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GEOMETRICAL MECHANICS

Introduction

"Kinetic energy is- a Riemann Metric on Configuration space. "

We examine this statement in detail in order to illustrate the method

1
and purpose of this course. First, we define kinetic energy as T = 2 mvz:

in detail, the kinetic energy T of a particle with mass m, moving along

ds . _1 2 .
& s T = > mv .. In 3-space, with co
ordinates x,y, and z, ds2 = dx2 + dyz + dz2 .

an arc s = s(t) at velocity v =

If the particle is moving on the surface of a sphere of radius r, its posi-
Z

'

tion may be given by spherical coordinates :

]
e~
X=1rsin 6 cos ¢ / Ax

L—“‘?

y=1r sin 6 sin ¢

z=rcos 8 y
where 6 depends on the "latitude" and ¢ on the "meridian." Since r is
fixed,
dx = r cos 6 cos ¢ dO - r sin 0§ sin ¢ do
dy = r cos 0 sin¢ d6 + r sin 6 cos ¢ d¢
dz = -r sin do

An elementary calculation gives

2 2
dsz=dx +dy2+dz2= r2d92+rzsin ed¢2.

The equation
ds2 = rz dez + rz sinze dcpz
is an example of a Riemann metric. It is a symmetric (in fact, diagonal)

quadratic form in the differentials d6 and d¢ . This metric on the ¢ -6

rectangle (0;2w) X (0;7) gives arc length on the sphere.



-2-

However, this single (p - 8) chart is not enough. (A chart on the
sphere is a smooth 1-1 correspondence between an open set in the plane
and part of the sphere. In this chart, the angles (¢,8) are mapped to the
point they determine (r sin ® cos ¢, r sin © sin¢g, r cos 8) .) This chart
cannot describe neighborhoods of the north or south pole smoothly. So
more charts are needed.

In fact, it would be better to start over and use the two charts based
on stereographic; projections from the two poles. The first chart would be
the mapping of the whole x-y plane onto the sphere minus the north pole.
This is done by placing the sphere's south pole tangent to the origin of the
x-y plane and mapping ecach point (x,y) in the plane onto the point of the
sphere where a line (segment) from (x,y) to the north pole intersects the
sphere, The other chart is made similarly by placing the x-y plane tangent
to the north pole.

The sphere together with these charts is an example of a Differentiable

Manifold. We will frequently use differentiable manifolds (e.g. configura-
tion space will be defined as a differentiable manifold ...)
Two possible references are:

S. St'ernbe,rg, Lectu:es on Differential Geometry, Prentice Hall 1964

(It contains references to mechanics)
and

Noel J. Hicks, Notes on Differential Geometry, van Nostrand




The texts are:

Ralph Abraham, Foundations of Mechanics, Benjamin 1967
and
Mac Lane & Birkhoff, Algebra, Macmillan 1967 (contains references on

vectors, quadratic forms, modules ... )

. . . . 1 n
Let M be a "configuration space" with coordinates q ,..., 9 . We
pose the problem: given n particles, each moving in one dimension, with

masses mi, ey, Can we formulate the kinetic energy of this system
ds .2

. o . 1
as that of one particle of mass m moving in n-space. (i.e., T = 3 m( T
where s denotes an element of arc in n-space)?

The total energy T is the sum of the energies Ti , Where Ti is the

ith

energy of the particle., Thus

i

n
_ 1 dq’ \2
T'szi(dt) .

i=1
We need only define
2 n m.: 12
(1) ds” = > (—=-)(dq)
i={

to obtain T = %m(-iTs 2.. Moreover, (1) is a Riemann metric on configura-

tion space !

‘In general, a Riemann metric is of the form

n . . -
ds2 = -Z_ gij dqlqu ‘where (gij) is a symmetric and positive
i,3=1

definite matrix. Each gij is a constant or, more generally, a smooth

function.
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§1 Modules (including vector spaces).

Let K be a commutative ring. That is, K is a set of elements

(scalars) which is an abelian group under the binary operation + (addition),

with 0 ¢ K as the neutral element: that is,

for all k,k'e K, k+ k' e K; 0+k = k ; there exists -ke K such that
k+(-k) = 0

s k,+k, = k.+k, .

for all k 1Tk, 2tk

kz,k e K, (k,+k.)+k, =k, +(k, +k

1 3 1 2 3 1 2 3)

Also there is a binary operation . (multiplication), with 1 ¢ K as the neutral

element, satisfying : for all ki’kz’k3 e K,

e(k.ck.), k,*k, =k, +k
2 3

1 72 2 17

ok =k, kiokye K, (k k) k, =k

1 1712
Moreover, the distributive laws hold, viz., ki-(kz-l- k3) = ki'kz + ki-k3 .
Examples are 7  the ring of integers, (Q the ring of rational numbers,

and R the ring of real numbers. Moreover, @ and R are fields ( a com-

mutative ring K, is a field if for eachk ¢ K, k# 0 there is a k'ie K such that

-1=

k- k 1),

Definition. A K-module A isan abelian group A with right (module)

action by K .
AXK—>A

defined by (a,k) > ak and satisfying the laws

1. a(k + k') = ak + ak!
2. (a+aYk=ak+a'k
3. al=a

4. (ak)k' = a(kk').

If K is a field, A is a vector space over K.
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(Note: We employ the following "arrow" notation; for sets X and Y the
straight arrow X —> Y denotes a function from X into Y; the wavy arrow
Xmwsy shows the value y the function takes at x ¢ X. If we want to label

the function f, we write f: X —>Y or X -f—> Y . X is called the domain
X~ £(x) X~ f( %)

of £, Y is called the codomain (or range) of £, and if they are clear, we may

write f: x~—~»f(x).)

Definition, f: A—>B (with a~m~>f(a) ) is a homomorphism of

K-modules, if f is a homomorphism of abelian groups (i.e., f(ata') = f(a)+f(a'))
and f(ak) = (fa)k for all ae A, ke K.

If K is a field, f is usuaily called a linear transformation.

A,B)= {f:A—> B| f is a homomorphism of K-modules}

Definition. HomK(

the set of all K-module homomorphisms of A

into B,
The set HomK(A, B) is itself a K-module under the following definitions
1° (£+ g)(a) = fa+ ga

2° (fk)a = (fa)k .

The reader unfamiliar with modules is invited to check that 1° gives an
. o P
abelian group and that 2 satisfies the module laws.

Note: K itself is a K-module (the right action is just multiplication KXK-— K)

* def. . v . '
A == HomK(A, K) is called the dual (or conjugate) af A. Forexample,

b3
if K= IR , and A=V avector space, then V = Hom (V,[R ) is the dual

space. If V is finite dimensional with basis ei, cee s en, then V  has the
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dual basis ei, vees e” where e': V—> R is defined by
: 0 i# ]
e(e.)

Tt i

There is an alternate development in terms of coordinates: If

S i i . n ) .
* i 1 . 1 1
v = 21 ex ¢ V , define e : V—> [R (wai) , that is, e (zi e,xJ) = x*,
i= <

Further examples of rings and modules:

R[]

the ring of all polynomials in x with real coefficients

k
< i< .
{ao+a1x+... +a,x | k>0, aie[R , 0<i<k}

We illustrate how modules differ from vector spaces. Let K =2,

A Z-module is just an abelian group

a*n=a+..,.a if n2>20
——
n summands

:(-a)-i-,..'l‘(-a) if n<0

~ g

—
(-n) summands
abelian group

The Z3 = {0, 1,2} has addition modulo 3. For example,
Z -module

):C e, -

2+2= 2+2-3=1, The dual module (,743) = Hom.. (Z.,2)={£: Z ——>‘Z/_|.f is
. W P 3 3

a homomorphism of £ -modules },

is 0, because f(1) +£(1) +£(1) = f(1+1+1) = £(0) =0 e¢.Z . Therefore £(1) =0,
£

and £=0, and (Z

%
3) = 0, However, it is well known that the dual V  of
any n-dimensional vector space V also has dimension n. Therefore, if we

e
choose n> 0, then V &‘V+ 0.

b3
We develop further notation for V = {f:V —>K

f is a K-linear transforma-

tion}, where V. is, again a finite dimensional vector space over a field K., Write



def. *
(£,v) def. f(v) e K, for f¢ V and v e V. The equations

(f,vk) = (f,v)k
Show that £ is a linear transformation. The definitions
(£, +5,,v) = (£,v) +(£,,7)
(ﬂ(, V) = (fo V)k
%
show how V is a vector space.

£ . —
Define, forall ve V, ¥:V —> K (f~~>f(v)) ; that is, vV is the function

- e By X —_
(-, v)if—=(f,v). Now ¥ isin V = (V') and v~V defines a linear trans-

Aed
>V . (The proof is straightforward.) 6 is one-to-one

formation V

: He e
(i.e. ¥=0 implies v=0¢ V) and Vand V have the same dimension,
Hesle
therefore 8. is an isomorphism between V and its "double dual" V , The

isomorphism is natural (see Algebra, Ch.15,§5) and we will identify
R
Ve—/—"—>YV

V Anac—mane V
by this isomorphism.
We review dual bases in the ( , )-notation. If V is n-dimensional with
. *® o, . . . . 1 n
basis el, cesy en, then V is n-dimensional with basis e ,...,e where
i 0 i#

J 1 i=j

Proposition. (e ,v) is the 1th coordinate of v in the basis ei, ceea €

Proof. Let v = eix1 + ....+enxn , then (e, v) = (el,e1x1+ +enxn)
= (eJ‘,el)x1 +... +(e1,en)xn= 0+... +(el,ei)xl+... +0=x",



-§2 Euclidean Vector Spaces

A Euclidean vector space is a finite dimensional vector space W

over IR with an inner product WX W —R ((v, W) rmrv: w) satisfying

1. linear (vlkl, + vzkz)ow = (vl~w)kl + (vz- w)kz

. therefore bilinear
2. symmetric Vew = Wev

3. positive definite v # 0 =>v.v>0

X
For example, let V be all n-tuples }?ci with inner product
X, ¥y n »
,é . Y = E Xy, . The length of v is Nv-v . Since we wrote the
n n

elements of V as column vectors, it is suggestive to write the elements of

¥ Xy
)

V as row vectors (ai,...,an). Then (a.,x)=((a1,....a.n), "-n

n x
1 ~ L d 1
equals E anix1 which is the matrix product (ai, con an) ) .

i=1 X
n

'

F
If V has an inner product, then we have a natural isomorphism V &V
(vanr¥ ) ,where ¥(w) =v.w. ¥V is linear because ¥ = v.—, so indeed
~) * 3:‘ 3 .
veV , V—>YV is linear, because

(v Fv)(w) = (viv")ew = (vew) + (view) = F(w) +3'(w) = & +9)(w),
and

Gk(w) = (VK w = F(w)k = (Fk)(w).
V—> V* is one-to-one, since ¥ =0 =>v.v=0=>v =0, Vand V* have the
same dimension, so V — V™ is onto. We identif;r A% =‘:V'.>:.< by this isomorphism.
Let V have an inner product v-w, Take any basis ei, oo en. Then

let gij = e, ej € [R . g= (gij) is an n X n matrix, symmetric and positive



definite. Moreover, the matrix g determines the inner product!

n . n . n . o n P
i i : i
(> ety > ey) = > (epe ™ = > g oxd ]
Py =g J b 1) ioq b
i=1 j=1 i,j=1 i,j=1

But V= V*, so the dual basis ei, e ey en is also a basis of V, while

_the equation glJ = el- e’ defines a different symmetricl, positive definite

n X n matrix of real numbers! However,

i i i |0 7]
(e',e.)=e-e., =8, =
J J J 1 i=j
' i~ ] SR
P . g e . = = .
roposition. e % g ej and e J% gije

Proof. Because of the duality it suffices to prove only the first equality.

It is enough to test the equality by application to each basis vector ek (since
k k k ,

for all k, vie =v'.e => forall k, (v-v')re =0=D>v-vi=0=>v=v'.

We test n n n
ij k ij k ij_k ik def i k
(> gve) e = > ge,e) = 2 g6, = g == ele.
j=1 j=1

. ij Ny
We summarize: the g J change upper indices to lower ones, and the

s ij . .
gij change lower indices to upper ones. Moreover, g - 1is the inverse

matrix of g, .
1)

s . . n . . 1 n

Definition. A Riemann metric on - R (with coordinates @ ,...,q )

> n X n matrices over !R where

qi, ey qn)) and (gij) is a positive definite,.

n
is a function G: R

(@' ...,

symmetric matrix, and for each iandj the functions gij(qi, v qn) has

(gij = gij(

continuous derivatives of all orders (gij(qi, cees qn) € Coo). We let



n

. 1 .

dsZ = _Z- gij(q s ooy qn)dqld ) so that arc length is given by the integral
i,j=1

: = 1 n . dq dg
s = > q.(a (), ..., a () 3 dt

_ = J t dt

t=0 i,j=1
Again, to keep things simple, we consider a system of n particles, each
n
moving one-dimensionally. Our configuration space is R , where the co-

h

ordinates qi, ey qn correspond to the position of the n particles. If the it

particle has mass m, , its kinetic energy T is

1
1 dg” & _ 1 i,2
T =3 my( dt ) = 7wV
The second law of motion tells us that, if Fi is the force on the ith particle
2 i
then m, d C‘lz = Fi for i=1,...,n. We also assume that the system is
dt

conservative, that is, there exists a suitable potential energy function

n
Vv R —_ [R (i.e., a real-valued function on the configuration space) such
that the forces are F. = - BV. .
i aql

The above second-order system of differential equations is difficult to

work with, but by the standard trick of doubling the number of variables we

get the equivalent first-order system

i i .
m dv =F -dL=V1 i=1{,...,n

i dat i’ at - !

. . . . .. n, n
in a 2n-dimensional space with coordinates q ,...,9 ,V ,...,v . For

reasons that we hope to make clear later, we again shift coordinates by

transforming to momentum, p, :
i

(1) p,=miV1= dT. , i=1,...,n.

1 dvl




il

The Riemann metric, which you may recall we identified with the
kinetic-energy form, is a matrix gij whose only entries in this case are
the numbers m, on the diagonal; the transformation given by this metric

is exactly the transformation of equation (1). In our new coordinates

qi, ceey qn, Pi’ ceey pn , we define the Hamiltonian H=T +V, a.nd we get

2
1 Py . _ dT _ 8H
T=3 > m, ’ Vi‘dpi - op,

since V does not depend on momentum; and by the second law

dt d% aqi
or

\

P em

dt api . .
> 1= 1’.." n.

49,

dt api )

Typical conservative mechanical systems can be described by equations

in this so-called Hamiltonian form . The system of equations refers to the

coordinates qi, ceen qn, Pyoewes Py of a point in phase space; in the most

general case, the first n of these coordinates will not necessarily describe

a point of a vector space, as they do in our simple-minded exa.mplle, but a
point of a more general mathematical object. The last n coordinates, though,
will often refer to a vector space. foe whole business will be described,
mathematically, as the cotangent bundle of a differentiable manifold, which is
just a method of expressing the properties of the usual phase spaces of mech-

anics in a systematic and presumably more comprehensive way.
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Chapter I. Local Mechanics

§1. Functions

First, some preliminaries about notation. Following mathematical
usage, we refer to "the function sin," not "the function sin(x)," reserv-
ing the expression sin(x) for the value of the function sin at the point x.
"The function e " we write as "e " and "the function xz " comes out
as "(-)2 ", The value of the function f at x is £(x), or sometimes fx,

Next, we review some basic definitions from caiculus and ShO\'V how
they may be understood intuitively in terms of easy topological notions.
Recall

n m
Definition. If f is a function from IR to R , I is continuous at a

if, given €> 0, there exists a number & >0, such that |x-a| <& implies
. n n n n
[fx - fa] < e, If £ is a function mapping [R .to [K (in symbols ./ —R),

we replace |x-a| by -\/i (xi- ai)2 .

n
Now some topological definitions. In R , given a point a = (ai, cers an),
>

. . . 1 n
the open ball of radius & with center a is {(x ,...,x )] '\/2 (xi- ai) < 6},
If n=1, an open ball is just an open interval (open = not including end points),
while in dimension two an open ball becomes just a disk, (open = not including

the points on the circumference). We generalize this property of "a set which

contains none of its boundary points" in the next definition.
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Definition. An open set U in an is any union of open balls.

Be aware that there may be infinitely many open balls in the union
making up U, and that they may overlap; thus an open set may be a very
complicated object, with ragged edges, holes, disconnected pieces, and
other peculiarities you can visualize. But we can state the following (the proof
is easy): U is an open set if and only if, given 'a in U, there is a number
6 > 0, such that the ball of radius & with center a lies in U. In fact, in
terms of open sets the definition of continuity assumes the following new and
interesting form.

n m
Theorem. Let U be an open set in R , and £: U —> R . Then f{ is
: m
continuous at every point of U if and only if, for every open set V in R ,
- n -
iy is open in R , where f by = {x e U| £(x) e V}.

Here f-iv, called. the inverse image of V, is merely the set of all points

of U which f maps into V.

We quickly sketch the l.a;'oof of the theorem: if f is continuous by our
first definition, pick a point of f-iv, and take a ball of radius ¢ around its
image in V; then by the first definition there will be a ball of radius & sur-
rounding our original point and lying in f-'iV, which shows that f-1V is open.
The other implication is proved similar}y. For details on this, as well as
more facts about general topology, refer to any book on general topology.

The ith coordinate of a point in !Rm may be viewed as a real-valued
function qi: Rm R defined by qi.(a.) = qi(a.i, cees an) =a, ,i=1,...,m.

1

n Rm . i
Thus ¢: R — | yields m coordinate functions ¢, defined by
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0'(x) = ql(w(x)). By the partial derivatives of the function ¢ we mean the
i
usual partial derivatives <p‘. .
9q’

Definition. ¢ is C~ if all the first-order partial derivatives exist

and are continuous; it is C° if for each qpl, all possible partial derivatives
: . . s © ..., . k
of order £ k exist and are continuous; itis C if it is C~ for every k > 0.

A smooth function will usually mean a c® function.

n
Thus, the set } of all smooth functions f: IR —_ R forms a ring,
since if f and g are smooth, so is the sum f+g, where (f+g)(x) = f(x)+ g(x),
and so is the product fg, where (fg)(x) = f(x)g(x); and since the ring axioms

hold for this sum and product of functions.

§2 Paths, Functions, and Tanpent Spaces.

Now we come to the fur;damental duality involved in describing
the action of physical systems, a type of duality which we will see again and
again in this course, We have already met the smooth function f: U -—>]R
for U open in Rn. Its counterpart is the path, a smooth function c: I —> [Rn,
where I is an interval of IR . (Think of a point t ¢ I as a "time".) Notice
that for us a path is not just a string of points but a function, which specifies
for each t e I, the point c(t) reached at time t. At any point x of Rn,
consider all paths passing through x. ‘Each has its associated tangent vector
at x, which is shorter or longer depending on the speed with which the path

is traversed, that is, on the parametrization of the function c. We are about

to describe how these vectors form a tangent space. -




-15-

First, we define an operation relating the dual objects f and c.

Definition.. <f,c> = [—d-(foc)] , if ¢(0) = a.
=shinibion, a”ta t =0

Notice that we have the property

<£1k1+£2k2.’c>a. = <f'i,c>ak +<£2'c>a.k2'

Our object is to use the operation <, > to establish a dual vector space

1

relation between the tangent space and the set of differentials, which will form

the cotangent space. To see why this is possible, let us for the moment put

coordinates on [Rn. The path ¢ maps a subset I of R into U C Rn, and
f maps U into R again; thus the composite function foc, defined by the
rule (fo c)(t) = f(c(t)), is just a real-valued function defined on the subset I of
the real line. The chain rule for functions of several variables gives us

dlfoc) . af(c (t),...,cRH) | <=, af dct
at - dt - B 1-21 (aqi)q=a.( di e =0

.

Thus, it seems possible to represent the tangent vector to c by the vector

i n
de dc . . of of .
( e RE R s )0 , and the differential of f by the vector (aqi ye o aqn o

then <f, c>a is exactly the ordinary euclidean inner product of these two
vectors.

We choose, however, to develop these ideas by the moxrc intuitive, co-
ordinate-free approach., To do this we need the notion of equivalence relation,

a generalization of the idea of equality., We say = is an equivalence relation

on the set S if for all elements a,b, and c of S, we have a = a; a = b implies
b=aj; and a=band b=c implies a=c. Inwords, = is reflexive, sym-

metric, and transitive.
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It is an easy theorem that = divides S into equivalence classes;
that is, subsets of S consisting of mutually equivalent elements, such
that if any two elements of S are equivalent then they are in the same sub-
set. The crucial idea here is that we can now view each equivalence class
as itself an element in a new set W ; we decide that, since all the elements
of an equivalence class are equivalent, we might as well consider them as
the same object. As an example, let S be the set of real numbers, and
let s be equivalent to t if s-t is an integral multiple of 2 ; the set of
equivalence classes can be identified with the unit circle in the complex plane,
(See Mac Lane and Birkhoff, Algebra, Chapter 1, §7.)

We now use the idea of equivalence class té identify all those functions
on U which have the same "cotangent" vector at the point a ¢ U: We define
f=_g iff <f{, c>a =<g, c>a for all c. In coordinate notation, this means

a

the same thing as saying

for all i.

P

- (_8&
- =
9q la

Sql

a
It is not hard to see that the equivalence classes of functions now form a

vector space, which we call TaU, the cotangent space to U at a, or the

space of differentials. We just have to check the vector space axioms, first

noticing that f, =8, £, =_ g, implies f +£f,= g +g,

f

m

g, k a scalar implies fk = gk

and <fk,c¢> = <f,c> k;
a a
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and then, defining daf to be the equivalence class of the function f, we see
that we may write da.(f+ g) = daf + dag, and da(fk) = (daf)k, and the vector
space axioms are satisfied.

Now let b,c:I—> U be two paths with b(0) = c(0) = a, and write
«:i for qic: I——>[R . In a similar way we define b = ¢ tomean that, for

. . . dbt _ dci
all f, <f,_.b>a-<£,c>a (in coordinate notatmn,%-)wo = I )t=0 for

all i), Intuitively speaking, b and c are equivalent curves if and only if they
kiss at a ; that is, if they have the same tangent.ve'ctor there (same length
and same direction). If we write Ta.U for the set of all congruence classes
T.© of paths, we find that we can no longer duplicate the vector space con-
struction above, since the latter depended on being able to add two functions

f and g; whereas there is no direct and natural way of defining the sum of two
paths. We rely instead on the operation <, > to transfer to vector space
structure on T U to the set TaU' Here T U is the space of all differentials
da.f’ while TaU is the set of all tangents T C to paths c¢ through a.

Since the value of <f{, c>a depends only on the equivalence classes of £
and c, we can define <daf, -rac>a' to be the number <f, c>a. . Now the function
which takes T.C to the linear functional < -, T.C > :Ta(U) —> R isa map
from Ta.U into the dual space of T*U. We have

Taczfab<——">c.’=‘b<—'=> <f,c>=<{£,b> all £

> <—,T c> = <—=,7T b> ;
a a
a i .
thus, the map Ta.U —> (T U) 1is one-to-one. If we can prove that this map

is also onto, we will be able to transfer the vector space structure on the



-18-

range space (TaU)*to the domain space TaU in such a way that the map p

becomes a vector-space isomorphism. For this proof we must refer to the
i n

coordinates q of K. Recall that da,f = dag if and only if

5 | .
( 8f‘ ) =(—=5-) for all i. The function q', defined by q(a,,...,a )= a,,
aql a aq1 a 1 n i

i c s . . .
corresponds to the cotangent vector daq which is written in coordinates as

n

(0,0,...,1,...,0), where the 1 is'in the ith place. Hence daqi,...,daq

is a basis of TaU' In a similar way, we have n paths running along the
i 1 2 i n i
coordinate axes: x (t)=(a",a ,..., at+t,...,a0). Thus‘ﬂ-axl, cees T X

belong to TaU' (Note that x'(t) is defined for t sufficiently small, so

x':I1—> U is a path.)

Theorem. -raxi, ey -raxn form a basis of TaU’ a vector space ;
daqi, e da'qn form a basis of T?U 3
and
ES
TaU =~ (T?U) under the map p.

Proof. From what we have alréady done, it is enough to show that,
using the addition and scalar multiplication operations "pulled back" from
a b 1 n .

(T"U) by the above map p, T X eee, T X form a vector-space basis

1 n i
of TaU’ and that it is the dual basis of daq yooe ,daq . The -rax.l span TaU'
since if ¢ is any path,

(fc-i(dci)’ -rxi>—0
’ 1 dt t=0 a !

n i
' _ dc i dc
hence c¢ = 12 ( e )=O X" . So we can express any T C as E ( I )tzo-rax

i

..
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The dual basis condition is expressed by the fact that

C i 1 j=i
<d gir xJ>a = (_ﬂ.ﬂdo_x.L) = Q.E.D.
a a t £=0 0 j% i

(Remember that this is not an inner product but a function on two different
spaces, and thus we have not a single orthonormal basis but two bases which

i o
are dual, in the sense that e ej =<e’, ej> = 6:1j .)

