curve in M

and X a vector field along c, we say that X is parallel along c if

v.& = 0 holds everywhere on c.

In local coordinates KipooerX let c¢ be given by c(t), cers c(t):

let X be given by X(t) = = X.(t)3.(c(t)). Then the equation VX =0

is equivalent to

dX. : de,

— (t) + I" (c(t)— X(t) = 0, (i=1, ...,n).dt > icf dt J. v

This is a system of n linear differential equations in n variables. For

an initial value t and an arbitrarily chosen vector X(t ) in T M,
o 0) c(t.)

there is a unique vector field X(t) along c which coincides with X(t )

at c(t). The value of this vector field at c(t,) is said to be the parallel

translation of X(t) along c to c(t).

(2) Note that the parallel translation along c¢ from ca) to c(b) gives

an invertible linear map of Te(a)M to <(b) This linear map depends

very heavily on ¢ (unless the "curvature" of the connection is zero).

(3) Relation of parallel translation and v.

Proposition. Let Xe TM, Y be a vector field defined in some

neighborhood of p. Take any curve c¢ such that c(0) = X. Then
0

Y(c(t -Yov) = ten os YE) - ¥0
Xp tt __

t +00

o

(where I. denotes the parallel translation along ¢ from c(t) to

c(0) = p-)
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Proof. Let {z2,, Cees z_} be a basis of TM. Extend Zz, by

parallel translation to a vector field along c. Thus, for each t,

{z,(t). , z_(t)} is a basis for T(t)

Write Y(c(t)) = > y,(t)Z.(t). As parallel translation is linear

and the Z's are parallel along c, we get that

RY zIL, Ye) = 3 voz 0).

Taking the difference and the limit, we find that the right hand side of

our conclusion becomes

y.(t) - v.(0)
: i i _ .

> tim —————)Zz(0) = > (c y.)Z;(0) -

But, as <¢, Zz, = 0, this equals the left hand side of our conclusion:
C

VY = V.NER AGSEAOEAC)

= Ly.) Z(t) + (v.S Cay) zi) +S y(v, 2)

= > (e-y,)-2(t) +0 . Q.E.D.

(4) Note the similarity of the above proposition to the proposition giving

the Lie derivative Lo in terms of the flow of X., As a parallel to

Willmore‘s theorem, we have;
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Theorem. We can extend Vx to a unique linear map of the various

tensor bundles: - -

Vy: T (M) - T (M)

such that

(1) yf = X-f for fe 3 (M),

(2) For Y a vector field on M, Vy ¥ is the given covariant

derivative.

i
(3) Vib = 0, where 6 = 2 e De,

(4) Vy is a derivation of the tensor algebra:

1y = ' | |Vi (T®1) = 0 MQ + r@(v 7)

Further, we can also extend the notion of parallel translation along c¢ to

IP : T "(M) — T T(M)
c,a s c(a) s c(b)

and, for any tensor field T, VT is given by a limit, as in the previous

proposition,

Example: Using (3) and (4), we can find

J J Jk
= a d .Va/ox. (dx) > I *

i k

III ($50) Nice Covariant Derivatives.

A. Torsion

(1) Symmetry. Suppose S: Rr ~ M is a smooth map. (Call S a

"parametrized surface".) Then we get two vector fields on S,

_ 09S _ 09S
S_ = Ox and Sy = dy ’
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5” |

RES ou

We can form Vs Sy and Vs S_ . (These correspond to covariant

derivatives along the curves s(t. y,) and S(x_» t) respectively.) In

general, it is not true that

Vs Sy = Vs x .

It this condition is satisfied for all parametrized surfaces S, then we

say that the connection Vv is torison free or symmetric. (Note: this

condition does not correspond to the property a%/ axdy = 5% / dydx in

ordinary Euclidean space. That property corresponds to the "curvature

of the connection being zerc.)

(2) The torsion tensor.

For vector fields X,Y on M, define

Tor(X,Y) = VY - VX - [X,Y].

Show

(a) Tor is #(M)-linear in X and Y,

(b) Follows from (a) that Tor(X, Y), depends only on x, and Yo

and bilinearly on these.

(c) (b) means that Tor is a tensor, the torsion tensor of the

connectiony . (Actually, more properly speaking, the torsion tensor

is the tensor T of type (5) given by
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(X,Y,w) 8 oTor(X,Y))

for X,Y vector fields and w a i-form.)