Now at last we can justify our use of the term "differentials" for ele-

ments of the cotangent space, for we compute

n .
<i-> ) de> = o,

i=1 9q
and hence

of i
df = > (—) d.q
9q° 2

which is just the usual formula for the differential of a function of several
of i K
—) = (—)

, we will also write T_x
aql a . a

Our coordinate-free set-up becomes really useful when we consider

. ; i .
variables. Since <f,x> = (
a

the effect of a smooth function ¢ mapping U to another open set V. If

c is any path in U passing through a, ¢ carries that path into a path in V
passing through ¢(a), namely the path represented by the composite function
poc. It is easy tc; check that this gives us a map from T?U to TaV, defined

. The dual situa-

by -racw—'rq’(a)(qooc). This map will be called T 9 O ¢

tion is completely symmetric, only everything is reversed. Namely, if h is
a smooth function on V, then ho¢ is a smooth function on U, and thus

o(a) a : : :
d¢(a)h Mda(how) maps T 7'V —> T"U. (Note that this map is backwards,

from V to U.)
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If we view intuitively a
tangent vector as a small

geometric vector (a.n arrow) U

lying in our open set U, then
the mapping (P.’,‘ "carries" each

such arrow in U to a correspond-

ing arrow in V. Dually, we may view

a function f from U to IR as a

"collapsing"” of U onto some line,

analogous to the projections of a two-

dimensional set in the plane onto the x- R D W

and y-axes. The effect of the mapping \ / \

¢* or da(o which ¢ induces on the

cotangent space is to take a collapsing of V and from it get a collapsing of. U
by first mapping U to V and then collapsing V. We summarize the situation

as follows

~ a
da(fcup) T°U T U T
To=9¢ T ¢=9, %
a, .t r9(aly T VWV + ¥ o)
¢(a) ~ o(a) ¢(a)

Moreover, we have the following "self-adjointness“ rule,

~o

~ d ~
<d f¢, 7 c> = <d f, c> = ——(fopcc
2E0 7% T ) T(a)? ey T e (0P g

called that because it can be abbreviated <f ¢,c> =<f,pc>.
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When we introduce coordinates ql on U and a‘l on V, the chain rule
gives us the following formula for transforming the base 3/88:1 of T¢(a)V to

that of T U:
a

: ~j
o/oq = > 2ldoe) ..

Thus we may write

J

where ai is the m X n Jacobian matrix

. ~j .
9 9 ~
af = Adeo) | oo, (2T,
i 1 a * 1
9q 9q
Similarly

o¥ (

. . j . .
< 2 g (o) = (P 00) y 44 = Jaqh
dayd) = 4, (Te= > rat a9 > aldq .
If now U1 L UZ —i—> U3 we get induced linear transformations
i , doxi )
Ta(Ui) > qu(a)(UZ) > T¢(¢(a))(U3) ; by considering the effect of

the composite map Yo¢ on a typical curve in Ui’ we see that ( Yo )*.zz Voo, -

P

In the dual case, there is 4 reversal of order, called contravariance in

general: ®
K e,

(o) df = d(f o) = ¢ d(fy) = ¢ Y df.

If 1 denotes the: identity map taking every point to, itself, ‘then it'is clear

that: we have '1* =1, 1 ='1; and thus, in particular, if U= ¢ -1 then
-1

by = ()
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§3 Tangent Bundles

Now imagine our open set U of n-space as if it were a 2-dimensional
sheet in space; over each point of U sits the tangent space at that point,
an n-dimensional vector space. If we now imagine the tangent spaces as
stalks which are tightly bound together by the structure of U we have en-

visioned the tangent bundle of U, written T.(U). The points of T.(U) are

the pairs (a,v), where a is a point of U and v is a point of Ta.(U)‘ Since
a and v are both points of n-space, we imagine the pair (a,v) as lying
in IRzn. This concept should be clear enough from physics: the point a is

the position, and the value of v is the (directed) velocity at a, which taken

together form a point of phase space; since in general, to describe the
future motion of a particle we need to know only its position and velocity, it
seems likely that the tangent bundle will be a natural setting for the study of

mechanics. Even more useful is the cotangent bundle, T'(U), ‘which is de-

. . a .
fined to be the set of pairs (a,w), where this time we T (U); that is,
w=d.f for some function f. We have natural maps, projections, in both

cases:

.rrﬁ

: T, (U)—> U; m.(a,v) = a
T THU) —> U; 7 (a,w) = a
comd

Notice that if a is a point of U, the complete inverse image - (m:. “)(a) is

always a vector space.

By a vector field X on U we will mean an assignment of a vector Xa

of TaU to every point a of U, such that the correspondence am> Xa is
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"smooth"; to be precise about this, we regard X as a map of U into
T.(U). Since Xa ¢ Ta(U)' we can write X as a~~(a,Xa).

Definition. A vector field is a smooth function X: U—> T.(U) such
that the composite woX is the identity function: woX = 1U .

The last requirement means simply that

X : umme(u, some tangent vector at u),

Recall that the vector space TaU has the basis daq1, ,daqn , Where
the qi are coordinates in U. It seems natural to put coordinates on T°(U)
so that the point (a,w) ¢ T*(U) is viewed as (qi, cees qn‘, hidaqi, vees hndqqn),
where the qi and the hi are the coordinates of a and w, respectively.

1

' 1
Thus w=nh daq +... + hndaqn. In a similar way, we put 2n coordinates

on the tangent bundle. We have seen that, if f is a function on U, then

- ot i
df= > (—), da

1

oq
is a point of T?U. Hence we can write
' of i
(*) df = > (—) dq
9q

for the function which assigns to every point a of U the cotangent vector
daf; it is thus the cotangent-space analogue of a vector field. Expressions
like the above constantly pop up in physi¢s; for example, if the three com-
ponents of force in space are represen;ed by the functions Fi of x,y, and z,

the infinitesimal work is usually defined by

dW=F1dx +F2dy + ?Sdz'
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When we interpret dW, dx, and so forth, not as infinifesimals, but as
cotangent vector fields, this equation resembles equation (*). This will
actually be the way we put the notion of "infinitesimal" on a sound mathe-

matical basis.

§4 Vector Bundles

Take a long narrow strip of paper, draw a line down the middle length~
wise, and paste the ends together by twisting once.to form afigure called the

mobius 'strip. The line down the middle now becomes a circle, and the

surface can be thought of as composed of vectors ("fibers") perpendicular to
the circle and radiating from it. We are about to see how the mobius strip

can be viewed as part of a vector bundle over the circle.

First we define the simpler notion of pre-bundle. Given two sets U

and V, their cartesian product U X V is defined to be the set of all pairs

(I_u,v) with ue U, ve V. Given sets G, E, U, and maps ¢ and T forming

the following diagram

E
T
: X
G —2 >y
we define the pullback G XU E as the universal object making the square
G XU E > E
| w
v
&—7U

commutative; (universal objects and commutative squares will be defined in



due course). Specifically, the:pullback:tan be defined as the following set:

G X, E= {(e,g)| e E, ge G, we = og}.

B
A pre-bundle, usually written l‘rr » is a pair of sets B, U and a map
U

between them such that B and U are open in some Euclidean space, T is a
smooth map, and on each fiber -u-'l(u) = {b l be B,wb = u} there is a smooth
addition and a scalar multiplication defined so that each fiber forms a vector
space. By this we mean that

(a) if bl’ bz ¢ B with -n'(bl) = -rr(bz) (i.e., b, and b, are in the same fiber),

and if k is a real number, then there are points b1 +1:>2 and blk in B

with (b, +b,) = m(b k) = m(b) ,

(b)" the resulting operations on each fiber satisy the vector space axioms,
so that each fiber by itself becomes a real vector space,

(c) the maps +:B><UB —> B and « :BXIR—>B are smooth.
To state property (c) we must make the additional postulate that B XUB, the

pullback in the diagram B X__B > B may be embedded in some

9}
T

v

B———>U
Euclidean space as an open set. U is usually called the base space, B the
total space, and w the projection of B on U. Notice that while U is an

k .

open subset of some vector space IR, U is not itself a vector space.

Neither is B; instead, it is made up of a lot of vector spaces glued together

like a bundle of sticks.
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The easiest example of a pre-bundle is the product space UX YV,
where U is an open set in RrR" and V is a real vector space, V = RrR™
for some m. When we define T(u,v) = u, we see that the fiber
w-l(a) = {(a,v) ’ v e V} is just a copy of V, and so inherits the vector-space

structure of V. One can check that the other requirements are satisfied.

Such a pre-bundle is called a local vector bundle.

Suprisingly enough, the tangent bundle to an open set U is a pre-
bundle, (indeed, a local vector bundle) with U the base space, T.(U) the
total space, and w:(a,v)~m~»v the projection. Moreover, there is an iso-

o

>U X R™ obtained by mapping (a,v)m(a,(vi, ,vn)),

morphism T.(U)

where v has coordinates v! ; that is,

This isomorphism is a bundle map, in the sense that points lying in the fiber

over a point a2 of U are mapped into points in the same fiber. More

generally, the pair of smooth maps (H,h) in the diagram B —H—>
T T

¢

U —bh >

C—-

is called the bundle map if #H = h (that is, if the diagram commutes), and

if the map H is linear on each fiber. The first condition means that the fiber

over a is mapped into the fiber over h(a); the second can be stated

wb, = wb, => H(b, + b H(bk) = H(b)k.

1 2 1 2)

A cross-section of a pre-bundle is a smooth map ¥ : U—> B such that

= H(b,) + H(b,),

ax = 1 U’ in other words, x(u) lies in the fiber over u . For example, we



always have the zero section: x(u) = 0, all ue B. Inthe case of a local
vector bundle, for any constant vector v, of V the map unms(u, voj is

a cross-section. In general, the set of all cross-sections of a bundle T,
denoted by I'(w), has an add?tive structu.re [()‘(,1 +x2)(u) = Xi(u) + xz(u)] |

as well as right multiplica.tion not just by ordinary scalars but by real-valued
smooth funictions: if f ¢ 3" , (xf)(u) = x(u): £(u). Since xf and X1“'X2 are
also smooth, we find that I (7) forms a module over 9" .

Now that we know that T.(U) is a pre-bundle, we can redefine a vector

field to be a cross-section of T.(U). The inevitable dual object, a cross-

section of T°(U), will be called a differential one-form, or a co-vector field.
Before considering these creatures, we observe that an ordinary vector field
may act on functions much like a directional de rivative; that is, given a func-
tion and a vector field, we define a new function whose value at every point is
the derivative of the original function in the direction given by the vector field
at that point, Formally, given ge 5‘ and X ¢ I (w), define
(Xg)(a) = <dag,Xa.> .

It is important not to confuse Xg, which is a function, with the vector field
Xg, the product of the cross-section X of T.(U) with the function 'g. The
context should usually make clear whic:}} one is meant.

Since T (U) is a pre-bundle in exactly the same way that T.(U) was,
it makes sense to speak of a cross-section of T'(U), and such a function &

will be called a differential one-form on U. For example, if f is a smooth

function taking U into IR, the function df defined by df(a) = (a, daf) ¢ T'(U)
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is a differential one-form. From the ith_coordinate function ql, which maps

a point of U to its ith-coordinate, we get a form dql, and we can express

df for a general f in terms of this basis:

of 1 of n
( ) d.q )

)dq....’
aqi a a aqn a a

(1) df(a) = (q'(a), ..., q%a),(

The differential one-forms are a module over 3" , just as the vector fields
were; given a form w and a function g e 3 , we define gw (a new form) by

the equation gw(a) = (a, gla)wa) if w(a) = (a,w,). Then formula (1) shows that

of i
at = > (—)dq,
9q

which is now a rigorously based statement of the familiar law of partial
differentiation.
It is easy to see that any differential one-form on U can be written as

n : . .
i . I
w= E h dq1 s, where the h' are n smooth functions on U, But it is an

i=1

important fact that in general not every form w is of the form df for some
smooth f. This problem is related to the well-known condition for exact-

ness of a first-order differential equation (cf. Apostol, vol. iI, p. 239). Thus
we can define a one-form w to be exact if there is a smooth function { on U
such that w= df. In a simply-connected two-dimensional region, like the
interior of a circlé, a necessary and sufficient condition for the one-form

w= hdx + k dy to be exact is that 3h/ay = ak/Eb: . In general, however, this
is only a necessary condition (cf. Mackey, p.18, footnote), so we define a new

expression, the differential of w, as
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n i j s ..
dw = i’jzi ai}; - azl: ) dq1 qu if w= 2 hldq1
i<j
“and we say that w is closed if dw= 0. Thus any exact form is closed but
not vice versa., The proverbial "alert reader" may have noticed that the
above conclusion depends on the definition of exactly what dqi dqj means;
for the moment, however, we merely point out the analogy between the form
of dw and that of the "curl" of a vector field in three-space, which allows us
to compare and contrast our condition for a form to be exact with the common-
place of physics that a field has a potential function if and only if its curl is
zero. (It is worth pointing out that in n-space there are ﬂr;‘_-il different
dqidqj for i and j ranging between 41 and n, i<j; when n= 3 it happens
that %n(n-i) is also 3. So while in the three-dimensional case the curl of a
field is a vector of the same dimension as the field, this need not be true in
general. )

We previously considered the effect of a mapping ¢: U—> U on cotangent
vectors; for each point a of U, ¢ induces a linear map qo*: T¢(a) U — Ta'U.
It is easy to generalize this to the case of differential forms. Let ® bea
one-form on G; we desire to construct a form qo*% on U. Given a ¢ U, we
have ¢(a) e U. If @(ea)) = (<p(a.),w): we T¢(a’)(ﬁ), then define
(¢*®)(a) = (a, 9*(w)) where ¢%(w) ¢ T(U), so (a,¢*(w)) e T*(U). In a typical
physical application, @ would represent the work for some displacement, and

¢*w would be the same work function expressed in terms of a different general-

ized coordinate system , given by the change ¢ of coordinates from U to T .
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In the case where w= df , wWhere T is a real-valued smooth function

~

on U, we can derive

n .
¢ (aT) = &Too) Z 2(To0) aq’ .

q'
In particular, '
. m ~1 .
%y .~1 9
o*aqh) = > - ag’
j=1  @q

~1
. j 8
Here the coefficients of dq‘] form the familiar Jacobian matrix —-1—-1-(8 ; e,
g .

~ e A . ~ J . %~ ~
Moreover, qo*( fw = (¢ L) (p*w) = (Too)(o w), where ¢ £ = fogp; and
when we have defined the operator d on forms it will turn out that

3 EY
d(e ‘w) = @ ‘(dw). These equations can be interpreted as properties of the

map qo*: (T’ ff)—-—)l“(T‘U) where I'(T"(U)) is the 3" module of all

7

d1££erent1a1 one-forms on U.. Finally, if we have the diagram of maps

)—‘P—> r(r*u,) £ 0

U —>Uzi—> U, then I(T'U

. > I(T'U,) and

3

* %, % %
we have (Y¢) w = ¢ (U (w)). We saythat ( ) is a "contravariant functor".

We can pull-back not only differential forms but also whole pre-bundles

~

along the map ¢ . Specifically, given the situation T_“_ where B

U—2—7

is a pre-bundle, construct a new set

B = {(a,%)[ ae U,";eg, and <pa='11'r1\3'} .
(This - set B is exactly the "pullback":_.UXN B discussed earlier.) If we de-
fine "rr(a,%‘) = a € U, then it can be shown t1-:Ihat B is a pre-bundle. Intuitively

speaking, given any point a of U we have found the fiber over the image of

a under ¢ and made that fiber the fiber over a in our new bundle. Notice
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that if B isa tangent bundle then its pullback need not be; for example,
if U is some open set in the plane, and -U is a line lying in U , the pull-

back B will have a two-dimensional vector space over each point of U,

whereas the tangent bundle to a line is always one-dimensional,

§5. The Lagrange Equations

(As a reference for the following discussion of the Lagrange equations, cf.

Goldstein, pp.10-18, and Whittaker, pp.30-35.)

. 1 3N
We consider a system of N particles with coordinates x ,...,x ,

moving subject to contraints, in such a way that ti,he system can be described
by n generalized coordinates q1, “oos qn. For example, the position of a
sphere rolling on a plane is completely determined by x and y, the coordi-
nates of the center of the sphere, and the three Eulerian. angles 6, 4,¢ which
determine how much the sphere rotates. We make the assumption that the
constraints are holonomic; that is, we can make small displacements in each

J (a)

independently. Given applied forces Fi and constraint forces

of the
Fgc) in each of the euclidean directions xl, i=14,...,3N, and under the
assumption that the forces of constraint do no work, we will show that the

system obeys the Lagrange equations

f
d 34‘ 3.7
d ( -)' = Q. ’ j=1:°°°on

1

1 . .
where J = (qQ,...,q", 4% ,...,4"%) is the kinetic-energy function, and Qj

is called the "generalized force in direction j" as defined below.
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Newton's laws tell us exactly how the system behaves when viéwed in
3N
the framework of euclidean space, IR ; our problem is to describe it in
the configuration space U whose coordinates are the qJ. Since we have an
. 3N i I
evident map ¢: U—> R which merely changes the q -description of a
i 3N )
state of the system to the x -coordinates of [R ,» a natural step is to try

3N
to "pull back" the laws of motion in ]P along ¢. For example, if

W = 2 +F°))dx

is the differential form corresponding to work in euclidean space, then ¢ W
gives the work in terms of the qj. This is so because the change of the state
of the system in time is described by a path in [R_BN; but since we consider’
only motion subject to the constraints, each such path is the image under ¢
of a path in U. Now the "self-adjointness" rule given above for pullbacks
makes it clear that WU = qg*W has the same effect on a path of U as does W

~ 3N
on the corresponding path in R . Computing,

v L), o) =
W = > ¢ (F)™+F'') > —F dq
. 1 1 :
i=1 j=1 oq
n n
a) ox j c) ox
-SSR 2y (S
= J = J
j=1 i oq =1 i 9q

where we have identified F and cp*F = Fo ¢ (that is, the force F as a function

of the x* and F viewed as a function of the ql) as is the custom in physics.

=(c)

Since we have assumed that the F.

. 3N i

E\ Q. qu where Q.= > F.(a) 8},.

= j b=y 1 J
j=1 i=1

9q

do no work, we get




are the generalized forces; "generalized" since they need not have the
dimensions of force, although the product qu_J always has the dimensions
of work,

The situation is now as follows

J
T.(U) ———>T. ([R > [R
l \\\\(x ) oee ,x3N, xi, ...x3N)

U—t—s R

“q \
>\\\ Ny
where the map @ is defined by &(a,v) = (¢a, ¢*v). As above, we will

+ @
T when we really mean 3(3—1-2- .
9q 9q

Then we have the following straightforward derivation of the Lagrange

follow the convention of writing

equations, starting from Newton's second law:

2 i .
mi de = Fga)“-FjFC) ’ i=‘1',., , 3N,
dt
therefore
n 3N 2 i xl 3N (a) (c) n 8xi n
1) > (> > j)dJ“ > E+E )E-—quJ=EQquJ.
j=1 i=1 at“  aq i=1 j=1 aq j=1
dx 2. ox ox
Now x = = - z — q’. Therefore = — . Hence
i=t 8¢ 9q dq’
a®x  ox d .. 9x d,. 9\ .d,8x, d,. 0%, . 8 ,.
= — (k) (% ) - x—( =—(x—) -x (%)
a? b W agd T d eyl T g 8q’
R YRR N B O BE <
dt 2 27"



-34-

= j 2.4 8 ml"‘iz ) mixlz j
By (1), > Qdq = > [ —— > - > Jdg
J — " dt 3t 2 J - 2

j=1 j=1 oq i oq i

n

d , 8J 97 j
= > (5 50 T )da’ .
j=1 9q 9q

Since the qu are independent, we can equate the individual coefficients and
get the desired Lagrange equations,
What is really going on here? A {first clue is that our formula

d 0xX +j
Tt = 2 =X qJ is just a special case of the formula in coordinates for
0q

Ta(w), the map induced by ¢ on the tangent bundle. We have really "lifted"
the path c:I—> U, which describes the change of the system in time, to a
path T:I1—> T.(U), where T(t) = (c(t), &(t)), and examined its form under

the map ®. More pertinent is the reason why we have organized our equations

~of motion in this f{:rm to begin with. Examining the derivation above shows

2 i
that we expressed Newton's second law, m, d }; = Fl, in terms of
dt
. 87 d 8. g . .
j E—m 1,,gett1ng d( j ) = —( J ) = ——'=F_,.i51,...,3N, the
dt dat 7 i i i
8; ox ox

Lagrange equa.tions in euclidean space; we then pulled back by ¢ to geta

system of equations in the same form with respect to the ql. What matters

here is that the Lagrange equations in fact remain invariant under pullback

by any 4-1 map ¢. This will be done in the next section,

§6. Lifting Paths

Let W be a differentiable manifold, and c:I—> W be a path in W,

We define the lifted path € :I—> T.(W) in the tangent bundle T.(W) by
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T(t) = (c(t),'rc(t)c). Let ¢:W —> U, Then (T.¢)(T) = (pc), since by
definition @¢(t) = (ec(t), T,ct(9e) and (T.)(R(t) = (vc(t), T jolr ) by

definition of T.¢. We indicate the relationships of the above functions by

a commutative diagram

If we choose coordinates ri, ceny rm:W —>R for W and

1
Q a0 qn: U —>fR for U, we have coordinates

-1 M

T yeeeyT :ri'rr,...,rm,'rr:T.W >R for the tangent bundle of W and

511, eo ey :qn; qi‘rr, ooy qn'n': T.U —sR as coordinates for T.U,
i
9q L2
ord

i
(= -Zja- for short), where i=1,...,nand j=1,...,m. The Jacobian of
T

T.¢ is defined similarly. It is a 2n X 2m matrix of the form shown below

The Jacobian J = J(¢) of ¢ is the nX m matrix defined by .]"jl =

1 m .1 .m
r e e @ r r o e o r

qlf

’ J(e) 0

qn

A

q

. ? T(e)

Ppel

The lower right block can be calculated as follows

m i

dq1 _ %\ Bql dr! .1 oq"  .j
e i T B
j=1 31‘ j:i ar
Therefore . .
» 1 i
99 _ 99

= - for all iandj.
a3 o1’
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Thus the equations for the transformation T.¢ in terms of coordinates are
i3 gt i 1 m
q = E—qj— o, o qgEe(r, .., ).
j=1 or

The invariant description is T. ¢(b, -rbc) = (¢b, T¢b(¢c)).
Given U, w ai-formon U, and J:T.U —-R a smooth function,

we define: a path ¢ in U satisfies Lagrange's equation (with respect

to J and w) in the coordinates qi. ey qn of U where

= j - 1 .4 )
w=zQ'qu L J’=\7(q So-o,qu.:';q ,oo.,qn)
j=t
if
d 87 \/n 97 n .
() FU=P@ - (FpAF) =Qe , i=t...,n.
oq 3q

The functions are indicated in the diagram:

N T.U "7
iy
>U 1 >R

As a special case, suppose the forces are conservative. By definition,

I

the 1-form w (the work) is conservative if and only if there exists a smooth

function Y : U —R - with W= - d.‘;/ , in coordinates

L i o " i 9V
> Qidq1 = - > -?—/ dg" so Q, = 9 1 . Thus (1) becomes
=1 i '

i=1 E')q1 ' 9q
dlt ( 81; )?:’] - 31-1: )T = 0, where L is defined by
9g 8q

L=(7-V+m):T.U—R



-37-

We now state the theorem asserting that Lagrange's equation can be

"pulled back" along a smooth map "¢.