(d) Calculate local form: If we let

k
Tox(3,, 9.) = > Tor, 9,

then we find

Tor = = rk - rk .
ij ij ji

(3) Relation of Tor and symmetry.

Theorem. Tor =0 if and only if Vg S = Vg S for all para-

x 7 vy x

metrized surfaces.

Proof. (<=). For any two vectors X and Y at p, we can choose

S sothat (S.) =X and (S) = Y. It is easy to calculate that, because
*p y'P

S, and Sy both come from S, (Sx: S,] = 0. (The calculation reduces to

_ 9% = 8% RZ ) Then
dydx dy ox on )

Vg Sy = Vs Sy implies VX - VX =0 and [X,Y]=0,

Xx y

so Tor(X,Y)=0 for all X,Y.

(=). Tor(S_, 5.) = 0. But, again [S_. 5,1 = 0. Q.E.D.

B. Invariance of g under parallel translation.

(1) Definition. If M has both a connection ¥ and a Riemannian or

pseudo-Riemannian metric g(X,Y) = (X,Y), then it will be nice if

parallel translation preserves inner products; i.e., whenever X(t)

and Y(t) are parallel along c, then (X(t), Y(t)) is independent of t.
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(2). Proposition. (1) above holds if and only if the following condition

holds: if A and B are vector fields on M, then

X-(A,B) = (Vy 4, B) + (A, VB).

Proof. (=>) Take c a curve with c(0) = X. Take an orthonormal

basis Y,, cre Y at c(0). Extend these by parallel translation along c.

By our hypothesis (1) above, the vectors Y(t), Cee, Y(t) form an

orthonormal basis in ToeyM for each t.

We can write

Ae(t)) = >JE(6)Y(b),

B(c(t) = 2° g(t)Y (¢).

Then

(Ale(t), B(c(t)) = > f(t) g(t),

and 4 d

X-(A,B) = == (Alc(t), Blc(t))) = F ( 2, (e) g(t)

= 2 l(X-f)g, + £(X-g)]
i

= (VAs B) + (A,V B).

(<==) is even easier. If A and B are parallel along c, then

v.A = vB = 0, so the derivative of (A, B) along c is

c: (A,B) = VA B) + (A, v, B).

=0+0=0.

Therefore (A,B) is constant along c. Q.E.D,



-100-

Note: If we regard (, ) as a tensor ge T 4M), then the condition that

parallel translation preserve inner products is equivalent to Vy8-= 0

for all vector fields X on M. Here, Vx is as described in the theorem

at the top of page 96.

Note: The theorem above also holds for pseudo-Riemannian metrics.

The modification of the proof is left to the reader.

(3) Main theorem (Holds for pseudo-Riemannian metrics).

Theorem. Given M with a pseudo-Riemannian metric( , ), there

18 a unique connection ¢¢ on M satisfying

(1) Tor =0

(2) parallel translation preserves inner products.

Proof. Uniqueness: we have from (2) that

X-(Y,2) = (V,¥, 2) + (Y,V 2).

Using (1), this becomes

X-(Y,2Z) = Vy Y, Z) + (Y,v,X) + (Y,[X, Z]).

Cyclically permuting X,Y and Z, we get two other equations. Solving

for (VY, Z) and eliminating the terms involving VyZ and vy X

(using the symmetry of ( , )) we get

AVY, 2) = X-(Y, 2) + Y(2,X) - 2° (X,Y) - (Y,[X, 2])

-(z,[Y,X]) + (X,[Z2,Y].

As (, ) is nonsingular, this shows that Vy ¥ is determined.
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Conversely, if we define Vx ¥ by using this formula, then we find

that condition (1) and condition (2) of the theorem are satisfied. Q.E.D,

(4) Local form of the above result

In local coordinates, using the fact that [9., 8.1 = 0 we get

k Lk
= + - oe [)2r, SVLACE 0,(g;2) - 8, (g; le

d Lk, . : :
where 9, = —— , and (g ~) is the inverse matrix of (g..).

1 Ix, 1j

C. Example. Suppose N (especially R") is a manifold with a

N
metric g and the unique corresponding covariant derivative ¢ . Let

M be embedded in N. M inherits a metric h (see I.C. 3) and a con-

nection © (see II. B. 4). Claim that Vv is the unique connection

on M corresponding to the metric h.