Theorem. Let ¢: W—> U be a smooth map between open sets
in euclidean spaces, while w is a 1-£o‘rm on U and J a smooth function
on T.U, as above. _If ‘¢c:I—>W is a path in W such that the composite

path ¢c satisfies Lagrange's equation (with respect to J and w ), then the

!

path ¢ in W 'sa.tisfies:La.grange'é equation (with respect to J(T.¢) and

Proof. If w= z Qidql , for Qi smooth functions on U, the form

¢*w is given in the coordinates r’ of W as

n

o¥u = > 2 Q agi a0
jooi=1 5y

This can be written as Z Rjer , where each

n ai
R, = >, Q S 5=1,...,m.
I = ar’

We are given, on the path ¢oc , the equations

d ,97 8.7
(

o .)" . = Q. ) i=1,...,n,
dt 34':11 8q1 i
(here J is short for To¢cc, 'Qi Jfor Qi° ¢oc). Multiply the ith equation
9ql
by —l_  andaddover i to get
ar) '
i
da ,97, a 9.7 @ 9q
DR vt b P s s ML e MY
i 9q or i 9q or i or

(here again everything is, through c, a function of t) By the rule for

-~ 1
. s o 2 . .
differentiating the product — , this can be rewritten as

5q" or
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S22l 2.2 4k, 5] 2y

8(11 ar’ i -3611' dt "5, i 8q1 ar’ J
The second and third terms combine to give 8;73;) ;s as for the first term,
' or’
' . i
9 J.¢ - z 2 \71 Bq. + 2 aZ 39‘ )
ar’ i 2y o% i aq oy
(here —3— =0 and i = 24 | 45 noted above). Hence the whole
3’ 31’ 9’

equation (really with the path ¢ substituted in) becomes

d .87 a7
el Bl )
or or

and this is Lagrangeis equationon W. gq.e.d.

As a corollary we can prove the invariance of Lagrange's equation
under a change of coordinates (i.e., under a smooth map ¢ with a two-
sided inverse).

Corollary. If ¢:W—> U is a smooth map with a smooth inverse
¢-1: ‘U—> W, while c: I —> W 1is a path, then ¢oc satisfies Lagrange's
equation with respect to a function L and a form w if and only if c¢ satis-

i S
fies Lagrange's equation with respectto (T.¢) L and ¢ w.

This invariance under any change of coordinates is the advantage of
Lagrange's equation over the original Newtonian equations. In the next
section we give another explanation of this invariance.

The conservative case is that in which the 1-form w on U which

represents the work is the differential

w =d"/
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of a smooth function al/ : U—>R  called the potential. The function Y%

can be lifted to the tangent bundle as “)/om:T.U ——>[R , and we often

write 'l/ for 7/ew. Then the Lagrangian function L is by definition
L=J -V :T.u—R

and Lagrange's equations clearly take the form

d ( 0'L ) - (2 .L

dt aél 5 ql

=0 ,1i=1,...,n

Here L is of course short for L°& , c¢ -a path. Expanding the derivative,

these equations are

n 2 n

9°L .. o°L . oL
> i..j J+‘2.J qJ’_i_=°'
j=1 09qoq j=1 o0q oq oq

a system of n second order differential equations.
We give an application of Lagrange's equation. Recall

L=( 7 -V ): T.U —R  and Lagrange's equation is

d oL oL .
-d—t[_i] =—i 1=1,o.-,n~
0 oq

We will use this to derive the equation of motion (acceleration) for

Atwood's machine: —_—— U —
i

)

a (massless) pulley supporting 1' :
a (massless) chain with a weight m, ? , E .
a distance q below the center o;S the _iL m, E
pulley and a weight m, a distance (£ - q) m, _L

below the center of the pulley, where £ is

fixed. As indicated, thére is just one generalized coordinate q.
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We calculate J = —;- mit';z + -;- mzc'l2 and °l/ = -m, gq - ng(l -q) =

- mi)gq + constant, therefore L = 1 (m1+ rnZ)Ei2 - (mz- mi)gq + constant,

(mm ;

2
o 'y aL - e l _a_I-‘— - o0

We differentiate 3 - (m1+ mz)q e [aél 1= (m1+ mz)q and

oL

9q

q= ((mi- mz)/(m1 + mz))g,' a second order differential equation which can

= -(m2 - m1)g. We equate (mi-l- mz)q' = (m1 - mz)g and solve to. get

readily be integrated.
We give a problem for mathematicians: Find the accelerations of the

system shown below. The mass of the weights is indicated by the numbers

labeling them.
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§7 Hamilton's Principle.

The fact that a path ¢c: I —> U satisfies Lagrange's equation is, we
have seen, independent of the choice of coordinates in the configuration
space U. This fact can also be explained by Hamilton's principle, which
asserts that the solutions of Lagrange's equations are exactly the curves
which "minimize" a certain integral formed from the Lagrangian function L.
To cover the most general case, we willassume that L depends not only
on position and velocity but also on time; that is, that L is a smooth
functionL: T, U X I —> R . In coordinates, this means that
L(ql,...,qn,éll....,ﬁn,t) eR .

Given fixed points a and b in U, we consider paths SR from a to b;

thatis, ¢ :I—> U with t ,t. €¢I and c (t )=a, c (t,) = b, We can lift
o o oo o'l

1

c, to a path 'E'O:I—-> T.U X I, the identity on I. We want to compare <.
with other smooth paths with the same endpoints a and b at the same time

t
1 ~
t, and t,- For any path c, let J(c) =f (L<T)dt. We want to prove
t
()

Hamilton's Principle: If co:I—> U is a path from a to b in U,

then <, satisfies Lagranges's equations for L if and only if the corresponding

integral J(c) is "stationary" for c = c,

It remains to explain "stationmary" for functions of paths like J.. In the

simpler case of a function f of a real number ¢ , we say that f is stationary

d : .
at € if —diﬁ =0 for €= €, - Thus a function is stationary at a maximum,



-42-

at a minimum, and at other points (horizontal inflections). Similarly,

J’(co) will be stationary for <, if <, is a minimum (J(co) < J(c)) or

a maximum or ... . More exactly, J is stationary if the corresponding
function of £ is stationary at SR whenever < is embedded in a one-
parameter family of paths. Such a family is described by a smooth function

C:IXI—> U,
(e,t)~~—>C(c,t) , fe I, tel

where C(&,to) = a, C(&,t1) =b, and C(0,t) = go(t). In other words, for
each ¢, C(é,-) is a path from a to b, while for & =0, C(0,-) is the
given path C, . The situation is that of the following figure

C

‘I XTI - > U
€l .

- AANANAT
o =

1:0 t:l tq

By lifting each path, we get C:IXI—> T.UXIL Then J( 8) =f (La)dt,
) t
o

is a function of € . Calculate

43(C "1 9 ~ ot \_T\n; dL ~a‘i-~ 2 8L 8 L
—_L-L :J. —_— (LC) dt = (::/ — _ﬂ_ + ; | — 4— ) dt.
d ot e i 0t oy i 0ot
t t i=1 9q i=1 9q
o o
98" 4, aq
Note that 3t - & ( 3¢ ) and the, integration-by-parts - formula
t t
1 1 : ty
v g o= - Y yva + uv .
¢ dt . dt ¢
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. . .t
23(®) _ [ d 8L,y dq oL aq" dL dq"
Therefore, =75y '/ [2[ w N T e et 2 o
9q 9q R 9q t,
=0
(the last part equals zero because the paths have the same endpoints)
n i
d , 9L oL ., ©
=2f el e 15 a .
i=1 9q 9q
‘Therefore, if the Lagrange equations hold along c. then %(TCC-Z- =0.

Conversely, we show for a path: <, that if J( 8) is stationary for every
one parameter family C containing c, as above, then <, must satisfy
Lagrange's equations. The proof will use the "variation" of the path given
by a smooth n:l—> fRn with 'q(to) =, n(t1) = 0, The "variéed"™ path
is the one parameter family C with

C(e,t) = c_(t) + ent)
(assume that m(t) is small, so that C(f,t) still lies in the open set U of Rn)
Then for the coordinates we have
q'Cle,t) = qi°c°+ gdion TE

For this family the calculation above shows that

as(c) &M d , 0L ~ 8L o~ , i
de =2 | - %) —T &land-=o.
E=0 i=1Yt 94 9q

(o}

This holds for all m; we wish to conclude that the expression in brackets
is zero for each i, for this will give us Lagrange's equations. If we call

this expression M, this will follow from the following lemma.
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Lemma. If M:I—> R is a smooth function and if

£y
f Mndt =0
¢

o

for all smooth functions n:I—>R  with n(‘ta); = n(t‘t)" = 0, then M(t) = 0

forall ¢t with t <t<t, .
(o3 1

Proof. Suppose instead that M(t) #+ 0 for some t= t,, say that

and we can

M(tz) > 0. Then M(t) > 0 on some small interval about ty

choose a "bump" function b:l —>[R  which is smooth, zero:Gutside the -

interval, positive inside this interval,and 1 at t‘z: /\
.\

)

Then choosing m = bM as variation, the hypothesis gives

ty ty 5
Mndt = bM® dt > 0.

t t
o] o]

This contradiction gives M =0, as desired.

’I‘he methods used here are those of the Calculus of Variations. The
result can be formulated more generally, as follows

Given h:T.UXI—>[R , consider paths co:'I —> U which make
‘jfti hT dt stationary in comparison with other paths c, c(to) = co(to),.
c?t1) = co(t‘l) . A necessary conditiom for this is Euler's equation:

d , dh oh L
dt(a‘i ) - . '1—1’00.’n'

3q1

In the special case when h is the Lagrangian function L’l’ Euler's equations
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are Lagrange's equations. In more general treatments, the smooth paths

used above can be replaced by "piecewise'smooth paths.

§ 8 Bilinear and Quadratic Forms

The kinetic energy 7 is usually a quadrafic function of the velocities;
that is, J:T.U—>R restricted to the fiber (t_:a.ngent. space) over a point
of U is a quadratic function on that tangent space. We now study certain
properties of such quadratic functions.

Let 'V bea finit;_e dimensional vector space. Consider a function
B:VXV—>R ((v,w)»>B(v,w)). We define B to be bilinear if
B(v,w). is linear in v (with w fixed) and linear in w (with v fixed).

We define Q:V —>rR‘ to be quadratic wh'en,

1°  Q(-v) = Q(v)

. /
2° Qutv) - Q(u) - Q(v) ded, ZQp(u, v) is bilinear in u and v.

That is, Q determines a symmetric bilinear function Qb.
‘As a consequence of bilinearity, we have

Qutvrw) - Qu)-Q(v+w) = Qutv) - Qlu) - Qlv) + Qlu+w)- Q(u) - Qw).

Letting u=v = -w, Qu) - Qu) = Q(2u) - Qu) - Qu) + 0 - Qu) - Qu)

and thus Q(2v) = 4Q(u). (We must have Q(0) = 0 since Q%(0,0) = 0.)

. , b def. 1
The assignment Qquadratiz’ =3

[Q(utv) - Q(u) - Q(v)] symmetric

and bilinear, has an inverse B ~> B#. Define B#(u) = B(u,u), for B sym-
metric and bilinear. Clearly, (Qp)# = Q, since
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(@) () = @ (w,w) = 3 [Qu+w) - Q) - Q)] = F[40() - 2Q()] = Q).

Conversely, B# is quadratic:

1° B*(-u) = B(-xy, -u) = B(g, u)
and 4 3 4 def #.4
2° B'(utv)-B'(u)-B'(v) (== 2(B")" (u,v)) = B(utv, utv) - B(u, u) - B(v, v)

= B(u, v) + B(v,u) = 2B(u, v).
‘ #.4

And from this calculation, clearly (B")" = B.

Given Q:V—R quadratic and W £ V a linear transformation,

then Qo: W —R s quadratic. For the proof, note

Q=V L5 vxVv—L-o0sR

Vo> (v, V) = B(v, v) = Qv)

where B = Q‘l' is symmetric and bilinear. Check that

WXW —-‘p—xL> VXV B >R is symmetric and bilinear. The rest of

the proof is indicated by the commutative diagrams:

W 4
AI A‘\
oXo
WXW -————>V><V -———->!R .

Choosing a basis el, ey e for V, and letting v = V\ q e , we have

. . i=1
B(> qlei > e.) = ? q B(e e.). Defining g;; = B(ei, e.), we have
: - 75 j j j
Qv) = 4/ g;;4 qJ ; we may call ”g I the matrix of Q for the basis e..
i,j=1 3
Consider the functions indicated in the following diagram
. 1 7
R — T.U — |
N L
g !v
ql 3 -n/
“ B U - >IR
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The ?:11 and q1 are the usual coordinates and j is quadratic and

positive definite on each fiber, thus J is a Riemann metric on U.

L E J- Yr is a quadratic plus a constant on each fiber. Let
7 = nz RN R . .
= g;;99 where g5t U —>In , that is for ueU, (gij(u)) is the
i,j=1

positive definite symmetric matrix associated with the quadratic form J

induces on TuU’ the fiber over U. But we have already noted that such

a Riemann metric gives an isomorphism

T U—> (T, uy* = TiU

of the tangent space to its dual, the cotangent space. This isomorphism
. . . . -1 .n . . .
carries a point with coordinates (q ,...,q ) to the point with coordinate
) here .
pl » W r ag’

_ o
'Zgijq' 1 .

9q

If we apply this isomorphism to each fiber of the tangent bundle, we get a

smooth map X :T.U—> T'U called the Legendre transformation, as in

the diagram

R<

59

T.U E—»R

U\q\
\R

The coordinates for T.U are ql'rr,,...,q v,,él,.,.;én and for T'U

-n '_04

0

they are q1 T een, qn'n-' sPpaeses P The map }(‘ is then defined by

i Lo i o _ 81
qT'f = qm, , plL =—— .
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We now consider the properties of this Legendre transformatian ;(

§9 The Legendre Transformation

. . no . 1 n
Suppose U is anopen setin [R  with coordinates q ,...,q and

we are given a smooth kinetic energy function . J ‘from T.U to R . We

)i

. i q
determines a smooth function £ defined by F&
. : Rel-T.uL—s 10U

pf = ql-rr',r = q_l-rr. . We set \..
aq , . 7ITe

.7 =JX™ . From the quadratic assumption U

shall assume J quadratic; i.e., J = > Z €1 . Sucl}\afunction

on .7 we have

9q i=l 9q
n n
Subtract aJ = aiJ dq'w + > 313 4" to get
i=l oqm, i=1 84
n n
dJ = > c1(-%—)<111 > 2] dq'r, Then
i=1 9q i=1 o9q m,
A 1y
ad = a1ty = (FY* a7

n . n n R
DT it 9 -l i
> ahhalyt s 3 2yt
i 9gq i=1 9q . '

(Recall that if X —2->Y —f—>R are smooth functions, then f pulls back
via @ to the function ff and we have d(fg) = g*df, g*(gdf) = (gd) #* df )

Finally, using the defining equations for I ,

r = it =, 8 yer
dJ = > (p)a ¥ - > (——4 Tagm .

i=1 o i=l oqmw
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N n 35 n. 5 .
Butalso dJ = >, 5 9p; * > — dg'w , and the coefficients
i=1 P i=1 8q'w
of the differentials are unique. Thus
" A
i1 9] - -1 8J
Lqd = Bp: and - —/——X% " = —/—— ,
i oq . oq T*

. A
which are the equations of the transferred kinetic energy J  in terms of

the given one J

Now if we have a mechanical system with Lagrangian L = J-v in
which a path ¢ satisfies Lagrange's equations; then these last equations
yield Hamilton's equations for c. Let's follow the convention in mechanics

of not writing in the maps w,, 7" and I , so the last equations are

. " A
dq" _ 8] 8] - 8J
a  op and -3 i

i oq 9q

By definition of X

ap; .4 8d, 4 87
at at ' .1’ dt ' ,.i
9q oq
A
9% _ 8J oV (2L Y,
aql aql 8q1 aq.l aql

A
-1
So by setting ﬂ =7 +'V4’ ,» we have Hamilton's equations

agt _ 8% Y
d - . - - . .
t. 8pi dt 5 ql

A

Exercise: Let n=1 and J = g'q2, where U—£>R | Calculate J .
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We want to understand better how this scheme produced these
equations. Notice first that J ma);;s Ta.U into T°U :- which is to say
(£, 1U): 'ri'. —> 7" is a morphism of prebundles. Thus we may as well
look at x on each fibre.of T.U a.m;l,pa,ste the fibres together where we
must. So consider a‘ finite dimensional vector space V (think of this as .
TaU for some a ¢ U):_

a) At each point, veV, TVV =V (‘rvc«wW w) , where c(t) = v+tw
is a curve i—> V. (Identify V with '%‘rV by this isomorphism.)

b) Ateach ve V, TV =V (deM d—v_f' ) where

. _' .
dvf (w) = % (f(v+tw)), and V N . (Again identify V  and TVV.)
t=0

&
¢) T'V can be identified with VXV  via

(v, d f) A (v, T 1)

v
TV >V XV*
T ™ where w(v,a) = v.
v - v
A" = > V

We have another projection V X vV —s ¥ (v, @)~ a .

d) Ai-form w on V is a smooth function wsT— T'V such that

=4 . oy : . " -
Tow v Composition of o with a " v x vF -
i-form w produces a smooth function © -
i
Z = cow.
w \

v
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e) In particular, suppose L:V ——R  is smooth (think of L as a

Lagrangian function restricted:to one fiber of T.U). Then dL is a
de *
~ V . To compare this with the

i-form and so determines V
example at the beginning of this section, let the potential energy be zero
so L=J , The first defining equation for I° says Z’dj = «wod] when

written in coordinates. Returning to the general case, the explicit formula

for f

gives each value fd V as a function of w:

dL L

d
£ V(W) = == L{v+tw) Y

1
f) Let e,,...,e_ be a basis for V with coordinates e',..., e”;
1 n

. 1 n . E 3 . .
then e ,...,e are a dual basis for V  with coordinates FEEEETE A

The formula for vf Z’ in these bases is

dL -

. _ n il‘_ Jw
Zv(w) = pzi (aej lv) e'w .

: i , 5L
Apply e, to both sides and use e.e = é to get e, A v= — or, as
i i j i i
del v
functions
e.:(, = .ain' ) i = 1. o 00y n
i i
oe
In the mechanical rotation e1 = 611 and e, = pi, since V = TaU and

e a . n
V' =TU for ae¢ U, U openin R, and the result reads
9Ly
P& = —3
.aq

as before,
The Hamiltonian function arises from asking the question: when is f

invertible? (This is probably not the wa}; Hamilton found it. )
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By the Inverse Function Theorem (see Abraham p. 10), ;{a-i exists if

82'L

8e Be

and only if the matrix ( l ) is non-singular at every ve V.,

. ’ =1
g) Suppose X invertible. Does -4 = come from a smooth function
* . :

on V in the same manner ,( came from a smooth L on V? That is,

% ’ -
is there V -—I'-I—>[R. suchvthat f 1= wodH?

) . * w-
o VXV >V
From part f) we have .
n i dH| |¥ -1
dL = 21 (eif )df . v £
1=

Let's try the formula dual to th:.s one:

We want H so that z (e.,( 1')de . Use the derivation property
of d:-

e T = 7 = i-1

2 (e X )dei = d[z( )e ] - 2 id(e,Z\' )e

i=1 i=1 i=1

The second term on the right is

2 KAt = o S (e aet
i=1 i=1
= x™hHaL = 3.

Substitute this in our conjectured dH to get

H = d[.E1 (eif-i)ei -uxhy,

so H should be

' 2 i -1 -1

H= > (e 4 e, - LY.
T

1

The steps reverse sa this is indeed the right formula. On elements,

- ' w1 %
z y Lz\ for yeV

y
\fusual inner product
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and in mechanical notation

n N
el
H= > §p, - L.
i=1

(Notice that we are leaving out f and ;(-1 as is customary in mechanics.)
If,.in particular, L = J -’V where V is a function of only the q"'s and J

is quadratic as in our example, then

25 ad
H""z Qe — -L=23-L=j’+v
i=1 oq

Given the Lagrangian L, define the Action A: V—>[R , and
Energy E: V—=R by Av=< dLv,v> , Ev= <aTdLv,v> - Lv. Both
are smooth functions,

The last lecture proved most of the following theorem:

Theorem (Legendre): If V is a finite dimensional real vector space
of dimension n, then

1) for each v e V, there is a natural isomorphism TV = V* (which
we consider equality below)

2) for each smooth L:V —s iR , there. is a smooth
_TdL o ¥

\"% v (v A de)

In coordinates n
~’ i
dL = > (e, ¥

i % q)de

-

=1
with e4,..., e 2 basis for V, de is called the Legendre transformatiog

for L.,
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3) the function :{' = Zde is invertible if and only if the matrix

2L
55|
de ae v

is the Legendre transformation for H: V — IR_ defined by

-1
El "y

L=l *
) is non-singular at each v ¢ V. If this is so A’ V=V

HY."'<Y.:S'- y> - Lr- y

4) in particular, if L is quadratic,then,‘( is the isomorphism of V

with its dual givenA by the inner product induced by L and E 5 L in this case.

[See Sternberg pp.150-153, Goldstein pp.215- , Abraham §17 .]

Corollary 4, If U openin ﬁ:{n, I open interval.C R and

L: T.UXI —->|R is smooth, then L on each fibre determines

-
T.UX]————> T 'UXI

./

3
U X

i~

oy

and all parts of the theorem hold for this:( . (Abraham calls I the fibre

derivative of L.)

Corollary 2. Let ¢ be a pathin U, T lifted pathin T.U., If T

satisfies Lagrange's equations for L, then <X 'C satisfies the canonical

differential equations for H (Hamilton's equations):

dq' _ 8H dp;  am
it op and g T 1o
i : 9q

Exercise Prove Corollary 2.
3 - . . . T Zn 3 3
Forget the projection, so T U is an open set in (T and on it sits

a first order differential equation -- Hamilton's equation of Corollary 2. We
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shall consider changes of coordinates in this 2n-dimensional space which
leave this differential equation invariant. To do this we need to consider

2-forms, and in general k-forms.



Chapter II. Tensors and Exterior Forms

§10. Vector Fields

n 1
Let U beopenin R with coordinates q ,..., qn. A vector field

X on U is a cross-section of the tangent bundle of Uji.e., 7, X(a) = a

for all ae U,

For example, for given coordinates qi, T.U
we can define a vector field D "along the axis x
™
qi" by Di(a.) = (a.,-]-ji,a.) , where 5i(a) =T, (path along
ith coordinate axis) = unit vector in ith direction U '

in TaU’ fori=1,...,n. This clearly defines a cross-section D! of the

tangent bundle. The set of vector fields on U 1is an F-module, where Z

is the ring of smooth functions U —>R . The g-module structure is

given by the equations

(X1+ Xz)a= X1a+ Xza

X (a) = £(a)-X 2,

1

for ae U, fe¢ F and Xi,X2 vector fields. The vectors Dl(a), i=1,...,n

form a basis of TaU' so

Xa =

M

(X,2)DY(a);

-
I}
—

n .

thus X = Z XiD1 , where the functions X.: U —>R  are smooth and
i=1 B

unique. This says that the vector fields Di, cooy D" are a basis for the

set of vector fields on U as a real vector space.
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Each vector field X produces a function called the Lie derivative

LX
F—25 F with ‘
fo(a.) =<df, Xa> = derivative of f along X,

Here we need "smooth" to mean Coo’ since otherwise fo has one lower
order of differentiability than f. The function LX has the properties

(1) LX is R -linear,

(2) fo' = g+g-LX£
Property (1) is a consequence of the linearity of da. and < ,Xa>, For (2)

Lx(f'.g)a = <df.gXa>
= < . .
f(a) dag + g(a) daf,Xa:>

= f(a)<d_g,Xa> + g(a) <d f,Xa>

(£- LXg +g- fo)a .

n .
In coordinates, X = z X, D1 s0

. i=1
n 5f n i
LXf=<z— ,.EXiD>
= Bq i=1
n n
= o1 j
= Exl > — <d¢’, D" >
i=t j=1 oq
n . .
= Z X, -aL- , since <qu,D1> = 6.J .
=~ i i i
i=1 oq
In particular, if X = Dl, then
g 2
9q

so L . is sometimes written 8/8qt .
D
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Definition. A derivation on the ring % isan R-linear

> Es such that

function 6: 3 .
8(f-g) = f-6g + g- Of.
Each LX is a derivation on 5’ ; in fact, these are all the derivations
on 7.
Theorem. For every derivation 6 on J , there is a unique vector
field X such that 6 = LX .
Proof. Take a e U. Since translations are invertible functions
which preserve all differentiable structures, we may as well assume a = 0.

Since U is open, it contains a ball with center at the origin: for any u in

that ball define-a path ¢ in U by
c(t) = tu.

The Fundamental Theorem of Calculus gives us the equation

1
fc(1) - £c(0) =J %tc_ dt
0
2 s
= > T q (u) dt.
0 i=1 09q

dt and notice that q(u) is independent of t:

1
Set hi(u) =f afi
0 29q

fu) = £0) + S n(wailu).
i=1 !

Then, by the defining property of 67

0(0) = > h,(0)8q'(0) + a'(0)eh(0)

i=1

u
D
Ne
A'
=
~—r
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i o
since q1(0) = 0 and hi(O) = f . Forany fe F  then we have
oq 0
n .
ef= > Qq" . if.. ,
i=t 9q

which is exactly LXf when Xi= Oql. The Xi uniquely determine X, so

the theorem is proved.

§11., The Tensor Product

This section be gins with the material in MacLane and Birkhoff
Algebra, Chapter VI,§§4 and 5, and Chapter IX §§7 and 8.

A tensor is sometimes describéd by symbols with many indices,
upper and lower., To réa.ll’y understand tensors, we must understand their
relation to the basic vector space V under discussion, Tensors are in
fact elements of new vector spaces built up out of V and its .dual space by
the operation.of tensor product.

Given vector spaces V and W, a tensor product of Vand W is a

vector space, which we will write V® W, together with a bilinear function
® :VXW—> V®W, which have the following property: if B: VX W —TU
is any 'bilinear function, then there is a unique linear map F:tVOW—U

such that the diagrambelow commutes:

VXW ‘F
\[}
Briefly, we say that & is "universal" among bilinear functions on VX W,

If we write the image of the pair (v,w)e¢ VX W under the map &@ as
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v®w, then the commutativity of the diagram is expressed by the equation
B(v,w) = F(V® W), Similarly, the bilinearity of & is equivalent to the
equations
(i) v® (WIXWZ) = v®w1 Xv® Wy (iii) (v1 +v2)®w = vl®w + vz® w,
(ii) vOkw =k(v®w) , (iv) 'v®w = k(v®w)
for all ViV, € vV Wy Wy, W, € W, and keR .

The universality of ® means that the elements v®w generate

V®W as avector space. Thus

n
> (v.®@w)k.| v.e V, w. e W, k, scalars and satisfying
ETEE R i i

VW ={

the relations (i) - (iv) above }

describes VW in terms of elements but without bases. This decomposition
may be used to prove the existence of the tensor product (Algebra, Ch. IX)
What in the world is this: space VROW? Let V=W= [R3, and let e ;8,5 8,

3 3 .
be a basis for [R . A bilinear function B: [R3 X[R~ —> U satisfies

3 3 3
B( E : xiei. ’ E: YJej) = ,S / xiYi B(eiO ej)’
i=1 j=1 7 i,j=1

so B is determined by the 3 X 3 matrix (B(ei, ej)). Let U be the arti-
ficial space on the basis {eij I i,j=1, 2,3}~ and set B(ei, eJ.) = eij' Then
by the universal property of tensor products we have a unique linear h such

that 'eij = B(ei, ej) = h(ei® ej)

3 : 3 3
[R3><'fR ® >R ® R
Bl %/
/h
Uz’
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3 3
On the other hand, define a linear transformation g:U—> R ® R~ by
3 3
g(eij) = ei®ej . Then U is isomorphicto R & [R , since

gh(ei® ej) = ei® e

and
hgle..)=e,. .

ij ij

This analysis works for any pair of finite dimensional vector spaces V and W
but not in more general situations. If dim V=n and dim W = n, it proves
that V®W is a finite dimensional vector space of dimension mn.

In fo;ming the tensor product of given spaces, we must say
"a tensor product of V and W" instead of "the tensor product," because
for all we know there may be many non-isomorphic spaces VW and
maps @ enjoying the above properties. These doubts are removed by the
folldw}ng theorem.

Theorem. Any two tensor products of V and W are isomorphic.

Proof. We can show somewhat more. Forlet VW and VOW
be two tensor products of V and W, with associated maps @ and [
respectively: that is, @:(v,w)mmev@w and G: (v,w)~~—~evowe VOW,
Then we will show that there is a unique isomorphism £: VROW — VIO W
such that {(vQ®w)=v o w.

First, since V@QW is a tensor product of V and W, we may replace
U and B in the definition above by VO W and O, getting a map f mak-
ing the following diagram commute

&
VXW——— VW

R;V el

=]
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But U is also a tensor product of V and W, so we may reverse the

roles of @ and 0 to get the map g in the following commutative diagram

VXW & > VROW
A
£ lg
lu]
v
VoW

Thus commutativity means that for all (v,w) e VX W, we have
f(vOw)=vaw, glvow)=vQw.

In particular, gf(v®w)=v®w, fg(vo w)=vaw. Nowuse again the

fact that VOW is a tensor product, replacing U and B in the definition

this time by V@ W and & We have just shown that gf and 1V®W both

make the diagram commute; hence, by theuniqueness assertion in the defi-

nition, 1V®W = gf. .Similarly, we show that fg = 1V o w - This means

" exactly that f is an isomorphism of VYW —> V0 W with inverse g.

&
VXW > VOW
\
) Ve
v v
>~ VXRW

We have shown that if tensor products exist, they are unique, "up to

isomorphism". DBut there might not be any tensor products of V and W

at all.

Theorem If V and W are vector spaces then they have a tensor

product.
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Proof. Even though V and W may have infinite dimension, we
can still find bases {ei} for V, iel, and.{dj} for W, je J. The
basis elements are indexed not by integers but by members of the
(possibly uncountable) sets I and J; that is, to each element iof I
there exists a basis element e of V. Then every element v of V will
be uniquely expressible as a linear combination of some finite subset of
the {ei} .

We are likewise free to form a new set of symbols bij’ one for
each element (i,j) of the cartesian product IX J. The set of all possible
finite expressions i

k=1 k)
(i,j); and each T € R , forms a perfectly good abstract vector space

K where each b( is a bij-symbol for some

rkb(k
when we define addition and scalar multiplication in the obvious way. ‘We
claim that this new space L is a tensor product of V and W,
. . i j ii

Define D:V XW—>L by (> xe, > dej)szybij .
Clearly, § 1is bilinear. If now B:V X W —> U is bilinear, we have

i iy i iy ij
B(> xe,, >y dj? = ;, x'Ble, >y a) = %“x ¥ Ble,, d;). Hence
if we define f:L —> U on the basis elements {b_} of L by the formula

1)

f(bij) = B(e‘i, dj)" computation . shows that the tensor product diagram com-
mutes, and that this is the only { which will make the diagram commutative.
Hence L is a tensor productof V and W.

Denoting the elements bij by the symbols ei® dj' we derive as a

corollary that if {ei} 'is a basis of the vector space V and {dj} is a
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basis of W, then {ei® dj} is a basis of V@QW. Notice that not every
vector of V®W is of the form vQ®w forsome v in V and w in W,
There will usually be sums z vi®wi which cannot be reduced to single
terms of the form v®w; e. g1 ei®d1+ e2®dz.

We now define the space of 2-tensors on V as TZ(V) =V@V.
Since V@V has basis {ei®ej}, we can write any element t of TZ(V)
as t= Z xijei®e. » Where the xij are real numbers. The traditional

i,j

viewpoint is that the tensor is the array x.

Of course, the matrix ele-
ments depend on which basis of V we pick; we can detrive the rule for

transforming to the new basis el.'. , Where e'= Z a.‘; e5 , as follows

= j, r = ' t
ei®ek-z aiej®2a£ e; -Zai‘]a.i eJ.®eL

ik
Therefore,
t = z x]'kei®ek = Z xlka.i‘] a.i et@e;l
1,7,k,1 J :

Thus we have replaced the usual opaque definition that a tensor is an array
of coordinates relative to a basis which transforms according to equation (1).
Our new definition helps us see how tensors behave under linear
transformations. In the most general case, we have linear maps g: vV —= V!
and h: W — W' giving us a map g X I;.V XW—=V!'X W' defined by
sending (v,w) to (gv,hw). The composite &(g X h) is a bilinear map on

V X W, hence by the definition of tensor product, factors uniquely through
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V®W as below, giving us a new map gQh:VRW —> V'®W', Thus
g(v®w) = gv@hw. It is also easy to see that if g': V' —> V'' and
h': W!'—> W", then g'g®h'h = (g'@h')(g®h) (use the uniqueness

property in the definition of tensor product).

VX W- Y >VRW
|

]
V!X W! : g®h

®\~v\?®w'

A historical note: we have defined elements of the tangent space

gXh

to be "contravariant" vectors. Actually, modern usuage considers
tangent vectors to be covariant in nature, since given ¢: V —> U, the
induced map ¢, on the tangent spaces maps T.(V) —> T,(U); if the
induced map reversed the arrow, taking T.(U)—> T.(V), it would be not
“co" but "contra." The reason for the traditional terminology (which w;a
will stick to) is that the coordinate transformations under change of basis,
given by (1), do interchange the position of primed and unprimed letters.
Similar arguments to the ones we have been using prove that either
VR(WR®U) or (VRW)XU is a universal object for trilinear maps from
VXWX U. (cf. MacLane and Birkhoff , Ch. 16). Thus we can unambigu-
ously define the tensor product V@W@U to be V(X)(W@U) and similarly
the tensor produpt of any finite number of vector spaces. The elements of
Tn(V) =VOV®...®V (ntimes) are called n-contravariant tensors, or

[4

contravariant tensors of rank n.
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Theorem. Let V and W be finite-dimensional vector spaces,
% ]
VQW atensor product, and V 8 W a tensor product of the dual
* * : . . . L U IR *
spaces V and W™, Then there is an isomorphism VoW —> (VR W),
% :
Proof. Recall that V was the set of linear maps £: V—>fR .
LS ® ;
IEnow (f,g)e V XW , i{®@g: VOIW—->R @R = R ; therefore
fI®Qg'e (VOW) . (cf. the corollary above). Furthermore, the map
(£, g)~r> Qg ¢ (V ®W)m is bilinear. By the universality of 5 , there
* He % :
isamap h:tVOW —> (VQW) suchthat h(fog) = {&g. We wish to
show that h is an isomorphism. It suffices to prove that h maps the
. i %% : - #
basis {e'0 @'} of V OW to a basis of (V& W) . Thus it will be enough
to show that {e'® &’} is the dual basis of {ei® dj}. But by the definition

of the tensor product of two maps,

('@ dJ)(ek®d1) = (e ek® dldz) = (elek)(d']di) since k(X2 = ke
for k,Le
P J& if i=k,j=14
= 6k 51 =

LO otherwise
Thus e ®dJ is the dual basis. We can now state the conclusion of the
%

B3 n®o_ E .
theorem as (VXW) =V QW ; thatis, we identity (VR W) with

%* %
V @W by the isomorphism here established.

§12. Tensor Algebras and Graded Algebras.

Let us now consider all the vector spaces Tn(V) = V®... 0V
(n times), for n=1,2,... . For n=0 we will define ’I‘O(V) =R .

Suppose that a=v1®v2®...®vr is in Tr(V) and that b=w1®w2...®ws
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is in Ts.-(-§r)' Since all of the vectors \A and wj belong to V, we can
form v, D... ®vr® w, D... ®Ws € Tr+s(V), which we will call the
product of a and b. Thus if we refer to the whole collection of spaces
{Tn(V)} as T*(V), extending the above multiplication by the distributive
law gives a natural multiplicative structure on this set, which h;s the unusual
property that the product of an element of Tr(V) with one of TS(V) lies in
Tr+s(V)' so that the product is usually’'in a space dif‘.ferent from those of
the factors.

We generalize this situation as follows. An algebra A is a vector
space which in addition possesses a multiplication; that is, not only can
we multiply elements of the space by scalars, but any two elements of the
space itself have a product. This multiplication is required to be bilinear
and associative, and to have a unit element. Thus, we have the rules

(1<1a1 +k2a2)b = ki(aib) + kz(azb) , b(kiai +. kzaz) = ki(bai) +k2(baz)

a(bc) = (ab)e , la=al=a

(ka)b = k(ab) , .a(kb) = k(ab)

2 1,and k2 scalars. A graded algebra is a

string G of vector spaces, G'O' Gi’ ... , with an additional product structure

for a,b,ai,a € A and k,k

. For each m andn,

such that if a ¢ Gn and b ¢ Gm' then ab e Gn+m

this product must be a bilinear function from G XG_ to G ., must be
n m n+m
associative, and must have a unit element 1 ¢ Go. Notice in particular

that a graded algebra G is not an algebra, since the sum of any two elements
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is defined only if they both have the same degree ; that is, if they both
lie in the same Gi'* Now we can see that 'I‘*(V) is a graded alge}:ra,
with unit element 1 ¢ TO(V) =R . can T*(V) the tensor algebra of V.
There are other examples of graded a.lgeb.:as: consider the set Gn of
all homogeneous polynomials of degree n in the two letters X and Y.

n . .
A typical element of Gn is i=zo aiXIYn-l, where a, ¢ R . G isa
vector space under the usual addition and scalar multiplication of poly-
nomials, and since the product of a homogeneous polynomial of degree n
and one of degree m is a homogeneous polynomial of degree n+m, it is
easy to see that the set of all polynomials in S and Y contains the graded

algebra G.

§13. Exterior Algebra.

An exterior algebra E is a graded algebra with the property that

the square of any element of degree one is zero. Now if a and b are of
degree one, so is a+b, hence 0 = (a +b)2 =0 +ab +ba +0, Thus in any
exterior algebra, ab = -ba for any two elements of degree one, What

does the rest of an exterior algebra look like? We can get some idea of

the answer by considering the simple example of an exterior algebra A

for which Ai is a two~dimensional \;ector space. If {ei, ez} is. a basis
for Ai’ then eie2 = -eze1 will lie in AZ' Thus A2 is forced to be at

least one-dimensional. (Note: We assume that no other relations besides

“If ae C}i then we say a has degree- i.
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(::L2 = 0 for dega=1) are satisfied; in particular, e:1e2 #0.) It's also
easy to see that any product of elements of A1 which lies in An (for n>2)
must be zero. So we are tempted to form A by letting An be the zero

vector space for n > 2, with A_ a one-dimensional vector space whose

2
12 12
=e' e

basis is {eiz} , where by definition e ~ = . This does give us an

exterior algebra: for example, if xie1 +x2.ez is any element of Ai' the

formula (x el +x ez)(y e1 + ez) = (x,y, - x )eie2
1 2 1 Y2 1Y2 = *2¥4

tells us that (xie1 + xzez)2 < 0.

Move now to the case where A1 is three-dimensional, with basis

i
ei, ez, e3} . Then e ez, e2e3, eie3 all must lie in Az; denote them by

1
eiz, e23, e 3 respectively. Then we can let AZ be three-dimensional,

with basis {eiz, e23,e13} with A3 a one-dimensional space generated by

e123,= e1e2e3, and An = 0 for n > 3. Multiplication is now always possible

. 2 12 212 2 21 321 _ 312_
since for example e e =e e e =-ee e =0 and ee e =-e e e =
ei_e3e2 = -eieze3 = -e123. Calculation gives the rule
3., 3 3 X 1 T2 M3 (23
(2 x.e )/\(2 x;e )/\(z z, e ) = det Y Yy Vg e
=t j=t k=1 zZ, z2, z
1 "2 73

where we have used the traditional "wedge" symbol to denote the anti-
symmetric multiplication of an exterior -algebra,
It is now apparent how to extend the above construction to the

n-dimensional case.
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Theorem. Given a vector space W of dimension . m,there exists

a (free) exterior algebra A = A(W) with A.1 =W.

Proof. Let {ei, e em} be a basis of. W. Let A

1((W) be a vector

- bip v i
space whose basis is the set of symbols {e }, where

m!
k! (m-k)!

<3
1511 ,12

To write out the rules of multiplication in a simple form, we will use the

<... < Lk < m. Thus Ak(W) has dimension (i‘) =

language of permutations, considering a permutation ¢ of order n as a
one-to-one function from the set of the first n integers to that set. The
sign of o, sometimes written (-1) , is defined to be +1 if ¢ is the pro-

duct of an even number of transpositions, and -1 otherwise, Then if

i i o o @ i
11 <... < in' while ¢ is a permutation, we define e o(1)"e(2) o(k)

i LI N i .
2 S T . ,
(-1) e ; it is not hard to see that this agrees withouz two- and

three-dimensional examples. Now define exterior multiplication by

feecd  Jyeeld, 0 if some i eqpals some Je
e A e = - . .
TR PRI S PR .
e otherwise
APRPERR APEPERRE
Finally, let 1.e e Tz e 72 d , and extend this multiplication

linearly to all of A(W). Now all the properties in the definition of exterior

algebra follow: for example

.

) . r
is the associative law., Moreover, if a, = :: , cijeJ , then the formula
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a, A... Aa_= det(%i.)zr‘:‘—i;_
i J R
Je?"(CA‘J/

holds. If a= 2 xiei is any element of degree one,
a,2 = inxjei,\ ej = z + 2 + E = 0+ inxjei,\ ej + Zx)ikfej/\ei =0,
i=j i<j 1i>j i<j i>j
so A is an exterior algebra.
This construction is in fact the most general way of obtaining an
n-dimensional free exterior élgebra; it does not depend on the choice of
basis. To prove this, we note first that if E is any exterior algebra, and

f is a linear transformation mapping W to Ei’ then there are unique linear

transformations fi: AiW —_— Ei such that the collection {fi} forms a

morphism of graded algebras; that is, fo(i) = {,and fi(a)fj(b) = fi+j(ab) if

a and b are of degree i and j respectively. This is true since we must

lv--.. i'\x(i : 1 i i
have £k(e ! lk) = fk(e 11\ e Zl\ AeLk) = f(e 1)/\Af(e 2)/\ oo fle k) ;

since fkis'. now: aefined on a basis, it extends uniquely to all of Ak .

Our proof that the construction of an exterior aigebra on V does not
depend on the choice of basis-of V will be bgsed on the following very -
general principles, which we have been using implicitly for some time. Let
us define a functor on algebras to vector spaces to be a function A~ which
to every algebra A assigns a vector space S (A), and to ev«;ry map
Aisa of aigebras assigns amap A(f): F(A)—> H(A') of vector
spaces (a linear transformation) with the rules that (1A) = 1”):)(A) ., where

f

, . €. ,
1, isthe identity mapon A, and [J(gf) = E(g) Hlw) if A—> A L5 Av,
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a
Given /M and a vector space V, a universal construction for M and V

is an algebra R and an arrow wV —> H(R) (that is, a linear trans-
formation) with the following property: given any arrow t: V —> H (A),
there is a unique map of algebras f: R —> A such that t = ﬂ (f)u. That is,
ﬁ (f) makes the following diagram commute and f is the only map which

has this property.

v = > A (R)
SKa) .

We saw this situation in the construction of the tensor product ( §11 above).
In that case we showed that any two universal arrows, i, e., any two tensor
products, were isomorphic.- Exactly the same proof works in the general

situation:

¢
Theorem. If (R,u) and (R',u') are both universal arrows for /=

and V, then there is a unique isomorphism h: R—> R' such that fHh)a = u'.

To prove this, simply repeat the proof of the above-mentioned
thecorem about tensor products; since nothing in the argument there depended
on whether the objects in question were algebras or vector spaces, this

universal property is all we need in the proof.

Now consider the functor (& from graded algebras to vector spaces,

defined by £(G) = G,.
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Theorem 1. The tensor algebra T,V is a universal construction
for V and 19;: that is, given a graded algebra G and a map V L G1 R
there is a unique map T*(V) ——> G of algebras making the diagram

below commute,

g
v s BT V) = V
(=) =
Y t
T B(G) = G,

Proof. It is easy to see that we are forced to take T = 1R R

T o=t and to define r-n(v1 X... ®vn) = (tvi)(tvz). . .(tvn).

Theorem 2. Define [ as before, but mapping graded exterior
algebras to vector spaces. Then if W is a finite-dimensional vector
space, A(W) is a universal object for W and 5 .

f_llof_. In the same siituat;ion as that of Theorem 1, defining
rn(a.il\ cee A a.n) = (ta.i)/\ (ta'z)/\ . /\(tan) does the trick.

Now we can I;rove our assertion about the construction of the
exterior algebra on a given finite dimensional vector space V. Theorem 2
shows that the allgeb:laA(Wf) constructed from a particular basis €rever®
is a universal object; likewise, the exterior algebra coming from a
different basis di’ ceey d.n is universal., Since any two universal objects
for a functor are isomorphic, the two exterior algebras we have constructed
are really the same. Incidentally, it is possible to define A(W) directly

as an invariant object; for details, see the last chapter of MacLane and

Birkhoff.
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§14. Alternating Tensors

We now go on to derive a new and very useful way of looking at
A(W) as a special subspace of T*(W). In M; we studied elements of
Sk’ the set of permutations of k letters. Now each o ¢ Sk can be in-
terpreted as a linear transformation on 'I‘k(W): define cr(w1 D... ®v§rk) =
wcr(.i) ... ®w°_(k) and check that this can be extended to a well-defined
linear map (this amounts to checking that ¢ on W X ... X W defined by

cr(w1 X...X Wk) = WO'(i)‘@ cee Q9Wo_(k) is a k-linear map).

Definition. A tensorte T, (W) is called alternating if oft) = (-1)%

for all o e Sk.
Theorem. The set of alternating tensors in T*(W) can, in a

natural way, be made into a graded exterior algebra isomorphic to A(W),

Proof. The set of alternating k-tensors clearly formsa subspace of

Tk(W); furthermore, any tensor t can be symmetrized to yield an alter-
nating tensor. Specifically, let A(t) = Z\ (-1)0.01: if t is any k-tensor,

¢.'

m

w

not necessarily’alternating. Then

At = > (1) ro(t) = (-1)T(-1)T S (1) Tre(t) = (-1)T S (1) T o(t),

O‘F.Sk ‘T‘E_S/k Te Sk

since in general (-1)°(-1)T= (-1)"".. But since Sk is a group, as ¢ runs.
over all the elements of Sk’ oT also runs over all the elements of Sk
(perhaps in a different order, but cach element is counted once and only once).

Hence TA(t) = (-1)TA(t), for te T, (W), so A(t) is alternating, whether or

o
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not t is. If t does happen to be alternating, A(t) = (k!)t, since there

are k! elements in Sk; so the mapping A defined by A(t) = (1/k!)A(t)
has the property that At is always alternating, and that if t is already
alternating, then At = t.

Now if s and t are any two tensors in T*(W)., define s At to be
A(s®t), where (é, t)arm> s @t is just the usual product in the tensor algebra
T*(W). We assert that the alternating tensors form a graded exterior
algebra under A . First, given t of degree one, we have tA t= 0, since
S2 consists of only two permutations, one of each sign, and hence

AltXt) =t®t -t®t=0. Next, we check the associative law. The proof

of this is divided into steps.

(W), TeS .

1. A(rt) = (-1)TA(t) for te T "

k
This follows easily from the definition of A,

2. Givenoc e S, define T ¢ S by

k’ m+k
(i)=zi for 1<£+m

7 (i+m) = o(i) + m for m+i < m+i<m+k.

3. If s is an m-tensor and t is a k-tensor, then sAt = s A(At).

Proof.
s A At = A(s® At) =;‘=— (S s®(-1)70t) =E1:' AS (-1) #(s®t)
o‘eSk‘ creSk
s S COTAEE®) = by D S (17D DY)
° oeS ‘¢eS, -
"k k
= A(% > s®t) = A(s®t) = sAt.

a
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4. ralsat) = rrs(esdt) = ral(s@t) by3
Ax&(sQt)) = A((xR@s)Bt) = (=P s) At
A(r@s)at = (zAs)at.

Similarly, we check that the alt‘emating tensors have the other properties
of an exterior algebra.

To finisk the ;groof we must establish theisomorphism between the
set of alternating tensors and T (W). Let € reewve Bea basis of W;
then a linear map on A.(W) is determined by its values on all basis elements

e. A«.o.Ne., . Then map.pin'g e, K oeohe, tothe alternating tensor

L

A( e, &... ®e. ) is an isomorphisms it is one-to-one since

. B @ e Sl S (i, ®a
Al izai(eiiw e X eik)-iz: a'i(kE 3 c,;s (-1) 0'(11)\29 e

k

is a sum of distinct basis elements of 'I'k(W‘) with non-zero coefficients,
hence non-zero; it is onto since given any alternmating tensor t e Tk(W),

write t = E ae. &...®e, ; thenthe element > a.e., A...Ae, of A
: — "i’i < %%
i 1 k g Kk
A(W) is mapped to A( 2 a‘i.eil® et QS)elk) = At = t. This completes the

proof.

§'1 5. Local Manifolds: Invariant Description.

Eventually we will describe méchanical systems (Lagrange's equations,
Hamiltonians, etc.), on smoath manifolds obtained by piecing together open

n
sets of Euclidean spaces [R_ . Hitherto, all our treatment has been local,



so has been formulated for open sets U in an . Each such set

UC an comes equipped with a natural .set of coordinates -- those of

[Rn. However, .the basic constructions such as the tangent bundleT. U

or the Lagrange equations for a smooth function L:T.U —>[R have in

fact been independent of the choice of coordinates. Indeed, all of our
previous discussion of such open sets U can be made more clearly in-
variant if U is replaced by a ":loca.} manifold" M in the sense of the follow=-
ing definition. The sense is this: Given coordinates qi on U, a function

£:U—>R  is smooth if all the higher partial derivatives a—fl- are con-
SR 5q

tinuous. The set % ofé_ll smooth functions is then the same for any allow-
able choice of coordinates; hence we can give an invariant description in
terms of F.