Proof. (1) Tor is zero: if S is a surface in M, then it is a sur-

face in N. Then V., S =V. S , so their projections V_., S and
S vy S x Sy
X y x

vi S into M 1g S. into are equal.

y

(2) Show

M M |
X-(Y,2Z) = (V4 Y,Z) + (Y, Vy Z) for X,Y,Z tangent fields

to M. But theleft hand side is independent of whether we look in M

or in N. Theequation holds in N. Vy ¥ differs from vy x Y bya

M N
vector perpendicular to M, so ( Vy Y, z) = ( Vy Y, Z), and so on. Q.E.D.
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IV. (§51) Lagrange's Equations.

Suppose N particles move in space, subject to certain constraints.

For each allowed configuration of the N particles, we get a point in

3N-space. We assume that the set of allowed configurations is a sub-

manifold M of r3N of dimension n and that arbitrary motions on the

submanifolds are possible. This is what it means for the constraints to

be "holomonic".

. 3N
Put the metric on RR given by

N
2 2 2

h = > m, (dx, + dy.” + dz, )s
i=1

where m, is the mass and (x., Yo z.) the coordinates of the th particle.

aN
Let w denote the 1-form on. IR given by

al i 1 i
= F.dx" + F, dy + F ,® > x iy 7 iz dz

where Fo is the force on the ih particle in the x-direction, etc.

Co. . f 3N sk
Now, we have the inclusion M&——®PRTM, Let g=f (w), and let

v be the unique nice connection on M associated with g. Now, g

ES

produces an isomorphism of T,M with T M. Let xX, be the vector

field corresponding to “a under this isomorphism. Then the equations

of motion may be expressed for a path ¢ in M as

V.c = X
o Ww

That is, given an initial position c(t_) and an initial velocity c(t ) the
0

system follows the unique path c(t) satisfying this equation for these initial

conditions.
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Proof. First look at unconstrained motion in IRTM . It is easy to

: : : R,_k -
see that the metric h gives us the usual connection ¢ (T i; = 0) on

NRr’ . Now specify the path ¢ by giving coordinates Cx’ Cy Siz for

the jth particle, j=1,...,n. The definition of the covariant derivative

along c then gives 5 , 5

dc, dc. d c.
R, _ jx 9d jy _ Oo jz 0

Ve 2 2 (mrtT 5 tT 5)
J dt h dt j dt j

Further, if x" is the vector field which corresponds to the form w by

way of h then

Fox F.y F.z
R j 0 J 0d

X, © Demwm te te wl)
J J J J J J

Therefore the statement

R . R
. c= X

Ve © w

is equivalent to Newton's equations in IR .

Let us decompose this vector identity into components parallel an

: N
perpendicular to MCR.

R R. R R
(voc), + (v,¢) = (X77) +X) .
TEL Ey re)

R
We know (III. C.) that ( v, el = wv. ¢ in M. Therefore Newton's

Cc

equations are equivalent to:

. R
Vv c€ ° (X a

R
R

¢ =
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The statement that the motion is constrained to M says that the

second equation must balance. Therefore. the first equation is our

equation of motion. We will have proven our result if we show that

R

(X | = X as defined at the start. As these are both tangent fields

to M, it is enough to show that

(XB),Y) = (X,Y) for Ye T.M
E%% 1k 8%? CE

But

(XD), 2) =hx®¥) as YeT.M
w’|| y

= w(Y) by definition of xX

= LY)

= (fw, YD

= g(X Y) by definition of X, QE.D.

We make several comments on the material above.

(1) The equation Ve c = x, is the "same" as Lagrange's equations.

To see that, take g(-, ——) of both sides. Then
J

0 9

J )

the generalized force in the jth direction. To analyze the term

g(v.c, Se) let 4 be a vector field extending c.
C .

J

d 4) %) 1 9

j dq dq 9g’

(using the relation of the Theorem III. B. 3).
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ad oTClaim that this expression ‘is 425 - —— . But, forv. e M,
dt J J o Ss

aq 9q
9 .

T(v )==glv,v ). Thus == | = gv, —), and, asZ = c,
o 2 0 © .] 0 )

aq Vv oq

< (2X) = Z-g(2Z, 2). To show that
9g’ aq’

oT £ 0(2, ,2]) - 3 — "g(2,2) = - == 3 Let Z= > z —7 -
aq aq’ dq 1 9x

Then m :

2) dz 2)

TEs 2
dq m dq dq

Let g be given by 83 . Then

J
d k 0z

gz [=.20) = > g4 2 — 5
3g’ k, 4 oq

and

1 0 1 9 k £4
7 E22) =3 5 (Xg,z 2)

aq aq k,Z

dog 1
| kd k { k 0z> 522 + > 8,2 5

k,{ 9g k, 4 aq

and therefore

dg
d l 9 1 kf k 4

g(2,[—=5.2)) - NEE g(Z,2)= - 3 > zz
2q aq k,f 9q

aT

9q
1 n ,l on 1 1 n, ,k ,f

(where T(q ,..., 4:3 4...,8) = 5 2g ,(a,...,q0)08q-4) .2 py, kf

Thus we have shown that we do indeed have Lagrange's equations here.

(By being more sophisticated, we could probably have done this with less

involvement in the coordinates. But note that our final result involves the

coordinates, so we cannot avoid them entirely. )

(2) Note: X does not depend on forces which are perpendicular (relative

to h) to M. These "forces of constraint" may therefore be ignored in
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setting up the equations v, c = X for solution. This is the whole

advantage of the method.

(3) If the forces parallel to M are zero, VC = 0 says that the path

is a "geodesic". For a single particle moving on a surface (e.g. a

marble moving (without gravity) on a cone) this is particularly reason-

able, as it just says that the acceleration is perpendicular to the surface.

(Recall III. C,)

(4) Note finally that if we take the inner product of v, ¢ = X =~ with ¢

and apply III. B. 3 again, we get

¢ [58(¢,¢)] = ule)

which simply says that the rate of change of the kinetic energy

T (= 3 g(c,¢)) is given by the work-form applied to ¢, as it should be.
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SUPPLEMENT - EULER'S EQUATIONS

By Raphael Zahler

Frequently in classical mechanics it happens that the configuration

space of the dynamical system in question has the structure of a Lie

group. This means that it is a differentiable manifold with an additional

"multiplication" operation related to the structure of the manifold. The

points of the manifold are then thought of as motions of the system; the

product xy stands for the motion resulting from the combined effect of

the motion x followed by the motion y. For example, the group of all

rotations of an asymmetrical three-dimensional body which leaves a

particular point fixed is the familiar Lie group SO(3). The reader may

consult Helgason, Differential Geometry and Symmetric Spaces,

(Academic Press) for a full treatment of the mathematical theory of Lie

groups; here we will briefly outline some important facts. For any fixed

element g of the Lie group G, multiplication on the left by g gives a

map Lg of G into itself called "left translation by g". The induced

map on tangent spaces, Lx , maps T _(G) to T (G), where e is the

identity element of the group G. In this way the structure of the vector

space T_(G) is closely related to the overall structure of G. T _(G) is

called the Lie algebra of G. There is a function, called the exponential

map, which takes vectors of T _(G) to points of Gj; if exp X is the

point corresponding to the vector X, then exp(t, te, )X = (exp t,X) (exp t,X);

in particular, exp 0 = e.

Suppose now that the kinetic-energy metric on our Lie group is left-

invariant © that is,

(X,Y), = (Lys, Lya¥),

for all g,he G, X,Y ¢ TG). (The subscript 'g" in (X,Y), denotes

that the metric is being applied to tangent vectors at the point g.) It is

then a fact that the geodesics of the metric, which represent the motion
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of the system in time, can be described near e by c(t) = exp X(t),

where X(t) ¢ T (G), all t. We will investigate the behavior of

these trajectories close to e.

Consider a geodesic exp y(t), and let its tangent vector at time t

be y(t). Then the kinetic energy as a function of time is

i LJ J i s [4
= = —(L L J ,T(t) SY Y) exp > ( exp(-vy)¥ Y) exp(-y)¥ Y), )

or, if we write t) = L v&(t) exp(-y)*

{
T(t) = 5{&(t), £)t)).