Definition. A local manifold is a set M together with a set 3

of functions f;: M —> ‘R. such that

1) there exist q 1, cee, e F  such that the map

R 4 1 n
mm(q m,....q m)

M—2s R®

. () n
is one-to-one onto an open set UC [0~ ,

2) feF if and only if £go"1 is smooth on U.

We leave the reader to carry out the replacement.
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§16. The Exterior Bundle

We have seen that given any finite-dimensional vector space W,
there exists (uniquely up to isomorphism) the exterior algebra A = A(W)
of W, i.e., a graded algebra universal for the properties

1. W = elements of degree 1,

2. waw=0.
We have also seen that

A (W) &

K alternating tensors on W

{t e Tk(W)I ot = (-1)7t forall ce Sk}.

As we have done in the case of a two-fold tensor product, we can

show that k-factors
%* LI
= all multilinear maps f: w*x ... x w—s X

Then an alternating tensor corresponds to an alternating multilinear map
ar Wi o xw¥ —[R
k factors
such that

g B3
= (- a W
a(vi,...,vk) (-1) a'(vc(i)""’vc(k))’ for all oe Xk v, e

g o
Suppose U 1is an open set in £ .(or better, a local manifold as

defined above).

We define the kth exterior bundle over U to be

AkU = A (T°U) ={(a,d)] a¢ U, de A (
k S k

T?U)},

;
v
U .ae U
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i.e,, the kth exterior bundle is the bundle whose fibers are the kth exterior

algebra of the cotangent spaces of U. If k =0, each AO(TaU) is just R,

so AO(U)'= UXR (all fibers isomorphic to the 1-dimensional vector

space fR .

AkU is a local manifold -- for if U has coordinates qi. cees qn and

TaU has basis ei; ceey en, then AkU has coordinates qi, o e ey qn and

P. . , where the p, . are the dual basis to the basis
1 L N ] .1 1 o e 1
i k i k
i i

{ .
{e A...re k} for A TaU); we can define a function on AkU to be

n
smooth if it is smooth in terms of these coordinates.

For any integers k and m, we may form the "pullback" of AkU

and AmU over U

This pullback is itself a bundle over U. Now we can define a multiplication

on: AkU X AU to Ak+mU by means of the multiplication in A(TaU) for

U
each a e U;

Aky x ARy —A o pAkimy

((2,4),(a,a") PO (a,dAd") e Ak+mU .
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Definition. An exterior k-form w on U (k=0,1,...,n) isa

smooth cross-section of AkU

|

U

w
Thus a k-exterior form w on U is a smooth map U —> AkU

of the form anAr~=(a,da) where Ua ¢ Ak(Ta'U).
Note that a 1-form by this definition coincides with our previous defini-
tion of a 1 -form, and that a 0-form is just a smooth map from Uto [R .

Definition. Qk(U) = the set of all k-Afori'ns w on U.

We remark that
1) Qk(U) is a vector space over R , with vector space opeations as
follows: if we Qk(U), a¢R and w: a~~>(a,a), then

aw: an~s(a, a(wa)) ; w tw,a (2. Gla + "cSza).

2) .Qk(U) is an F -modulle, where F = the ring of smooth functions
f: U—» R . The module action is given by fw:aarm»(a, f(a)da).
3) For each k and m, ther;a is an exterior product

Qk(U) x Q™ (U) —> 25T

U)
(0, 1) s> 0An

defined by
wAN:a ~Armaa(a, Ba) AFR)) .

This is well-defined since ®(a) and %(a) are both elements of A(TaU),
The exterior product is associative and bilinear. Thus the Qk(U) form a

®
graded algebra Q (U) over _4 .



-81-

Since Ak(U) has as basis all k-fold wedge products of the dql,

where ql, Ceny qn are coordinates in U, any k-form w is of the form
i, .1 i
1 k 1 k
w = E f ANdg A...Adg ,
i, <... <i <
! k="
i,...d i,
1 k 1 .
where f :U—>R . If the P are the coordinates corres-
! BN
ponding to the dgq A ... Adgq , then
B0 B " R N
f =p °w

Given a smooth map U L>U', we have an induced map

a *
Ty <& — TaU', which in turn determines, via the properties of the

*
exterior algebra, a map U <2 oXU' such that ¢* is linear and

o* (wAm) =(¢* w) A (&* 7).
. 1 n . ; 1 n . )
Then if q ,...,q are coordinatesin U and r,...,r in U', it

will follow that

i
0
o (dql,\ - t\dqn) = det(—ﬁj—‘p—)drlr\ NP
or

which is just the usual change-of-coardinates rule.

Now we define the basic operations of exterior differentiation
of forms.

Theorem. There exists a }.‘mique linear map

a:0XU) — ot

U) for each k
such that
1) for fe Qo, df = usual differential of f

2) d(wAm) = (dw)An + (-l)kw Adn, where k = degree of w [i.e.,
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- every time d is moved past something of degree 1, the sign changes]
3) ddw=0 forall w

(d is called the exterior derivative)

Proof. If d exists, then by linearity and (1)-(3),
a( > fil. ”ikhdqilr\ PN dqik)

> d(fil. ”ik/\dqil/\ Adqik)

= dfilmik/\dqil Al /\dqik ,

since all other summands have a factor of the form ddq1 and hence are
zero by (3).

Since every k-form w can be written as

io.ei, i i
we S ! daq'...aq"

11...1k

for smooth functions f{ , the above shows that d, if it exists,
must be unique, since it is determined by its effect on 0-forms, which
is specified by (1). But the above expression also defines a function

k k+1 . . s . .
d:Q (U) —>Q (U) for each k. It is easily verified that this d is

linear and satisfies (1)-(3).
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Chapter III. HAMILTONIAN MECHANICS

17. Calculus of Variations

Suppose that M is a local manifold with coordinates yl yeroes ¥

and that K:T.M xI—>R

is a smooth function. We have already seen that the integral
5
A Kdt
o

is stationary along the path c:I —> M if and only if c satisfies Euler's

Eguations for K:

d oK oK
—d-t- ——1 - _i =0 , i=1, » m
dy dy

In particular, using K = L, we obtained Lagrange's equations in this way.
Theorem. (Generalized Hamilton's Principle): Given U with

coordinates ql, Ceey qn, additional coordinates Pys--+s P in T'U, and

a smooth fupction H:T U —R , then Hamilton's equations for H are

just the Euler equations for the function

n .
: o i
K= z plq = H»
i=1
where M = T U.
Proof. T 'U has coordinates ql, ..., q" and Pys--rs P s 8O

Euler's equations correspondingly take two forms:

1) for the q''s

- — =0
dt 8511 aql
or
d _ oH
dt p1 T i !



2) for the pi's

4 & K _,
dt 8pi 3pi
or
-&11+ 5?31 =0, since K is independent of f:i .

i
In the above, we would like to express
f z piﬁi dt
in terms of a differential form. Suppose
c:I—M
is a curve in M, lifted to
S:I—>T.M.

Let w be the l-form

€
u
'M-"

p.dq1 on M.
i
i=l

Pulling w backto I via c, we get
* L g . 1 o d ic
ctw = 1% pic(c dq’) = 2 p;C _C-L_dt dt .

Thus what we mean by

is just

rather than w itself.
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M=T.U is called the phase space of the system, and U is

called the configuration space.

Definition. Let M' and M be phase spaces with coordinates

1 n 1 n .
Q,...,Q; Pl'”"Pn and 9 ,...,q ; Pys--s P respectively. A

smooth, one-to-one mapping M'—> M is called a canonical trans-

formation, or contact transformation, with respect to the given coordi-

nates, if
S dp, ndgl) = EdP A ant

The importance of these transformatio.ns is that they preserve
"Hamilton's equations:

Theorem. Given a canonical transformation ¢: M' —> M,
a smooth map H: M ——>R , and a path ¢ in M' such that the image
of c is contained in some open, simply connected subset of M'. If
¢c satisfies Hamilton's canonical equations in M for H, then c satis-

fies them in M' for go‘H

R«

Proof. We want to show that N &e
f Y2 i_ ¢ S
P d4aqQ" - N
¢ (Z_: i Q" - ¢ H) dt -
o i=l 0 “
! >
is stationary over the path ¢ with M\ M
~N ro‘l‘& H
respect to nearby smooth paths with N
' ~
. ~N
the same end-points.
>R

Since the transformation ¢ is canonical
i i
(2 pdq) = ¢*(> dp,Adq)
= Adab = i
> dP A dQ al >’ P, d0’)
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so the l1-form
p=¢" (S pdd') - > Paa’
is closed, i.e., dp = 0. Thus (by Poincaré's lemma, to be proved
below) there exists a O-form F on the open, simply connected sub-
setof M contair;ing the image of c, such that
p =dF

on that subset. Then over any curve y in this subset,

t

i n .
1 &
ft (ZPidQ H) dt
o

i=i

t

1 .

=ft (o* > pidql) -p - ¢%H) at
(o]

t .
.-.f; t [ > .pidql - H) - dF] dt

t .
=f S p.dq’ - H) dt - F(y(t,)) +F(y(t )

t
o

t
1 i
=J (> pda - H) at - Fy(t)) + F(y(t)),

t
o

where the last integration is over ¢y. DBut we are comparing c with
nearby curves y with the same endpoints. Thus F(y(ti)) - F(\/(to)) is

r

t

a constant. Then since

1 .
i
(> p.dq - H) dt
o
is stationary for the path ¢c, the above relation says that

t
t i .
ft (EPidQ - ¢"H) dt
o

is stationary over c.
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Examgles :

1) Let M — > M be the transformation defined by

n
]
@)

P,®

qi¢= P

Thus ¢ is a canonical transformation.
2) We will see later that if V ——>U is a smooth, invertible map of

configuration spaces, then the induced map T V < T U of the co-

tangent spaces is a canonical transformation. Such a transformation is

called a (canonical) point transformation.

§18. Application: The Harmonic Oscillator

a) The linear oscillator (cf. Goldstein, p.24 ):

This concerns the following phase space:

U is one-dimensional with coordinate q,

2
T=lm§ =1 2,

2 2m
VvV = %qu,
2
_ -1rp z
H —'T-i-V—z[m +kq ]

We would like to find a canonical transformation of T U so that

H is of a simpler form.
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Let p=~Nkm F cosQ,
q=F sinQ , where F is a function of P.

Then
i 2 2 k .2
= — = =F°,
H zm[p + kmq ] >

dprdq = Nkm (F' cosQ dP - F sinQ dQ)A(F'sinQdP +F cos Q dQ)
=Nkm FF'dPAdQ.

So our transformation will be canonical if

dPAdQ = Nkm FF'dPAdQ ,

i.e., if
Nkm FF'=1.
We can integrate this to get
F :_%.E_i_4_
(1em) /-
Let w ='(km)1/2 . Then
H= %‘FZ = wP,

so Hamilton's equations become

dQ _ dp _

== =0

a0 &

These may be immediately integrated as

Q=owt +a , P = constant,
and
p = mw (Zp/mw)i/z cos (wt + a),
q = (Zl:'/mm)i/2 sin (wt + ).

These are of course the familiar equations for the (one-dimensional)

harmonic oscillator.
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b) As a further example of the technique of canonical transformations, we
consider the case of any oscillation around an equilibrium position. A point
of equilibrium is characterized, in configuration space, by the equations
8V/8qi =0, all i. For n= 2, imagine the potential function V to be repre-
sented by a surface in space; at an equilibrium point this surface has a
critical point, which in the stable case is a local minimum. The state of
the system behaves like a marble rolling on the potential surface; it oscil-
lates back and forth in the potential well. To see this, we expand T and V
by Taylor series about the origin, neglecting all except the quadratic terms:

eie] ij
T= > aijqu , V= Ebijqu ,
where the aij and bij are constants (here we've used the fact that the point
at which q1 = q2 = ... = qn'= 0 is a critical point of V to eliminate the
first-order terms in the Taylor expansion of V). We can find a linear
transformation to new coordinates {rl} in which T is diagonal:
01,2 N .

T = z (r’)”. The well-known principal-axis theorem now allows us to
change coordinates again so that V also assumes a diagonal form,

i\2 . '
V= z ki(r )" ; since these changes may be made by an orthogonal trans-
formation (which preserves the inner product), T remains diagonal. But
now that we have diagonalized both T and V, we see that each of the i coordi-
nates ‘r satisfies the equations T = i’z, V= krz, which we have shown lead
to simple harmonic motion. We say that small perturbations around a point

of stable equilibrium produce simple harmonic motion in each suitably

chosen coordinate.
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§19. Canonical Transformations.

We will now prove that every point transformation (one that
is given by a smooth,1-1, onto map of configuration space) is a
canonical transformation; at the same time we will be able to get a
more natural invariant description of the basic form £, which we
have been writing as Q = z dpi/\ dqi. Recall that to each map
9:U—> U' we associated a linear map o T¢(a)(U') o Ta(U). In
particular, we can regard T (U) as a local manifold, and the canon-
.ical projection ® onto U as a smooth map of local manifolds. Then
given w e Ta(U), ® maps (a,w) to a and so =" maps the cotangent
space to U at a to the cotangent space at (a., w) to

T (U):
% 72U — (3 W) U).

Define the one-form w on T U by w(c) = (c, 7*(w)) where c = (a,w)
is a point of T'U (thatis, ae¢ U and w e TaU), and w(c) is a point
of T'(T'U), since ce¢ T'U and n"w e TC(T' U). Let us find what .

this invariant description becomes in terms of coordinates {qi} in U,

and {qlov, pi} in T'U. We can always write w as daf for some

smooth function f; then

_ _ of i _ i
w=df = —| 4,9 = > plc)d qa” .
9q ~
a
Hence 4 i
11-* = j =

w Zpi(c) d(a’w)(q o) > pi(C)dc(q o),

so

wlc) = (e, S py(e)d_(q'om).

Thus by abuse of notation « = = pid(qlo ™= > pidq1 , which is
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the same form we have been working with all along. In particular,
© = dw, having been described invariantly, is independent of the par-
ticular coordinates we use. But our smooth bijective point transforma-
tion ¢ may be interpreted as nothing but a change of coordinates: if
{qi} is a coordinate system on U, then so is {qi. ¢}. To say that Q
remains invariant under ¢ is to say that @ is the same whether ex-
pressed in terms of {qio ¢} or {qi}. Hence ¢ is a canonical trans-
formation.

For those who like to get their hands dirty, here is a direct
proof that ¢ is canonical: let {Pi’ Qi} be the new coordinates on

T'U induced by ¢; then

. i . . .
qu = z—ad,—dQJ = Za.;dQJ R

u BQJ J
j .
0 0 oQ J
BT =T > N 2 Pib;
9q j oQ 9q j

j .
where bi and aj1 are in fact inverse matrices. Then
i : j i,k
0 = 2 prdg = S (BIPIN(S 2 dQ)
i i j : k

_ o k _ k
= Jzk (iz;bi ak)PjAdQ = JZ: PjAdQ

Gk

j

80 ¢ is indeed canonical.

Definition. A smooth family of maps <ot is called an infinitessimal

canorical transformation if the induced coordinates {Pi(t)' Q*(t)} in
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phase space satisfy

d

n zdPAdQ = 0.

i=1 t=0
Theorem. Every motion in phase space satisfying Hamilton's
equation is an infinitessimal canonical transformation.
Proof. We will prove more; in fact we will show that the map
which takes every point of phase space at t = 0 to the point repre-
senting the corresponding state of the system at time t is a canonical

transformation. For this we calculate:
dP
— (2&? adQ’) = z &

(since if f is a functmn—a— (df) = (8_f) is easy

L)naal+ 2 ap aa(42-)
i

to derive) o
i aQ BP
BZH j a%u i
= 2 (X = 4 !+ > 22— dP;A 4Q)
i j 3Q aQ h] aQ 8PJ
2
3°H i
+Z(Z dPl\dQJ-i- > 355 4P AdQ)).
i j 9P, BQ J i

Since mixed partial derivatives of smooth functions are equal, the second

and third terms cancel. But the first and fourth terms are both zero,

since inr\ de = -dQ‘jl\in. Hence (ZdP AdQ. ) 4 Q 1is zero
dt “at

for all times t, so the motion of the system to time t is a canonical

transformation for any t.
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We sketch another proof of the preceding theorem. Let ¢ be a
smooth map of an open set in fRZ into M, where M is now viewed as
any 2n-dimensional manifold. Let the coordinates on [R be uandv,
and the coordinates on M the usual {qi, pi‘k . It is easy to see that
any 2-form w on M is determined by the set {qa*w} for all possible
such ¢. But
9p. ¢ 9p.¢

i i i 9q’p 3(q’p)
z dlpe)rdlqe) = Z(—— du+ o—dv) A(—5 — du+——-Fdv

.

o*(Z dp,Adq)
1

3(p_¢) i i -9(p.o)
1 3(qe) B(qe) i
? ( ou v ~  du v ) dun dv\ '

The coefficient of duAdv in this formula is called [u,v], the Lagrange
bracket of u and v, to prove the theorem, we must show that d/dt[u,v] = 0
at zero for all ¢. We do the calculation only in the case where M is

2-dimensional, with coordinates p and q:

4.9 b,__8 _®H,8 % 38 BH, ine di :
dt( ™ av) = 8u( " 5q ) ~ * 3a E( 55 ) (interchanging differential
operators)
2 2 2 2
- 2H %3 _8H 3 3 D H O5p dq , 9°H 9p 3p

dpdq du Bv ~ Dqdq Ou dv | Bpdq DBu Ov ~ Opdp Bu Bv
The first and third terms above cancel; and when we subtract
op ° . .
d/dt(s-s- -8—3 ) corresponding terms also cancel each other, so the result is

zero.
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§20. Symplectic Spaces
We now tﬁrn to the problem of finding a standard way of writing

2-forms on M, It will turn out that. under suitébie conditions, any

closed and non-degenerate 2-form can be expressed as Z dpi/\ dq1 for
some set of coordinates {pi, ql} . We look first at the situation on a

vector space (i.e., ona sing.le fibe“r of phase space).

e Lo T s . &
Theorem. Let V be a finite-dimensional vector space, w e AZ(V ).
Then there is a basis {e1 e oo em} of V and an integer r such that
"1 n+l 2r

) T
w=e A e +... +e Ae .

Proof. Regard w as an alternating bilinear form on V. We may

e_. with

assume 7 0; then we can find linearly independerit vectors s ey

w(el, ez) # 0. By scalar multiplication we can adjust ) and e, so that

oo(el, e2) =1, Now let S be the subspace of all v ¢ V satisfying
w(el,v) = w(ez,v) = 0. Calculation shows that no linear combination of e

and ez lies in S. Furthermore, V is spanned by S, e and e, For

let z be any vector of V; we wish to find numbers x and y such that
v =z -xe -ye, lies in S. To force w(el,v) = 0 we must have
w(el,z - %e, - yez) = w(el, z) -y=0. Thus y= w(el,z); similarly, we

can take x = -w(ez, z). This accomplished, we now apply the same tech-

-

nique to the form w restricted to'S. We find €y 8, ¢ S and a subspace

4

S'S S such that no linear combination of e, and e, lies in S', but €58y

and S' span S. Continuing in this fashion, we eventually find S(k) on

e}

hi is identicall . , i i you-
which w is identically zero. Then, choosing any basis {e2k+3 m
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(k)

for S"’, we get a basis {el, e em} for V with the property that
w(el,ez) = w(e3, e4) =,,. = w(eZk+l’eZk+2) =1, and all other
w(ei, eJ.) = 0 (except for reversals of the above, e.g., w(ez,el) = -1).

This means that w = ell\ e2 + e3/\ e4 +... + e2k+1'\ e2k+2

. Renumber-
ing the e's gives us the desired formula, as in the theorem.

¢
Each w determines a linear map w* :V—V given by

[wf(v)]¥! = wlv,v'). We say w is non-degenerate if w‘ is an iso-

morphism. Since V and V* are finite-dimensional, this is equivalent
to saying that w® has zero null-space; in other words, w(v,v') =0
for all v! implies v = 0. Using now the canonical form given in the
theorem, we derive

Corollarz' 1. If w is non-degenerate and in the form given by
the theorem, then V is 2r-dimensinal.

For if m » 2r, o 0 forall ve V.

e’ V) =

More computation with the canonical form establishes

Corollary 2. If V is 2n-dimensional, w is non-degenerate if

and only if wAwA... Aw (ntimes) = 0.

Corollary 3. The integer r in the theorem is determined by

Wwwio , o1 oo.

The number 2r is called the rank of w.

Definition. A symplectic vector space is a finite-dimensional

&
vector space V with a non-degenerate form we AZ(V )
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We have proved that every symplectic vector space has dimen-

sion 2n for Borne integef n and possesses a symplectic basis {ei}

e'A 1=.*n+1 . In this basis, the matrix of the bilinear

)

for which o=

1=
form w is

Furthermore,
b -
(Q) ei)(ej) - w(ei' ej)
1<k<n )
1 +5 v e o} 1 i
Hence wb(gi) =3 "'t 1giga. Similarly, w‘(enﬁ) =-3 e'. If w is non-

b ‘s

is an isomorphism, and so is 2w

* .
This map 208V — V s given in this basis by the convenient

degenerate, w

formulas

(208 )(e) = "™,
(Zw‘)(enﬁ) = -ei , i=1,...,n.

We let w# = (Zw‘ )-1 be the inverse map.

§21 Hamilton's equations

Now apply this machinery to T.(M). Here M= T U is our

2n-dimensional phase space, and,we are given a non-degenerate closed

é and w# on each

2-form w on M. This form o yields maps 2w
tangent space of M, and hence gives a bundle map 2wb: T, (M) — T (M).

Also, the Hamiltonian H is a function on M, and thus gives rise to a
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one-form dH on M. Here is the diagram:

#
w
T. (M) &————=T (M)
Zw‘
dH
M
Explicitly, if c is a point of M, we have the map Zwb:TCM —»TCM,
sk
where we have identified V above with T M, V' with T°M. This
allows us to pass from vector fields to one-forms and vice versa, since

w® is an isomorphism. Specifically, w#(dH) is a vector field on M.

Identifying the {dq'} with el ..., e" and the {dp,} with s LN,

we compute

_ OH i oH .
dH = z - dq + 2 g— dpi )
i

9q
that is,
a o (BB BH L oH
aq" dq P) Pn
Therefore
# dH dH )3 )z
w' (dH) o v Bn T Tt Ta)
P Pn 9q o9q
OH 9 0H )
- i i > i 9p,
oy 9q i

The vector field X = w#(dH) determines a system of differential equations
on M, namely dc/dt = X(c), where:.: c is a path in M. This equation
means that the curve c threads its way through the tangent vector field

X on M in such a way that the tangent vector to c¢ at any point is

exactly the same as the value of the field X at that point. But in coordi-
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nates, the paths which satisfy the equation dc/dt = X(c) are those

which satisfy Hamilton's equations:

8q° _ 8H %;  am
- . - - .
ot Bpi at aq1
9 9 dH
if X= w#(dH)= (éﬂ"“’aH , - Pi beess = ~ ). In
Pl Pa 9q 9q

other words, we have reached an invariant way of stating Hamilton's

equations on a local manifold.

§22 Symplectic manifolds

Generalizing the results of our last lecture, we define a sym-
plectic manifold to be a manifold possessing a closed non-degenerate
two-form w. We have seen that we AZ(V*) may be viewed as an
alternating bilinear functionon VXV to R ; thus if vandv' are
vectors of V, w(v,v') is a real number. We will say that a linear
transformation f:V —=V is symplectic if it is one-to-one onto and

»
preserves the form w; thatis, f w= w, or w(fv,fv') = w(v,v') for all

v,v' € V. The set of all such f is called the symplectic group; it is

in fact a group in the mathematical sense, since the operation of compo-
sition is associative, has inverses, and has a unit element. In particular
though, a symplectic transformation is a linear transformation on a
finite-dimensional vector space, and thus may have eigenvalues.
Theorem. If \ is an eigenvalue of a2 symplectic transformation,
then so are \ (the complex conjugate of \), 1/\ and I/I ; in particular

N # 0.
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Proof. Over the complex numbers, eigenvalues always exist;
so our first task is to create a complex vector space out of the real
vector space V; that is, to find a way of multiplying by complex as
well as real scalars. It is not hard to see that taking the tensor pro-
duct CQV = V results in a complex vector space \7, where the
product of a vector 2 ci®vi by a complex scalar c is
e 2 ci®vi)= 2 cci®vi . Also , the real dimension of V is
twice that of V: if {el, “ee ,em} is a ba._sig of V , then since {1,1i}

~
is a basis of € considered as a real vector space, a basis of V as

a real vector space is 1®e1,..., 1®em,i®e1, cee ,i®em ; there are

2m of these vectors. But the m vectors 1®el, eeeyl ®em form a
basis of V over C since scalar multiplication by i converts l®ej
into :’.®e:j . We now exte;1d w to aform ¥ on V@C , defining
Wec®v,c'@v') = cc'w(v,v')

for any two complex numbers c and c' and any two vectors v,v' e V,
and extending this definition by linearity. Similarly, each linear
f:V—> V"»_‘ goes 6yer to ? =1®f: CRV—C ®V. Moreover, the
formula BT(?V,?V'3‘= @(v,v'") still holds; that is, if f is symplectic,
T is symplectic with respect to 3

Now suppose u is an eigenvector correspondingto N\ : u 0,
f(u) = Au. If A were zero, u would be in the null-space of f, contra-

dicting the assumption that f was one-to- one. DBut then if u' is any
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other vector, o(u,u') =% (fu,fu') = T(\u,Tu') = &(u,A\Tu'), so

B(u,u' AT(u')) = 0. Now if the map taking u'aweu' - \T(u') were
onto, every vector w of V could be written inthe form w=v - )\?(v).
Then we'd have w(u,w) = 0 for every w e \' , which would mean that

u =0 since w is non-singular. This is a contradiction. Hence the
map mentioned above is not onto; since it's a linear transformation
between vector spaces of the same dimension, it's also not one-to-one.

. ~ ~ ]
Thus there is a u' with u' - A f(u') = 0; this says that f(u') = —:— , SO

% is an eigenvalue of T, and hence an eigenvalue of f. Also ?( 7) = T(v)

by the definition of £, so T(u) = \u implies T(u) =Xu which implies

?(E) =\Au. Hence N isan eigenvalue, so by what we've already proved,

% is an eigenvalue. This completes the proof of the theorem.

§23 The Poincare Lemma.

We return to the problem of expressing our closed form w in
some system of coordinates as w = 2 dpiA dqi in some region, not
just at a point., We first prove the Poincaré lemma:

Theorem Let U be an open ball in Rn . Let w be a closed
k-form on Uj; that is, dw = 0. Then there is a (k-1)-form non U such
that dn = w. (succinctly: closedljforms are exact on U).

Proof. We will first derive a new formula for the differential d,
which makes (k+l)-forms out of k-forms. We will then use the assump-

tion on U to define a new map s which makes (k-1)-forms out of k-forms
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for each k, such that ds(w) + sd(w) = w for every form w. If then we
have an w with dw= 0, it will follow that w = d(sw), showing that w
is exact., We will also let V denote the tangent space (at any point)
of U

A k-form w may be regarded as a smooth map from U to
Ak(V*), the space of alternating k~tensors on V. Thus for each ue U,
@, is an alternating k-tensor: VireensV) € V implies that
wu(vlg.. ,,vk) € R . Write w(u,vl,... ,vk) = cou(vl, ...,vk); then
is a function smooth in the first argument, and linear and alternating
in the last k arguments.

Suppose f is a smooth real-valued function on U, We define

a new function Df: UX V —R by letting Df(u,v) = < duf, v> ; that

d(f-¥)

Hence Df is nothing more than the directional derivative of f in the

is, Df(u,v) = where v is the path defined by ¥(t) = uttv.
direction v at the point u. Now if f happens to be a function of other
variables as well, we can still form Df by ignoring those other variables
as we take the derivative, and then putting them back: thus if

f= f(uswl; ..,wr),

Df(u.v,w.,.-., wr) = (d/dt):,_f(u-H:v,w1 sees "‘Wr)

)
1 t=0

Notice that Df is a linear function of v: if also f happens to be a linear

function (in u). Df(u,v) = f(v).
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If w is a k-form, redefine the (k+l)-form dw by
k P
- "
(dw)(u,vo, . ..,vk). = 12-_- A (-1) (Dw)(u,vl PV Vs s Vyreen ,vk) .

(Here the A over v, means that v, is omitted.) We claim this dw
is the same as the dw defined previously. This is checked by showing
that this dw is linear and alternating in the vo, cee sV and has the
same values on the basis elements of VXV X,,, XV as the old dw,
The linearity is cledr, given our comments regarding the operator D;
dw is alternating since computation shows that it vanishes when any two
successive arguments are equal. Suppose now w is a one-form ;

w= 2 widqi , where {qi} are coordinates on M and {ei} are the

corresponding basis elements of V = Tu(M). Then wi(u) = w(u, ei). By

our old definition

dw E ( i ] )dq A dq E dw(u, e, ej)dq A dq
i<j oq 9q i<

To prove that the two definitions coincide for one-forms it will thus
suffice to show that dw(u, e ej) is the same as in the new definition.
But in the new definition

dw(u, e ej) = Dw(u, e ej) - Duw(u, ej, ei),

and
Df(u, ei) = 9/ 3qi .
Hence
dw (u, e.) dw(u, e.) dw, dw,
duw(u, e, ej) = —J 1 - J1 - X,

3q 3¢’ 9q 3¢’
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which is what we were trying to prove. Similar techniques show that
the two definitions are the same for general k-forms.

We are now ready to define the map s which makes a (p-1)-
form out of every p-form. If w is a k-form, let

L x-1

(sw)(u;vl,.. .o 'vk-l) =J;) t w(tu;u,vl. cos ,vk_l)dt.

Here we consider the open set U as part of the vector space V = Rn,
which has also been identified with TP(U). Thus onthe right-hand side
of the equation, the second argument, ue U, is viewed as a vector

of V., But sincer U is an open ball, tu, the first argument; is in U
for all t # 1. It is now easy to check that sw is a (k-1)-form -- linear,
alternating, and smooth as a function of wu.

We now take a k-form w and show, at last, that ds(w) + sd(w) = w.

First,

! k-1

D(sw)(u, v, Vireso ,Vk_l) =J‘0 D[t “w(tu,v,u, Visee ’vk-l)]dt

1 k
(since all functions involved = f t Dw(tu, v, u, Viseos ’Vk-l) dt
are smooth and bounded) 0

1
k-1
+f t w(tu,v,vl,...,vk_l)dt,

0
The latter term appears as it does since w is linear in the third variable,

and it was proved that if f is linear, Df(u,v) = £f(v). Now
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k
d(sw)(u, v ,vk)= zz:-l( -1) D(sm)u ViV .,Ql,...,vk)
k 1 1
=z [f tDw(tu,v JU, V. peeesV,sees,v. )dt
1 k
=1
1 k-1
- A
+J; t W(tuavzvvlo~-~v£v-°'tvk)dt]’
and
1
s(dw)(u,vl,,.. ,vk) ) t dw(tu,u, Vireo ,vk) dt
l k A
) 12 1) t Dw(tu, Ve W V.. vz,...,vk)dt

1 k
+| t Do(tu,u,v,,...,v,)dt.
0 1 k

When we add d(sw) and s(dw), the first terms of each expression cancel;

also,

M

Hence

(sdw+dsw)(u,v1,-.. yV, ) =

L

1
(-l)l-lf ¢ 1m(tu 1,...,3 ....,vk)dt

£ 1
2(-1)!-1f (- l)l L k L (tu,vl,...,vk) dt since w is alternating
k=1 0

1
k-1
k[ t w(tu,vl,...,vk)dt.

R

k k-1
' [t Duw(tu, U, Vi ,vk) +kt oty Vireees vk)]dt

0

1
d k
J & g
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(since Dw(tu,u,...) is.just-the directional derivative in direction u

of w(tu, Vl v e e ))’.

=’ lkw(u’v ..,V )-0 = w(u,v yoo..v )o Q.E.D,
k 1 k

1’

§24. The Lie Derivative

Let X be a vector field on U. There is an operation on the

ring .;' of smooth functions on U ~defined by
Lylf) = Di(u,X(w) = (X)(0). P

This operaton LX is a derivation, since each X.ué ,Tu(U) is a Y
derivatipn.;«.:,-l-bx'.is called the: Lie derivative. We.-have shown: that a
vector field is detefmined by the way it acts on the functions of 31 H
this mea~s that knowing the operator LX determines X, !

Now it is easy to check that if. Q: gnd,;q; are derivations of .'J-L
is

then so is @y - y0.  Call thi3 new derivation [6, ¢]. ~Then: [LX’ LY]

a derivation, so to it there is associated a uni‘que vecto‘r; fie_,ld; ~This, ¢t

4

vegtom. field. As ¢alled the L1e bracket of X and Y and is wr1tten [X Y].

In coordinates {~q.:.:,~;.-,~_._‘,,~‘ q} leﬁ X Z x Y X3 2 y}"‘r-a"—g(
. o | .q - aq . .
xl,_.yl € .’} . T}{én:';L}é(f-); = ' J'cl if__\ for”f €- 3 ”‘A; TsQ e
@.Q‘l < ,
L Z( sz _Z_ J ax ): —'?— v o Incfact, it'is‘easy to check
X, Y] 8¢ g} aql o

without using coordinates that*[(, -} is linear in-each argument aiid satis-

fies the relations

(X,X]=0 , [X.[Y,2] +(2.[% Y]] +[Y [z X]]= 0 (Jacobi identity).
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We will now show that the Lie bracket provides a natural way
of extending the Lie-derivative operation to apply to all tensor fields.

1
There is an identity tensor 6 e gl(V); & corresponds to the identity

¢
map on V under the series of identifications
1 * % % % %
.71 (V)= V®V" = Hom(V ®V,R ) & Hom(V", Hom(V,R )) = Hom(V , V).

. . ) i
In coordinates {ej } wefind 6= >, ei®e .

Theorem. Given any vector field X on U, there is a unique

linear map L

where L_: f(U)—> Jr(U) for all non-negative
X' X. s S

integers r and s, with the properties .
1.- fo = <df,X> for any smooth function f on U,

2. LXY = [X,Y] for any vector field Y,

3. Lx5=0.

4, LX is a derivation; that is,
: 1 = 1 1
LX(T®T )= (Lym) @7+ 7®(LyT),
for any tensor fields T and T'.
Proof. We put coordinates ql, veos qn on U and show that any

operator LX satisfying the given conditions must satisfy

k Bxk i
(5) Ly (dq) = > — dq for all k.
i og
Write X = Z x* -—81— ; then we have shown that
' 8q
i
_ j oY J oX 0 - i 2
LY = 3 (%) — - Y == — Y= > Y —
i, ] g 9q 9q 9q
. d , _ X 9
In particular, LX( k) = - " T
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Now & = E-a—k ®qu. So
k dq

0= L6 = % L (—)®dq — ® Lydq

9q aq
i
9 k
- S E (@49 + > T ® Lyda”
kK i 98q aq k 9q

. k i i, .
If we write Lx(dq ) = z L dq , it is clear that we are forced to
take c:k1 = G}Ck/aq1 . But it is clear from (4) that once Ly is defined

on functions, vector fields, and co-vector fields, it extends uniquely to

all tensor fields. So we merely define L_ by (1),(2), and (5), and check

X
that (3) and (4) are satisfied. Notice that this is really an invariant proof,
since we have shown that any extension of the Lie derivative satisfying

1-4 must, when expressed in coordinates, agree with the operator we've

defined.
Corollary 1. Lx(df) = d(LXf).

For example,

k k
k 2 i _dq k b X i k
aq" i 8q

lV denotes the

Corollary 2. If V is an open subset of U, and

restriction to V, then

(LXT)IV = L(XI )(TIV)

Vv
Corollary 3. LX maps Qk(U) into Qk(U).
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M, Think of an exterior form as an alternating tensor;
recall that a tensor T is alternating if and only if AT = 7. Hence,
we must show that if T is alternating, A(Lx-r) = Lx-r. In fact,
A(Lx-r) = LX(AT), since A 1is a sum of permutation operators, and it

is easy to see that L, commutes with permutations.

X
Corollary 4, Lx(w/\n) = LXwA'r] +wALX11, 1f wand n are

exterior forms.

Proof. Ly (wan) = Ly (A(w® m) = ALX(m®n)

A(wa n + w ®an)

"

L,wuAn + wAL

X xM -

Corollary 5. d(LXco) = Lx(dw) if w is a k-form.

k
Proof. Write w= 2 qu1 A quA ..o Andg . Then

dw = zdf'\dqll\...l\qu, while

k
_ 1 k 1 i k
wa- E,fodq,\... dq +E‘E1qu/\..,t\Lxdq A...Adq .
i=

Computation now proves the equality, with the aid of the preceding

corollaries.

§25 Transportation along Trajectories

This purely formal proof of t'he properties of the Lie derivative
does not really shed much light on the geometrical meaning of this
operator. Actually, as we are about to show, the Lie derivative can be
interpreted in a way very much like the ordinary definition of a derivative:

the limit of a difference quotient.
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Recall that every smooth vector field X on a local manifold M
has integral curves c passing through every point of M. An integral
curve is one whose tangent at every point p is the same as the tangent

vector which is the value of the vector field X at p; symbolically, if

p= c(to),

dc/dt(to) = X dc/dt = Xoc.

c(to) , or
The standard existence and uniqueness theorem for ordinary differential
equations, when applied to this equation expressed in coordinates,
guarantees the existence of at least one integral curve through each pqint
of M (although each curve may be defined only on a small interval on the
real line); furthermore, two integral curves passing through the same
point must agree wherever they are both defined.
Now change the point of view slightly, and considerthe motion of
M which takes each point p to the point t units along the integral
curve passing through p. For a fixed t for which all the integral curves
are defined, this would describe a map from M to M. Inthese terms,
the existence and uniqueness theorem may be stated:
If X is a smooth vector field on a local manifold M, there is a
unique trajectory of X through each point, and for each point p
of M there is a neighborhood U:. of p and an interval ICR ,
together with a function F:IX U —+= M, such that F(0,u) = u (initial
conditions) and for fixed u, the map taking t to F(t,u) is a trajectory

of X,
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Write F, for the map of M to M defined by Ft(u) = F(t, u).
' n
In the case where M and U happen to be all of IR and I=R

we must have FtFt'(u) = Ft+t'(u) for all t andt'. Indeed.

trvw-th(Ft,(u)) is a trajectory starting at Ft,(u), but so is

tMFt_H:,(u); by uniqueness, they must be equal. In particular,

FeF

(u))

]
e

for eachue M,

1]
[

F_(F ()

so each Ft has a smooth inverse map. In this case we say that Ft is

a diffgomorphism. Then tN\>Ft is a map of the additive group of real
numbers into the group of diffeomorphisms of [R_n. In general, of
course, the map F will be defined only on subsets Iand U of R and
TRn ; it is not hard to see, however, that restricting further to an interval
I'e I and an open set U' e U gives us a map F'= FII'X U for which
'Ft' has the smooth inverse F_’t for each te I'. (Cf. Abraham pp.
39-40). Such a system F' will be called a flow box of X.

Suppose now that B is a functor from vector spaces to vector
spaces: for example, B(V) = V*, or B(V)=VXV, orB(V)=VA...AV .
Associated to such a B is a bundle B(M) over M, whose fiber over
p is B(TPM). Thus if B(V) =V, B(M)=T.M; if B(V)= VAV, B(M)
is the bundle of all 2-forms on M; and so on. Furthermore, if

f:M—> N, is a smooth map, then there is a map
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B(f): B(M) —> B(N) if B is covariant;

B(f): B(N) —> B(M) if B is contravariant.
For instance, if B(V)= V', B(f) = £5: T (N) = T (M).

To define the Lie derivative of a general field T with respect to
X we wish to do the following: given a point p, move along the tra-
jectory of X through p for a time t; at this point, find the value of T,
and now move T back along the trajectory to get a tensor at p. This
pulled-back tensor will not generally be the ~sa.me as the value of the

tensor field at p; but we can form the difference quotient.

Fiber over Ft(a)

WY
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Definition. If X is a smooth vector field on M and T is a co- or

contra-variant field on M, define the operator KX by
YYoror)

if T i .
¢ |t=0 1 1s covariant

d/dt(B(Ft'
K, (T) =

d/dt(B(Ft) °T°Ft) | if T is contravariant,

t=0
where F is a flow box for X,
Notice that this definition does not depend on the choice of F, by

the uniqueness of flow boxes.

Theorem. K is the same as the Lie derivative LX .

X

Proof. By the Theorem of § 24 characterizing L., it will suffice to

X

show that K?C is a derivation, KXG = 0, and that K, agrees with LX on

X

functions and vector fields. In fact, examination of the proof of that

theorem makes it clear that we can show KX = LX on covector fields in-

stead of on vector fields, and the result will still follow.

First, K, 6 = 0 since & may be expressed as an identity matrix in-

X
variant under Ft and B(Ft); its derivative is zero. = Showing that KX
is a derivation will involve working with functors B, B'; and B", and a
covariant, bilinear, natural transformation O :B X B'—> B", Then if
T: M—> B(M), T':M —> B'(M), we can define T X T', mapping M
into the pullback bundle B(M) XM B'(M); TQT' is the composite map

o

TXT! M

> B"(M)

>B(M) X, , B'(M)

To show that KX(T aT')s= KyToT'+ ToK,T', we compute
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1

B"(Ft- )eTOT'oF, [B(Ft'l)'ru B'(Ft-l)T']oFt

"

[B(Ftﬁl)T]Ft o [B'(Ft'l)T’]Ft .

Now in general, suppose o{t),c’(t) are maps of an interval I to V
and V', respectively; o(t)3 ¢'(t) e VO V' = V", Since O is bilinear,
we can write

" (o a = <:i e.(o(t))e) (o'
e} (s(t)as(t)) J}kf PRACOILMCIO)

i ) ;
for some constants c, where {ei} are coordinates on V, and so on.

ik
Now the ordinary Leibnitz rule for the derivative of a product of real-
valued functions applies, and it follows that KX is a derivation.

If { is a rpal-va.ued function on M, the fiber over every point

is R , and in this case B(Ft.l) is always the identity map. Thus

- oF*
_ d _ <o~ of t _ 1 9f
Ryl = g () = 2 - ¢ —— = 2% = E Lyt
i 9q oq

: i i i d

where qFt.— Ft ; and X = Zx —
i 9q

Finally, to show that K, agrees with LX on covector fields, we can

X
use the properties already proved to find Kx(z fidqi), once we know
Kx(dg) for any function g: hence it will be enough to prove Kx(dg) =
Lx(dg). Now in this case B(V) = Y*, so B(Ft) = Ft*" In general,
however, we defined the pullback of a form w by a map ¢ as the form

*
¢ w given by

(P*a)a) = @ (o)) = (sTowep)a) .
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Thus

Kx(dg)=d—(:-(B(Ft)odg°Ft) - :—twt*o dgoF,)

25 (ag)) = = (dlgoF,))

d(S-(goF,)) 5 dlLyg) = Ly(dg)

(by\p-;vious part of the theorem,

This completes the proof of the theorem.

Note. ' In the above proof we considered a k-form as a cross-section of
a suitable (exterior) bundle. This means in particular that we should
consider a 0-form (= a smooth function) as a cross-section; we will show
that it is a cross-section of the trivial bundle, Explictly, take that
functor B which sends each vector space V to the one-dimensional

s pace R and each linear transformation f: V — V' to 1:R — R .

(Thus B is a "constant" functor). If B is used to construct a fiber
bundle over .M it gives the bundle M X R (m,k) . Across-section

M m

here is clearly just a smooth function M —=R

§26. Canonical Transformations described by generating functions

A function F(q1 ) eens qn:., Pl,; veny Pn) of 2n variables will
yield a canonical transformation. We first describe informally how
this arises. Suppose that the quantities q1 res oy qn, P1 y oo ey Pn are

coordinates on some local manifold U and that the matrix
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| _o%F
| 8¢ aP,
J

- i
is everywhere non-singular, Define 2n more quantities p and Q
1

(= smooth functions) on U by the cquations

i i . i _ OF
q -q - 1-1’-ee9n Q - aPi
.= S, i=1,...,n P, =P , i=1l,...,n.
1 a‘:11 1 1

The assumption on the matrix above, 'plus'the standard implicit functipn
theorem, tells us that the P, qi or the Pi’ Qi may also serve as
coordinates on U. In particular, there is then a transformation from

the piqi to the PiQi coordinates. This is the transformation
"generated" by the given function F, To show that it is indeed a canonical

transformation we calculate the differential

: . . sF aF :
D PQ -F) = S dPQ" + S PAQ - > ;f— dq - o aP .

1
Inserting the values chosen for P, and Q above gives

i - i i
- = - d .

d3°PQR'-F) = > PdQ - > p,dq

Taking the differential once more gives
i i
> dP.AdQ" = > dpAdq’ .
so the indicated transformation is indeed canonical,
Similar transformations may be generated from functions G of
n

othe: sets of variables, say G(Ql, cee, Q5 Pyoees pn), The formalism

may be found in Goldstein; we turn now to a more conceptual explanation.
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Theorem. Let M be a 2n-dimensional local manifold with

2
coordinates { 1‘ }. M —F—> R 2 smooth function and det — 1l 0
q BPqul
82F i
everywhere. Then w= - 2 ——— dq' AdP, is a closed 2-form
i3 Bqlan

with wA... Aw #0. Thus M is symplectic.

Proof. We must first show that dw = 0. But

3 . 3 .
dw= - Z%— dq A dg' A dP, - > ai F dP A dg'ndP, = 0
8q 0GP, w3 9q 8P 8P, ]
J alternating k

Next we must show the n-fold exterior product wA... Aw # 0. Write
i
w = a..dq AndP,
> 2;;da ndP,
In the n-fold product many terms (iterated factors ) drop out; there re-

main the following terms, for all permutations ¢ and T of the sym-

metric group on n letters:
>t ( TTa, .
1)

so one gets the determinant n! times and

dqlt\‘,. Adqn/\ de/\.....l\dPn

WA ...Nw = n! det”aij” 70.
-Thus (M, w) is a symplectic manifold, as required.

Now the definitions

n = or

' aql i=1:-:n
i i

qQ = q

give 2n coordinates; since w = 2 dpi/\dq1 in these coordinates, they
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are cancuaical conrdinates. Indeed,

2 2
i oF i 8°F i 8°F T
2 dgrdq = 3d(—)ndg = 30— Adg + S ——— Adpadg .
9q — 9978q . 9q apj
0

This is exactly the 2-form w defined above.

Similarly, the definitions

P =P
1 1
=1 n
aF 1 9 0o g
Qi‘ P

give 2n coordinates which are canonical coordinates, since the 2-form

may be written

_ i
w= > dP,rdQ".

Note the advantage of using differential forms. Specifying any
closed non-degenerate 2-form makes U symplectic -- no matter what

the coordinates. Here there are three possible coordinate systems

1 n i
Qarcees@ s PyoceesP m=2dpif~dq
2
1 n a F i
q’..eﬂq 9P :noo,P CQ:-z_i——dqlAdP.
Ql,...,Qn,P1,...,P w=- S dpAdQ .
n

The first and third systems are symi:lectic, but the transformation is
generated by going through the intermediate non-symplectic coordinate
system.

Such transformations may now be used to simplify a given

Hamiltonian function H (a smooth function on U, given in terms of the
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coordinates ql, pi). If we relabel the generating function F as W, then

pi=aw/a$,and

1 n 1 n oW oW
H(q 9ooo,~q ;plqoo-,pn) = H(q ,-o-,q ;_11000’—;)-
9q 9q

We propose to choose new canonical coordinates Ql, Pi so that H will

become simply P,, the first P-coordinate. Writing @) for Pl' and

1

considering a, as a constant (a parameter) this yields the equation

1
1 n oW oW :
H(q seoesq ’——l-s-oo: n ) = a]. .
9q 9q

This is a first.order partial differential equation for the function W. It

is called the Hamilton-Jacobi partial differential equation. If we find a

solution W depending on n-1 additional "constants of integration"
1 n
we wia,... . d e

satisfying the condition

dtll l;!o y 1L,]=2,00a,1
8qaa
we can then prove that
det "#o i,j=1,...,n.

8q Ba/
Then W, with the a's replaced by.P's, may serve as the generating
function of a canonical transformation. In the new canonical coordinates
the Hamiltonian function is just P1 . Therefore Hamilton's equations

become

1'3.= 0. i=1l,...,n
i
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and may be immediately integrated as

Qi=t611+ ﬂi , Pi=ai, i=l,...,n.

From the transformation equations

p. = .._a_v;.,__ , QJ = oW = t5.1+ ﬂ
t dq aaj J J

one may then solve for the original coordinates Py and q, as functions

of t.

§27. The Top
As an example, we consider the rigid motion of a heavy top, using

the "Euler angles" 8,y, and f# as the parametrization of the rotation

xhe
group in 3-space, with the axis of,top along the z-axis (see figure). Let

wx, wy, and wz be the angular velocities about the x,y, and z axes. The
kinetic energy of the top is then

1 2 2 2
T = > [Ilwx + IZCOY + I3wz ],

where Il' IZ’ 13 are the diagonal terms of the moment of inertia tensor.