Let us assume that there is no potential energy. Then we will be able

to show that ¢t satisfies Euler's equation: ¢ = -B(&, £), where the

function B: T _(G) X T _(G) —- T _(G) is defined uniquely by

X,Y}, 2) = (B(Z,X),Y) , all Y.

First of all, since everything involved is invariant under left trans-

lation, it will suffice to consider the case v(0) = 0; any other geodesic

will be a left translationof one of these. Next, it may be proved using

a "Taylor expansion" technique that

1 2
L exp X* Y = Y-S[XY]+ o(|x|"),

where the symbols X and Y on the right-hand side are understood in

terms of a special "canonical" coordinate system {x,, co ey x} in a

neighborhood of e by which we identify the vectors of the various different

tangent spaces near e. Let us plug this into our formula for the

Lagrangian:



-109-

2'°'%'e 2" Texp(-y)TM "7 Texp(-y)* Te

_ i J | . 2 ° i ' 2
= S(¥-Sl-v,¥1+ (v7): ¥ = stv.v1 + ov)

1, ov 1 . 2
= - - + 9(3.9), = 20v,50-v. WD), + 2] v1)

- i . '] { - PY 3 2

| | voy 2
= =(v. -=(5B a ’ + »>(. 9), - 3 (BOY) + (yD)

We now invoke the Euler-Lagrange equations, which must be satisfied

by any geodesic: in terms of the canonical coordinates,

4 B8L _ dL r= 1 n
dt 9% -— x 2a 3 0 0)

r T

Writing L = L(t,vy, £) = L(t, x, RFE INESTRER x) , we get

L = 2 (8, €), = > > g, , where we assume that the matrix of con-

stants 18; representing the metric at e has been diagonalized.

Hence dk

d dL
Gf 52 TC 8. — (neglecting the "0" i=rm)

Tr

oL 0 1,. « i .

r r .

5 0x

If we write B(y,vy) = > b, x then Ta -b_; and the Euler-
i

Lagrange equations now imply that Euler's equation is satisfied near

the origin by the trajectories of the dynamical system, when the con-

figuration space happens to form a Lie group with left-invariant metric.

(Note: this derivation is due to Arnold (Comptes Rendues, v.260 (May

31.1965), p-. 5668); a derivation independent of Lie-group theory is found

in Loomis and Sternberg, Advanced Calculus (Addison-Wesley), p. 541 ff.)
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Let us apply this to the case of rigid-body motion. Considering

only rotations leaving a point fixed, a moment's reflection shows that

the rotation group SO(3) is actually the configuration space of our

system; just take a fixed reference position of the body and consider

any other position as a rotation from the reference position. The tan-

gent space to the Lie group 50(3) at the origin can be identified with

the vector space of all skew-symmetric three-by-three matrices;

these are usually referred to in physics texts as "infinitesimal

rotations", and this is the Lie algebra we must work with.

Let F(t) be a curve in configuration space; then a particle at a

point p of Euclidean space moves in the trajectory (F(t))(p)- A

physically sensible Riemannian metric in this case is the inertia tensor

(A,B) = Joma, B )dp where A and B are skew-symmetric matrices.

In general, this is-a left- but not right-invariant metric. In terms of a

basis {e} of R>, we have

(A, B) -[ m(A(> r.e.). B(> rie) dp

3

= 2 (Ae, Be) [mrs dp

3

= > L (Ae, Be).
1,j=1

I. the coordinatized version of the inertia tensor, may be diagonalized

(principal axis theorem); picking an obvious basis Es E E,, of the

Lie algebra gives .

IL +1, i#j

(EE, = ’ J a
0 otherwise .

It is now possible to substitute in Euler s equation as we derived it above,

to obtain

Piz, +1.) -(l.-1)a, a =o0,
dt | 2 2 17713723
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and two similar equations obtained by cyclic permutations of the indices,

This is the form of Euler's equations without potential usually found in

physics texts; it may be used to solve problems like those involving

the spinning top.

A similar situation occurs in the physics of fluid flow. If we have

a domain filled with a uniform incompressible ideal fluid, the group of

volume-preserving diffeomorphisms of this domain forms configuration

space, and, in certain conditions, is a Lie group. Euler's equation ,

in the form in which we have derived it, now yields

> >

(curl £) = curl( Ex curl £)

where §£ is now interpreted as the velocity vector field of the fluid.

This is known as Euler's equation for fluid mechanics.