(The axes are chosen so that the non-diagonal elements are zero.)

Choose the top symmetric with respect to the x- and y-axes so I1 = Iz.

One may calculate from the definition of the Euler angles that

¢'+ﬁ cos 6 ,

w
Z

iﬂsinesinq;+écosq; s

w
Y

wx=j'dsin9cos U -ésin'.p .
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Therefore

T:%[1 +¢ sin29)+13(xj;+§fcose)z].

9T
Since the momentum coordinates p, are defined as P, = —7 . We have
[

9q
Py = 11é ’

= 13(41 + § cos 8),

o
N
{

o 2 2
p3-I3(4: cos 9)+(I1 s1n6+I3 cos @)

from which we obtain

1
1. Py Py 1, P2c0°%9 - Py
Hegl—g-*+g1 -+ 1 ¢

4 3 1 sinql

)2] + Mgt cos q1

where £ is the distance along z from the origin to the center of mass

(see figure).

oW
8q’ 2 3
differential equation for W. Since H also is independent of q and q,

Substituting P, = gives the Hamilton-Jacobi partial

we know that P, = @, and Py = 3. @, and , constants are solutions of

Hamilton's equations. Hence we "separate the variables" in W, writing

W= Wl(ql) + Wz(qz) + W (q3) ,

3

where we may take

2
Wz(q ) = @, d, + csnstant,

W3(q3) = a, q3 + constant,
since aw = P, = ai for 1=2,3.
9ql
The remaining equation for dV\lf is

dq
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2
a @ cosq -a
w 2 2
(—d ) = I[2a, - 2Mg! cos q1 - 2 L ( 2 3 )7 ]
1 1 I I . 1
dq 3 1 sin q

1 .
Set u=cos q , the equation becomes

2
2 a
(- WA = (e - - 2Mgta)(1 - 0) - - (a5 - )]
3 1
a a 2
= F(u,a)) = (1 - o*)(h - ku) )

where h and k are defined accordingly so

F(u:a)
wef B

l-u
ow °
But we want Q so Qi= ai—l and Q =t+ B, so
aal Bpl
ol 2w dq (1 - u 9 _
=52 = =
! .\[1 u ua) /F(u, @ )

80
=f s , where u = cos ql = cos 0,
VF(u, a,)
1
Since F is a cubic polynomial in u, this is an elliptic integral; the
detailed explicit solution is given in Klein and Sommerfeld (4-volumes)
on the gyroscope.
We consider now the qualitative properties of the solution. Since

F(u) = ku3 + ..., with k> 0, we have F(w) =+, F(-®) = -0, apd
F(u) = 0 has three roots. The roots u, and u, between -1 and +1 (see

graphs) are the only ones of physical interest since - 1<u< 1 is the
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only part which is physically possible. Now

u,2

= implies (— F(u)
du W dt
so the zeroes of F(u) are where 2: is zero.

If we take the positive square root of F, we get a solution for u

increasing from Uy to u, as time goes from 0 to . say,A . This may

be extended by reflection (negative root of F) to give a solution decreas-

ing from u, to u, . Continuing, as in the figure, we have a solution for

all t

of the general form indicated, so that u(t) is per}odic with period 2A.
This solution may be pictured in terms of the angles (6,¢) which
give the point where the axis of the top pierces the unit sphere. For

example, P, = a, and P, = a_ allows us to solve the equations above

3
for& as
a3-azcose i} a3-azu

. 2 2
I1 sin” @ Il(l -u’)

L4

Here ¢ is the speed of precession of the axis of the top around the vertical,

while 6 is the speed of rotation. For further qualitative discussion, see

Goldstein, Classical Mechanics, pp. 164-175 or W.F. Osgood, Mechanics.
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Euler's angles and the
Heavy symmetric top
with one point fixed

center of mass
U = Mgl cos

Location of turning angles

One possible Locus of the figure axis on
the unit sphere
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§28. Darboux's Theorem.

‘The typical example of a symplectic manifold is a cotangent
bundle of configuration space. In such a bundle we have the usual position
and momentum coordinates qfL and P, and the basic 2-form of the mani-
fold is given in terms of these coordinates as

w = 2 dpir\ dqi .
The definition of a symplectic manifold (M, w) was apparently' much
more general: Any 2n-dimensional manifold.with a 2-form w which is closed
(dw = 0) and non-degenerate (wA...A w, ton factors, nowhere 0).

The added generality is illusory: Darboux's theorem asserts that
at each point a of such a manifold there is always an open set U con-
taining a and coordinates qi and P, - good in this neighborhood U --_
for Which w has the special form above.

One proof of this theorem is done by systematically exploiting the
correspondence between vector fields and fon.'ns which is given by the
basic form w. This is the proof given in Abraham, pb. 92-94. Another
proof (see Sternberg p.137) depends on a more general theorem of
Frobenius on the integration of differential systems. We refer to these

texts for details,
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Corrections to Geémetrical Mechanics, Part I, Saunders Mac Lane
{1-4 means 4 lines from foot of the page)

p. 10, line 2 (display) gij after 7 should be 8
p. 10, line 7, 1-5, 1-1: A1l V! should be 1.e. vi.

p. 11, line 6 (display): v, — F
P. 118 line 10 (display): (see below)

p. 1 Proof of theorem incomplete because addition of tangent
vectors is not explicitly defined. Definition should be by mep

T U —> ('I‘a U)® given in line 1 via
a.

'(1’.0 + r‘c') = pr e ¢ ptae' (addition in T® U)*

This requires proef that p is entoe. Use loeal ceordinates ql ,Mo,qn

1°°°**on

li%

OTU-—-r'RnbyG'rc-(aq oc )

*

»:T% —s (R™)* by eae = (X .., 30
< N

o R® — (%0

e

and thus show by caleulation thgﬁfihe diagran

'
T,U - — > (7o)

Rn~
with O, ¢®* both isomorphisms, commute (¢%0 = p)
p. 20, 1-1,-2 £ should be k:Vv —$7R

p. 11, 1ine 10 (display): dp, should be 21 (lst equation)
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Introduction to Part II

This sequel to Part I completes the notes of my two-quarter
course on Geometrical Mechanics, except for the final section of the
course which discussed Relativity Theory, the Schwarzschild metric.
and the relativistic explanation of the advance in the perihelion of
Mercury. (These lectures have not been reduced to written form.)

These notes have many of the imperfections of a first course on
a new subject. Here the new subject is the use of modern geometrical
ideas in the long-stagnant treatment of classical mechanics. The initia-
tive of George Mackey has been vital for this subject, and the books by
Ralph Abraham and Schlomo Sternberg are excellent guides. A few of
the topics covered here are apparently not to be found in this form in
the literature: The treatment of the Legendre transformation (§9 of
Chapter I), the conceptual treatment of the generating functions for
canonical transformations (§26 of Chapter III and §44 of Chapter VI),
the description of manifolds by means of germs (Chapter IV, §30) and
the geometric description of the characteristics of first order partial
differential equations (Chapter VI, §46). This, with the material on
contact transformations, may suggest how much of classical Mathe-

matics stands in need of modern conceptual formulation.

iii



I am much indebted to the students whose notes have improved
V4
and codified my lectures, and to Rene Thom for permission to include

the material of his guest lectures.

The University of Chicago Saunders MacLane
October 1968
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CHAPTER IV. MANIFOLDS

29 Topological Spaces

To define manifolds, we first review the basic properties of topo-

logical spaces.

Definition. A topological space is a pair (X,t) where X is a set

and t is a collection of subsets of X such that:
1° fdet, X e t;

2O UNVet whenever Uet and V e t;

30 If {U} is a collection of subsets of X such that U e t
a ae A @

for each «, then U U € t.
ae A «

Here t is called the topology of X. The sets in t are called open sets.
A subset F of X is called closedif X-Fet, where X-F = {xe¢X|x{F}
is the complement of F in X. We will often use just X to refer to the

topological space (X,t) when it is clear what topology on X is intended.

Example . R" together with the subsets which we have previously called

open is a topological space.
If (X,t) and (X',t') are topological spaces, a function :X —> X' is

. ool
continuous if f (V) e t whenever V ¢ t', where the set

-1
f (V)= {xeX| £f(x) ¢ V} is the inverse image of V under f.

The function f:X —> X' is a homeomorphism if it is a bijection

-1
(one-to-one onto) and both f and f are continuous.



A neighborhood of a point x ¢ X is any open set in X containing x.

A function f: X —> X' is continuous at x, where x ¢ X, if for

every neighborhood V of f(x) in X', there exists a neighborhood U

of x in X with

f(uyCv (i.e., UC f'i(v))

It is easy to show that f:X —> X' is continuous if and only if f is

continuous at every point x ¢ X.

‘Examples:

19 1f (X,t) is a topological space and S is any subset of X, let
t' = {UA p|Uet}.

Then t' is a topology for S, called the relative topology-

2° If (x,t) is a topological space and the function X L 53 maps

X onto the set S, let
t'={vcs| p-i(V) € t}.

Then t' is a topology, called the quotient topology, for S, and

(X,t) - (s, t') is a continuous map.

3% It (X,t) and (Y t') are topological spaces, let X X Y denote the

ordinary cartesian product of the sets X and Y. Let
E-o= {UXV[ Uet, Ve t'},

t = all subsets of X XY which are

unions of sets in to’



v UXxv

Then (X X Y,T) is a topological space, and t is called the product

togologz,

We have the two projection mappings onto X and Y:

> Y

p: XXY — X q: X XY
(x;y) —m—>x (%, y)—>y

These are both continuous when X X Y is given the product topology.
Definition: If (X,t) is a topological space, a basis for (X,t)

(or a "basis for the open sets of (X,t)") is a collection t, of open sub-

sets of X such that every member of t is a union of members of t,.
Thus in Example 3°, T is a basis for (XX Y,%).
A topological space is separable if it has a countable basis.

A sub-basis t, for (X,t) is a collection of subsets of X such

1

that the set to of all finite intersections of members of t1 forms a
basis for X. Given any collection t1 of subsets of a set X such that

X = U U, there exists a unique topology t for X having t, asa sub-

t1 -

basis -- namely, t consists of all unions of finite intersections of mem-

bers of ti'
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If {(Xa, ta)}ae A 52 family of topological spaces, let

X = '|T X be the cartesian product of the sets X and let
e 2 a

Pa:X —> X, be the projection onto the B coordinate space. Let

| -1
t, = QLGJA {P, (MIVet,}.

The topology t for X having t, as sub-basis is called the product
topology. Then each P (X,t) —> (Xa’ ta) is continuous, If (X',t') is
another space, and if for each @ ¢ A we are given a continuous map

£ (X, t') — (Xa’ fa), there exists a unique function f:X'—> X such
that Paf = far for each «, since the set X 1is the set product of the Xa,

Then if Ve t
|

--say V= P-i(U ) where U _ is open in X , it follows
a ' a a a

1

1

v =¢1p- is
o

U =(P£)-1U =f-1U is open in X', Since t
@ @ @ @ @ 1

that f
a sub-basis for (X,t), it follows that f is continuous (This means that
(X,t) is the product of the (Xa, ta) in the category of all topological
spaces.)

Suppcse the Xar as above are disjoint (if not, take disjoint homeo-

morphic copies). Then we can topologize their disjoint union

Y = J;L Xa as follows:

UCY isopenin Y <> UNX 1isopenin Xa for each «a.
In a fashion similar to that above, if (X',t') is another topological space
and ga::Xa—> X' 1is a continuous map for each «, then there exists a
unique continuous map g:X —> X' such that 8, = 89, ° where

qa:Xa——e\/ X is the injection of Xa into the disjoint union. This means
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that Y is the "coproduct” of the (Xa’tu) in the category of all topologi-

cal spaces.

Suppose we are given a set X and subsets Xa each with a topo-

logy ta such that

eox-Ux

a a
o

= N i i X d X _, and i -
2 Yafﬁ Xa Xﬁ is open in both o 28 8 and the relative topo

logies on Ya induced from (Xa, ta) and (X ’tﬁ) coincide.

4 p

Then X has a topology

t= {UC xlunxa ¢t forall a}.
This situation can be expressed by the statement that X 1is the
coequalizer, in the category of topological spaces and continuous maps,

of the maps

EITLB Yo AL %o

where one map injects Ya into Xar’ the other into X _ .

g p

An open covering for a topological space (X,t) is a collection of

open sets of X whose union is X. If {Ua} is an open covering for
(X,t), it is easily checked that a function f:(X,t) —> (Y,t') is con-
tinuous if and only if f| U, Ua —> Y is continuous in the relative

topology of Ua for each «a.
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A topological space X is Hausdorff if for every pair of points
X,y € X there exist opensets U,VC X with xe¢ U, ye V such that

Uunvs=g,

30. Manifolds.

Let X be a topological space, x ¢ X, Every function f: U —> R
such that x ¢ U and U is an open subset of X determines the germ
fx of £ at x, where fx= 8y if g:V —> IR and there exists
WC UNYV suchthat xe¢ W, W is openin X and f|W =g|W.

Let Cx denote the set of germs of all continuous functions to IR

defined on some neighborhood of x. Cx is an algebra.

Definition. A loaded space is a triple (X,t,G) where (X,t) is a

topological space and G assigns to each point xe X a set Gx of germs
at x (germs of the "goad" functions).

Unless otherwise specified, we will assume that ch' Cx, Often

we will require that Gx be an algebra.

Examples:

[e]

t X = U openin R" (e.g., X=R) and G = germs of all C%

functions at x. Call this loaded space (Uo, Coo).
o

27 If (X,G) is a loaded space and V is open in X, then (V,G|V) is

a loaded space.
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3° Let (X,t) be a topological space and _7 any set of continuous

functions f:X —> IR. Set qx= {fxlf637 }. Then (X:t,g) is

a loaded space.

If (X,g) is a loaded space and U is open in X, define
g(U) = {flf: U — IR continuous and f, ¢ gx’ for all x ¢ U}.

Q(U) has the sheaf property: if U =Laj Va where the Va are open,

then f eQ(U) if and only if for each o, fIVa, € Q(Va).
If (X,g) and (Y, ) are loaded spaces, a loaded ma
(X,g) — S5 (v,M) is a map X5 Y such that
10 ¢ 1is continuous,
2° x ¢ X, h(p(x) e}{q’(x) implies (hcp)x € C(;{x
Notice the similarity of this definition to that of a continuous map.
The following facts follow easily from the last definition:
1° The composite of loaded maps is loaded.
2° V openin Y implies qo*){(V)C? (eV).
3o ¢ 1is loaded if and only if at each x e¢ X, ¢ is continuous and

carries "good" germs at ¢(x) to "good" germs at x.

@
A loaded isomorphism is a loaded map (X,q ) —> (Y,M) such that

1° x 2> Y is a topological isomorphism (i.e., a homeomorphism)

2° for each x ¢ X, the correspondence ){cp(x) —99}{ induced

by ¢ isone-to-one and onto.



-8-

Definition. A C® n-chart on (X,q ) consists of
1° an open set U of X, called the domain of the chart,
2° a loaded isomorphism (U,QIU) ~ (UO,CCD) » where U_
is open in R" .
A Coon-manifold is a loaded space (M,g) such that M is Hausdorff
and the domains of all C® n-charts on (M, Q) cover M. We

will usually also require that M be separable.
Example: Any open set in R" is a C° n-manifold.

An atlas of a C® n-manifold (M, 9) is a set of n-charts whose
domains cover M. The same manifold can have many atlases; the only
"invariant" one is the maximal atlas (all charts).

4 Y e
Uf U= Uo and V = Vo are charts of the C  manifold (M, 9 )

then the induced map 9
U, SOAV ™ v
) -1 1

y

. (o] . . .
is C7, for if xi, oue ,xn are smooth coordinates on Vl, then it fol-

lows that each xloe is smooth.
U \"%



Suppose S is a set. A charton S is a one-to-one function

i

S
o

. . n
> Ua where SaC S, Ua is open in IR, and ¢, maps
Sar onto Ua' Two charts Py and <pB are compatible if, for

T = Saﬁ S <paT is open in Ua’ (PﬁT is open in Uﬁ’ and

ﬂ’
-1 . ©
(fpﬁIT)f'(qoa IcpaT) isa C map from goaT onto goﬂT.

S, = S
T
. \
(B £ O
o34
waT %8

If {(Sa’ <pa)} is a family of pairwise compatible charts on S such
that the Sa cover S, then the ¢, collectively determine a topology
on S. If this topology is Hausdorff, then S becomes a manifold. More
generally, we have the following theorem which is often used to construct
a manifold from overlapping pieces Ma- (especially with each Ma an
. n
open set in RR)s

Theorem. If X is a setand X = U Ma where each
a

o
M =(M,t ., q( )) is a C® n-manifold such that for each @ and B
a @ @

1°T =M AM
af @

2° if xe T
[

is open in both M and M :
p 7o o B

and g is a real-valued function defined near x, then

gx eg(a’) - gx ¢ q(ﬁ) .

B
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o

3 if UCTa then Ueta<=>Uet

B’ B’
then
a) X has a topology, namely W is open in X if and only if for
every a, WnN Ma is open in Ma’ (We've seen this part before. In
particular, each M_ is open in X.)
b) X 1is a loaded space, where for x e‘M_. qx = qx(a) with x € Ma.
c) If X is Hausdorff with the topology in (a), then X is a c®
n-manifold. If U 2N Uo is a chart in Ma for some «a, then it is also

a chart in X,

If U —2 5 Uo is a chart on the n-manifold M and xi, s ,xn are

coordinates on UoC IRn, then qi. = xio ¢ are called coordinates on U.
We will say that a function (X, 9) 25 (Y, 3{) between two loaded
spaces is loaded at x ¢ X, or smooth at x if it is continuous at x and
satisfies condition (2) of the definition of loaded map for x.
Lemma. If (X, q ) —h—>(Y,){) is any function between c® mani-

folds, x ¢ X, and qi, ceey qn are coordinates on the domain U of a

chart U—2 >UOC. R™ such that h(x) ¢ U, then h is loaded at x if and
only if each (qie h)x € q::

Proof. h is loaded at x if and only if ¢h is loaded at x. So if h
is loaded at x, then for every c® function Uo —k> R, (lu,oh)x ¢ qx

In particular, - (qih)x = (x1<,oh)x ¢ gx .
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Conversely, if each (qi'h)x € qx, let V —-¢—> V° be a chart of X
such that x ¢ V. Then qih Lll-i must be Coo? so for any k as above,
kcphnl,t“1 = k(qihn.l.w-i, ces ,qnth-i) is the composite of C® functions and
hence C®. Then since Y 1is loaded, ke¢h € qx. This holds for all Coo

functions k, so ¢h and hence h are loaded.

A smooth map (a Cm-map) h:M —> N between C* manifolds
is now defined to be a continuous map which is loaded at each point
x ¢ M. In other words, a function h is smooth if it is continuous and
if it carries good germs at each point h(x) of N back into good germs

at x. It follows that the composite of smooth maps is smooth.

Example. The sphere S is an n-manifold. The usual manifold
structure is a generalization to higher dimensions of the charts obtained
by stereographic projection of SZ, However, for n2>7 there exist
other manifold structures on Sn, giving the so-called exotic spheres.

In other words, there exist two manifold structures g and }‘/ on Sn
such that the identity function (s®, q ) —> (Sn, }{ ) is not smooth.

We have described a manifold as a topological space with a function
q assigning good germs. This function may be replaced by the function
U !—>C] (U) described above and called a "sheaf” (more exactly, the
sheaf of germs of C® functions. This sheaf-theoretic definition of a
manifold is equivalent to a different definition by atlases (A manifold is

a topological space equipped with a suitable "maximal"® atlas).
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The product: If M and N are c® manifolds, let M X N be
¢a [o] m
their product as topological spaces. If {Ua = U, €C R} and
U

(o] ¢
{Vﬁ £ V‘3 - IRn};' are collections of charts covering M and N

respectively, then the UaXU cover M. Furthermore,

p

o Xy
U XV e B UQ><Uo whichisopeninIRmXIRn, so each
a g a p ?
UQ’XVﬁ is a manifold -- if UaXVﬁDW-g—r]R and x e W, then

. . -1, e o)
g, ¢ qx if and only if g(cpa X -.pﬁ) is C

at (tpa X QJﬁ)x. The mani-
fold structures coincide on the overlaps, so by the theorem M XN is
a manifold -- indeed, the topology given in the theorem is the product

topology. The projections

]
M &2— MXN —B=N

m «~~— (m,n) ~~—~—>n

are smooth maps. Iff K is a manifold and f,f' are smooth maps

K
/ \f‘
M N »
they are in particular continuous, so since M X N is a topological pro-
duct, there exists a unique continuous map K —h>M X N such that
f=ph and f'= p'h., By selecting suitable charts and coordinates we
can easily show that h is smooth. Hence M X N is the "categorial"

product.
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31. The Tangfnt Bundle.

The tangent bundles defined in Part I, §3 for open sets of IRn,
can now be defined for manifolds.

If M is a Coo n-manifold, the tangent bundle T.M consists of
TO
M

‘all points (a, Tac) where a e M and TC is a tangent vector at a.

™

a
(More precisely, 'rac is a tangent vector at <pa where a ¢ U & Uog IRn
is some fixed chart of M.)
® o n
For each chart U—=> U € IR of M,
UPXR® ~T.U CT.M

n
via coordinates qi, R« —8-1- yeoos --2!-1- for T.U. This defines a

aq aq

chart on T.M. Any two such charts are compatible since the Jacobian
of a change of coordinates in M is non-zero. Thus T.M is a manifold.
(Apply the theorem of the previous paragraph constructing a manifold
from the overlapping pieces T.U.)

A pre-bundle is B where B and M are c® manifolds, w is
™

M

smooth, and each 1r'1(m) is a vector space.
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. . n J
Example. If U  isopenin R, then UOX R (uo,v)

T
o

U u

o o

with the standard vector space structure on each {uo} X R! IR‘e is a

pre-bundle called a special pre-bundle.

A chart of a pre-bundle B consists of an openset U M and

m

M

a pre-bundle isomorphism of -rr'i(U) with a special pre-bundle.

1r|11"1(U)
8]

A vector bundle is a pre-bundle covered by charts, (i.e., the U's

of all possible charts cover M and the v'i(U)'s cover B.)

Note that it is not necessary to require that addition be smooth in a
vector bundle, since a vector bundle is locally like a special bundle, in
which addition is automatically smooth.

T.M is a vector bundle with the charts described above. Similarly,
we define the cotangent bundle T' M and the bundles constructed from
the various mixed tensors. We can consider each of these as a functor
which takes smooth functions between manifolds into smooth functions

between vector bundles.
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32. Bump Functions and the Extension of Germs.

We could have defined manifold with "analytic", "piecewise linear"
or "continuous" replacing c® throughout. If we did this for
"continuous", we would get a topological manifold -- a topological
space which locally looks like Euclidean space.

Recall that in Part I we defined a local manifold as a set M with
a set g’ of "smooth" functions such that M =~ Uog Rr" and } cor-
responds one-to-one to the C® functions on U,- We could have de-
fined a manifold in a similar manner: as a set M with a set F of
"smooth" functions which would determine both the topology of M and
the "good" germs on M as the germs of the functions in F . We used
germs of functions defined only on open sets of M, but the following
theorem shows that it suffices to consider only germs of functions de-

fined "in the large'' (on all of M).

Theorem. If Mis a coo manifold and g, isa smooth germ at
x ¢ M, then there exists a C® function f: M — IR such that f, = 8y

Before proving the theorem we will need some preliminary results.

Definition. A topological space X is compact if every open cover-
ing of X has a finite subcover.

Theorem. A compact subspace of a Hausdorff topological space is
closed.

(This is a standard result and can be found in any text on point-set

topology. )
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Lemma (Existence of "bump" functions): If M is a manifold,
UCM is open, and x ¢ U, then there exist compact subsets C and
C' of U anda C® function h:U—> IR suchthat x¢ CC C'C U and
h=10on C, h=0 outside C'.

Proof of Lemma. It suffices to consider a chart containing x.

We maytake achart in Euclidean space containing a disc about 0 of
radius 3. (If not, blow up the chart by a large enough factor.)

Take C = closed disc about 0 of radius 1, C' = closed disc about 0

©

U

of radius 2.

If n=1, define ho=0 for x> 2, ho= 1 for 0£x <1, and to be
any suitable C® function which is 1 at 1 and 0 at 2, for 1 <x< 2,

(Problem: give an explicit formula.) Define ho(x) = ho(-x) for x<0.

For general n, let m
2 R
h(x) = h(]x| "), )

2
where |x| =(2xi2) for x=(x1,.,.,xn),

Proof of Theorem. Let U be the domain of a chart containing x.

Construct a smooth “bump” function b on U by the above lemma. Let
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gb on U

0 outside of U

Then f is continuous -- for VC IR open, f-i(V) = (gb)-l(V) is
openif 0 ¢V, andif 0¢ V, f-l(V) = (gb)-i(V) U(M - C') is open,
since C' is closed by the above remark. Moreover f is smooth,
since g and b are both smooth.

The theorem shows that we could have defined a manifold in terms
of functions defined on the entire manifold. However, such a definition
would make it more difficult to show that certain manifolds (such as
tangent bundles) can be constructed by piecing together other manifolds.

Note that the Theorem would also hold for topological manifolds,
but does not hold for analytic manifolds, because the bump function

cannot be made analytic.

33. Volumes on Symplectic and Contact Manifolds.

Let us now review the standard set-up we use for discussing mech-
anics on a general differentiable manifold. Configureation space, C, is
an n-dimensional manifold whose points correspond, roughly speaking,
to "configurations" or "positions" of the mechanical system. Phase
space is the cotangent bundle, T’ C, with the canonical 2-form w; in
local coordinates, w=2Z dpi/\ dqi, We define event space to be the
topological product C X I, where I is an interval of time, that is, an

interval on the real line with t as coordinate. A point (c,t) of event
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space represents the state c at the time t. Finally, state space is
defined to be the product manifold T'C X I, endowed with the canonical
one-form given in local coordinates as 6 =-Z pil\ dq1+ dt.

Now recall from Part I,§22, that a symplectic manifold (M, w) is

a manifold M of even dimension 2n together with a closed 2-form w
such that wA ... A w (n factors) is nowhere zero. Each phase space

T°C is a symplectic manifold. Similarly, a contact manifold (M, 08) is

a manifold of dimension 2n + 1, where n is an integer, with a one-
form 6 such that the (2n+1)-form 6 A d6 A ... A d6 (n factorsd®) is
non-zero everywhere. State space is an example of a contact manifold.
(Note: These contact manifolds are called "exact contact manifolds" in
Abraham, loc.cit.)

Both a symplectic manifold and a contact manifold have a non-zero
form of highest dimension; that is an "element of volume". For ex-
ample, in euclidean three-space an element of volume is usually written
dxdydz = dxAadyadz with respect to rectangular coordinates;
r2 sin® dr d6 d¢ with respect to spherical coordinates, and so on. In

general a volume element on an n-dimensional vector space W is a non-

zero element b ¢ An(W)" Since the n-th exterior power An(W) is a one-
dimensional vector space, any two volume elements b and b' on W
are proportional: b' = rb, where r is a non-zero number. Now we

often speak of "right-handed" and "left-handed" coordinate systems on
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Euclidean three-space; similarly, there may be two types of volume
elements. To see this, say that b and b' are equivalent if the pro-
portionality constant r is positive. This divides the volume elements
up into equivalence classes: dxadyAdz = -dxadzady = dzAdxady,

so the elements dxadyadz and dzAdx Ady are equivalent.

A volume on an n-dimensional manifold M is a form 2 on Qn(M)
which is non-zero everywherec on M. Any two volumes Q and Q' are
related by the formula Q =£fQ', where f is a smooth non-zero real-
valued function on M. If { is positive everywhere, call Q and Q'
equivalent. Then an orientation of M is defined to be an equivalence
class of volumes. Since M may not have a volume in the first place,
M may not be orientable; however, we have seen that symplectic
manifolds and exact contact manifolds are orientable. A mdbius strip
is an example of a non-orientable manifold.

Let Q be a volume on the n-dimensional manifold M. If X is a
vector field on M, the Lie derivative LXQ is another n-form. But
any two n-forms at a point are proportional. Thus there is a smooth
function f such that LX(Q) = fQ. We write f = div X; notice that
div X depends on the choice of a volume element. Does this agree
with the usual notion of the divergence of a vector field? In the situa-

. n . . 1 n .

tion M = IR, with coordinates x ,...,x ., we can write
9
i

ox

Q=dx'A...Andx, and X= T X' Then
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LQ = dell\,..l\Lde/\ Y-
i
But
i
Lxdx‘- E(XJ—L) ax' = -3% ax’ .
j x’ ox
Hence
n i
9x
L@ = [ > (=)

i=l ox

so divX = X —— ,as expected.
i
9x
Moreover, our generalized definition of divergence proves a suit-

able extension of the idea of divergence as the infinitesimal change of
volume at a point. For (Part I, 24) the derivative LXQ describes the

rate of change of the volume along the trajectories of X.

34. Poisson Brackets.

Let (M,w) be a symplectic manifold, with symplectic coordinates
iy . . .
{pi, q}; if £ and g are two real-valued functions on M, the poisson
bracket of f and g with respect to the coordinates P, q1 is the

smooth function defined by

n .
of 0 of 9g v

{f’ g} = 2( i g = . ) .

i=1l 9q Bpi op. 9q

It can be shown that the value of the poisson bracket {f,g} of f and g
does not depend on the choice of coordinates; however, we seek an
invariant description of this function, since it will help us find a formu-

lation of the laws of mechanics leading naturally to quantum mechanics.
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We now develop the general algebraic machinery needed for this
invariant definition of the Poisson brackets. We previously defined
the exterior derivative d, which takes k-forms into (k+l)-forms
for every non-negative integer k. Given a vector field X, there is

likewise an operation i, mapping (k+l)-forms w to k-forms in:

X
ipalXp, oo X)) = (k) e(X,X,..0,X)

i
= i2(.1) w(xl,...,xi_l,x,xi,.,.,xk),

Finally, the Lie derivative LX takes k-forms to k-forms. We can now

state three identities:
(1) iXd + di&\= LX ("homotopy identity");
n

(2)  Lyg(n(X, ..o X ) = (Lygmd(Xpeoe, X ) + gn(xl""’LXXi"”’xk)'
where 7 is a k-form, so that n(Xl, cee ,Xk) is a function on M;
(3)  2du(X,¥) = Low(Y) - Lyw(X) - o([X, Y]),
where w 1s a one-form.

Proof. For (1), we first notice that iy isanm antiderivation: that is
if « is a k-form,

i (anB) = (iga)p + (-1) anl(iyp).

This is an easy computation from the definition of 1X .
@ by induction on k! for a function

Now we prove i_de + dixaf =L

X X

f (a 0-form), i.Xf is defined to be zero, and we have ide = df,X>= fo.
Assuming the result true for k-forms, write a general (k+l)-form, a, as

z dfi,\ w3 by linearity it will suffice to prove the result for each summand.
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But
Lx(df/\w) = (Lxdf)Aw + d.fA(Lxm),

while
ixd(df;\w) + dix(df,\w)

-iX(dedw) + d(ixdfow; - dein)

-(igdf)adw + df A (i, dw)

+ (dide)o\w + (1_xdf) adw + de(din).
Here the first and fourth terms cancel, giving
d.t'A(ixdw) + (d].xdf)o\m + de(d]Xw)

= deLXoo + (‘dixdf/\w) (by inductive assumption)

= d.f/\wa+(d(LXf)/\w) = dfAL_w + (Lxdf)t\w.

X
This proves (1).

For part (2), recall that L, commutes with contractions, while

X

evaluation of n at (Xl, cee, X is nothing but the contraction

"
6§ (n @Xl ®... ®Xk), With this observation (2) follows from the fact
that L_X is a derivation. To derive (3), we verify the formula for

w = gdq, since we can then extend to a general one-form w by linearity,
But since dw = dgadf, it is easy to show that both sides of (3) reduce

to (Lxg)(LYf) - (fo)(LYg), A similar argument shows that for w any

k-form,

k , R
(4) (k+l)delX , .0 X ) = i;o:(.l)lei(w(xo, s Xy, X))

S i+j A A
+ ("1) Jw([xi’x']’xo’ soco ,xi, ree ,X,, oo~ ,X
0<i<j<k J

(Here the A over Xi means "omit Xi".)
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Now let (M, w) be a symplectic manifold. w induces linear map-
pings (§21) X —» X" and « —ﬂ»ur# taking vector fields into co-vector
fields (= 1-forms), and vice versa. We may now define the poisson
bracket of two one-forms, a and B, by

Definition. {a,B} = -[a#sﬁ#]b .

In other words, we turn the forms temporarily into vector fields,

take the Lie bracket, and return to the space of forms. The minus

sign is chosen for convenience in proving such formulas as

Proposition. {a,p} = -La#ﬁ + Lﬁ#a + d(ia#Lﬁ#w)°
Proof, w is closed, hence by (4) above
0 = 3dw(X, Y, Z) = LX(U(Yz Z)) + LY(‘*’(Z: X)) + LZ(W(X: Y))
= w([xa Y], Z) + w([Xn z]: Y) = w([Y: Z],X).

If we let X = a#, Y = ;3#, and recall that, by the definition of #, we have

w(ar#,Y) = %a(Y), the above equation becomes
0= L (382D - L yGa(2) + Ly(uta’, ')
+ o({a, B}, 2) + o(la', 21, 8%) - w((6?, 21, o).
Therefore
L G2 + L y(Ge(2)) - Ly (ula’ 81
= Ha, 8112 - 3 fle’, 2] + a6, 2]
1

=2 ({a,fHZ - 2L ,Z +2aL

zZ .
o 2 5#
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Now the proposition follows from the three identities

n

Lz B2) = (G L 9z + 5 8L ,2)

o

L ,(2e(2))
‘3# 2

2L, (o[a’, % 1)

1 1
- E(Lﬁ#a)z - Eaf(Lﬂ#Z)

d(1 w)Z,

‘3#

of which the first two are merely (2). above, and the third is a con-

sequence of the equation ixw(Y) = 2w(X, Y).
Corollary 1. If B is closed. then {a,B} =

L ,a.
ﬁ#
Proof. By the homotopy identity,

#ﬁ dﬁ + d1 #ﬁ
=0+ Zd(—-ﬁ(a#)) = 2d(w)pt o)) = di 1‘3# w)

Now use the proposition.

Corollary 2. If @ and B are closed, {a.p} = Lﬁ#a = -L #ﬁ = Zd(w(ﬁ#,af#)).
o

Corollary 3. If @ and B are closed, {a, B} is exact.

For {a,p} = d(Zm(ﬁ#,a#)).
Now by using #, we see that each function f on M determines a

vector field Xf = (df)#~

Corollary 4. If fand g are smooth functions on M, then

{af, ag}

Ly (df) = d(Ly f)
g g

-fo(dg) = -d( fog)

Zd(w(Xg, Xf)) .
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Definition. The Poisson bracket of the functions f and g is

{f, g} = L}( £ (Xg = (dg)#)° (Hence d{f: g} = {dfo dg})’
g

Proposition. Ly f = -Lgg = -Zw(Xg,Xf).
g

f
. = = ty = #
Proof. Lng QanX > = <ar, dgh > 20(af?, dgt)
= = - S - # #
Zo.)(Xf,Xg) Zw(Xg,Xf) 2w(dg™, af™)
= - g, a'>
= -1 g.
xf
In particular, LX f =0 if and only if LX g=0. Thus f is constant
g f

on the trajectories of g if and only if g is constant on the trajectories
of f. (By the trajectories of f we mean those of the vector field Xf.)
Of course, we must check that this definition agrees with our
coordinate-wise notion of poisson bracket. Let the symplectic co-
ordinates be {pi, qi}. This means that w=2Z dpiA dqi. Any l-form «a

can be written i .
@=Zhdq + T depj ,

while any vector field X can be written

x=sx2— +x002_
T AL op
Bq )
Then we have seen that
x" = = Tlaq - = X'dp,
ot sz 2tz 3—3— :
aq* 1Py
Thus {f,g} = --LX g =Z( aaf a,g S aag ) as expected.
f Pi ad e P
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Since our poisson bracket { , } was defined invariantly from
the 2-form w, the formula holds for any symplectic (= canonical) co-
ordinates, In particular, this formula gives the poisson bracket of
any two coordinate functions. We can deduce hence that a set of 2n
functions Q1 seeny Qn, P1 yeeny Pn on a symplectic manifold are sym-
plectic coordinates if and only if they satisfy the relations

(P} =6,
{P, P} =10} =0
for all i and j.

One can also prove that a transformation ¢:(M,w) —> (M, w) - is

symplectic if and only if it preserves all poisson brackets of functions.

Proposition. For any three smooth functions on a. symplectic

manifold
{f. {g,n}} + {g{n, £}} + {n. {£,g}} = 0.
This asserts that the set of smooth functions is a Lie algebra under

the poisson bracket { , }.

Proof.
{f,{g,h}} + {g, {h,£}} + {n, {£, g}}
= L..L,h - L. L_h+1L h
XX X X X
f g g f {f. g}

and this is zero, because

(s, g}~ (a{f, g})# = {df, dg}# = -{df#,dg#} = '[Xf’Xg]’
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Here is an application of the antisymmetry of the poisson bracket.
Consider k particles moving in three dimensional space. Their posi-

tion is then specified by 3k coordinates

oy oYy 213550 Vg0 Zgs o =0 T Vo s
so that the configuration space C is ]R3k. In the corresponding
phase space M = T°C we can write down the Hamiltonian function H
in terms of the potential energy V and the usual kinetic energy of the
3k particles, If we assume that V depends only on the distances be-
tween particles, then the Hamiltonian H is left fixed by the trans-
formations of M induced by rigid motions, like translations and
rotations, in ]R3, Let Xg be the vector field corresponding to such
a translation; then Xg leaves H invariant. By anti-symmetry, XH
must leave g invariant; that is, since the system moves along the
trajectories of H, g is a constant of the motion. For translations,
g turns out to be the linear momentum, while for rotations g is angular
momentum. -We have just derived the familiar conservation-of-momentum

laws. In general, any function f with {f,H} = 0 is a constant of the

motion.,



-28-

35, Submanifolds and Immersions.

We will study "energy surfaces'' (submanifolds of constant energy);
for this we need some facts about submanifolds. In a number of places
in these lectures we have used (and will be using) the theorem below
and its corollaries. (Here Df(m) is the map induced by f on the

tangent space at the point m.)

Theorem. (Inverse Function Theorem): Let M i N be a smooth
function. If Df(m) is an isomorphism, then f is a local diffeomorphism
at m; i.e., there are neighborhoods U of m and V of fm such that {:(U):Vﬂwb
f[U2U—> V has a smooth inverse.

Corollary 1, (Implicit Function Theorem): Let M SN N be a

smooth function. If Df(m) is a surjection, then f is locally a pro-

jection;i.e., there are charts (U,#) at m and (V,y) at fm such that
f

gu=U'x V' M > N
WV = v U U
-1 meU fmeV
and Yofod is the projection ~ ~
= g -1 = lp
of U'XV' onto V. Urxy —befed > V!

Corollary 2. Let M—f—>~N be a smooth function. If Df(m) is

an injection, then f is locally an injection; i.e., there are charts
(U,#) at m and (V,y) at fm suchthat @FU=TU', ¢V = U' X V', and

-1
Yeofod ~ is the injection of U' into U'X V' as U'X 0.
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In what follows, M and N are manifolds and a ¢ M, An
immersion of M in N is a smooth function M i—) N with the
property: for each f(a) ¢ N, there is a chart at f(a) with coordinates

1 n 1 d . :
qQ ,-..,9q suchthat q f,...,q f are coordinates for a chart at a,

for some d < n.

By Corollary 2 above, a smooth function M >N is an immer-
sion if and only if Df(a) is an injection for every a ¢ M. An embedding
is an immersion which is a homeomorphism onto its image endowed
with the subspace topology. A weaker notion of embedding which some-
times is used is an immersion that is an injection (1-1 function); but

the stronger sense seems to be what we want for mechanics. If MC N

and the inclusion is an embedding, then M 1is a submanifold of N. One

last definition: the point e e N is a regular value of f if and only if the

Jacobian Df(a) has maximum rank for every a such that f(a) = e.

. , . . m n . .
Since Df(a) is a linear transformation from IR~ to IR it will have
maximum rank when it is surjective if m > n and when it is injective

if m < n.

Thebrem. Let N,P be manifolds and N >P a smooth
function. If e ¢ P is a regular value of f, then f-l(e) is a sub-
manifold of N.
y
Proof. Since the inclusion f'-l(e) C'M is clearly a homeomorphism

onto its image we need only show the immersion property. Take ae N

so that f(a) = e.
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Case (i). Df(a) is surjective: Then Corollary 1 of the Inverse

Function Theorem gives a chart (U,f) at a such that

¢(f-1(e) A U)=U' and gU = U'X V', Locally the picture shows what

the manifold M looks like near a.

/ - V!
'
;

-1
Case (ii). Df(a) is injective: Then f is an injection near a, so f fe)
is a set of isolated points each of which is a submanifold. Thus the

union of these is a submanifold; so the theorem is proved.

If P=1R in the theorem, it is useful to have explicit local co-

1
ordinates for a point a such that f(a)=e. Let q ,..., qn be any co-

ordinates around a; then Df(a) = (-ail— bases ﬁn—)a where e is a
9q 9q

regular value means one of the entries is non-zero, say — - The

i . 9q
< -
> 4 lsi<n-l has Jacobian

i
q

change of coordinates n
q

> f

matrix
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1 n-1
so q ,.-..,9 ,f are coordinates around a in N such that

1 - -
Q.ee.,q" ! are coordinates around a in f l(e).

36. Invariants on a Symplectic Manifold,

We first study quantities invariant under a vector field on any
manifold.
Definition. Let M be a manifold and X a vector field on M;

then a k-form a is invariant under X if and only if LXaz = 0.

We have the equivalences

O
anr =0 iff Ft a = o, where F is a flow of X,

iff a is constant on integral curves of X.
The following properties are easy to prove,
(i) @ invariant under X implies iXaf and da are invariant under X,
(ii) @ and B invariant under X implies B is invariant under X.

(iii) @ invariant under X and L_Y = 0 implies i_,e is invariant under X,

X Y

where X,Y are vector fields and o,p forms.

Proof of (i) for i,a: By the "homotopy identity" (1) of 33,

X
LX = ]Xd + dJX, thus

LX(1XQ') = 1Xd1xa! tdigiga= -iXJXdar + d1X1Xcv,
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But the definition of 1x ehows that iXiX = 0, since we are dealing with
alternating tensors, so LX(iXa) = 0.
Proof of (ii): Lx is a derivation.

Proof of (iii):

Ly(iya)

Ly (C («®Y))
C(LX(Q®Y))
C;(an@y + a®LxY) =0

where C is the contraction operator which commutes with Lie

derivatives.

A submanifold V of M is an invariant submanifold of X if for

each ae¢ V, X e T VCT M.
a a a

Theorem. Suppose M a manifold and X a vector field on M.
If the function M—> IR, asa O0-form, is invariant under X and if
e is a regular value of k, then k-l(e) is an invariant submanifold
of X.

Proof. By the previous theorem, k-l(e) is a submanifold of M

and for each a ¢ M such that k(a) = e there are coordinates

1 m m-1

q9,...,9 around a in M with q',...,q coordinates for a in
k-l(e) and Ok # 0. By definition of L for X=X Xl—a.—' ’
m X i
dq 9q
m-1 Bk . 5k
0= Lyk= Li,X> = > ——x' + Zym . %k ym
i=1 aq 9q 5q™

-1
at a because k is constanton k (e). Thus X™a = 0; but
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-1 _ -1
Ta(k (e)) = {we TaMl the last component W= 0}. So Xae Ta(k (e)),
which was to be proved.

> IR is an invariant of the vector

Proposition. If the function M

field X on the manifold M and if e is a regular value of K, then a
trajectory of X which meets a connected component I_ of k-l(e)
lies entirely in Ze’

(Here connected means path connected; i.e., any two points of Ee

can be connected by a path lying entirely in Z_.)

Proof. Let y be a trajectory for X starting at the point a ¢ Zg.
Because Z, is an invariant submanifold of X, XIZe is a vector field
on Z,- The existence and uniqueness theorems for differential equations
say there is a unique trajectory y' in Ze starting at a which satisfies
the differential equation for X|Ee, But y is such a trajectory, thus

vy=vY' and y lies in Zg.

Now consider invariants for a symplectic manifold (M, w) of

dimension 2n.

Definition. A vector field X on (M, w) is locally Hamiltonian

if and only if w is invariant under X; i.e., wa = 0. Equivalent con-

ditions are
(a) dixw =0,

(b) Xﬁ is closed,

4
(c) X" = dH locally, for some function H.



«34-

The vector field X is globally Hamiltonian if and only if there is a

b
smooth M—H-PIR such that X = (dH)#, or equivalently, X is

exact.

Recall that a volume on M is a nowhere zero 2n-form. For
1 n/2
n!

locally Hamiltonian vector field, then wa =0, so LXQ = 0. The

example Q= wA... Aw (ntimes) is a volume. If X isa
volume element thus is constant under motion along X. This state-
ment becomes Liouville's Theorem when translated into the language
of statistical mechanics. In detail, in statistical mechanics a system
of n particles is replaced by a single particle in 3n-dimensional con-
figuration space, and hence by a point moving in én-dimensional phase
space, An ensemble of systems thus corresponds to an ensemble of
points in phase space. Liouville's Theorem states that the density of

this ensemble is constant along the trajectories.

37. Submanifolds of Constant Energy.

The last proposition shows that for the trajectories defined by the
globally Hamiltonian vector field (dH)# it is appropriate to restrict
consideration to the submanifolds where H is constant. We now examine

the structure of such submanifolds for any suitable function K.



Theorem. (Hamilton-Jacobi): Let X be a vector field on an
m-dimensional manifold M, M —LIR an invariant of X, e a regular
value of K, and V a connected component of K-l(e)g then

1° V is an embedded submanifold of dimension m-1.

2° If M is oriented, so is V.
3° If M has an X-invariant volume 2, then V has an X|V-
invariant volume QV’

Proof, 1° has already been proven,

2°. We will need a "normal® vector field N for V; that is, a
smooth function V—=> T, M with the property that for each ae V

TL aM = v*; -'(_:J)&B]R« Na
where vis the inclusionof V in M. To get suchan N let g be any
Riemannian metric on M (see the end of the proof for a different method).

and set N = g#OdK- v. Thus Na for each point a is the unique vector

such that g(Na, -) = dvaK is the differential of K at va,

g
;.M‘ # T M
N,l, TI'.
- dK
v > M

v
To prove that N is a "normal® vector field it suffices to show that
N, ¢ v (T,V). Now
v (T,V) = {Ye TvaM|<dvaK;Y> = 0} ,

but <dvaK’ Na? = g(Na,Na) which is not zero unless Na = 0, Since
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e is a regular value dvaK = g(Na,-) #0, so Na cannot be zero.
Suppose 2 is a non-zero volume on M, then v¥( iNSZ) is an
(m-l)-form on V and
v*( 1Nﬂ) (wl, oo 'wrn-l) = iNQ (v*wl, ceos V*Wm-l)
mQ (N, VW
£ 0.

%*
Therefore, v ( 1Nﬂ) is a volume on V. Consequently, V is orientable.

1ie .,v*wm_l)

This applies in particular when M is symplectic, and hence orientable.

3o First we need a lemma:
Lemma. If y is an(m-1)-formon M, a¢ V, and

w e T V, then
a

g Wy

(dK/w)a(Na., VaWisenes v*wm_i)

= o CAR,N D Ya(vywpsenn vy )

* m-1

with ¢ a non-zero constant.

Proof of Lemma. We use the definition of a form as an alternating

tensor. Indeed

(dK ®y)a(Na,v*wi, ey V*Wm-i) = {dK, N>aya( VW reees VW o y)s

so (dKAY)a(Na’V*Wi'”°’V*wm-1)
1 ¢
= — Z(-1)°'(dK®Y)a(Na,v*w1,.,,,v*wm_i)

ocgeS

1
gy ZdK, N>a. Y, (v*wi’ »on ’V*Wm-i) .

because <dK’Wi>a, =0 and vy is a form. Putting c = -I-ni— proves the

lemma.
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Now assume £ is an X-invariant volume on M and let 6 = iNQ,

Then dKA8 is an m-form, and hence is a multiple of :

dKAB = h.Q where h: M —-——> IR is smooth.
In order to make v*e invariant, we want h=1 --1if h ;‘ 0, we can

multiply by h-l. But

ha.'f:u (Na, V*Wl 1o v*wrn-l)
= (dK/\ e)a(Na, v*wl, ey V*wm_l)

c (dK,N>a9a(v*wl,...,v*w )

' (4K, N>a. Qa(Na.9 VaWis e e VW

me-

1)'

me-

For Wiseeos W linearly independent in TaV, all the terms, except

m-.
ha, at both ends oilf this equation are non~zerc: therefore ha is also
non-zero. Thus set 9 = h-le; then dKAB =Q and v* 8 is a volume
(as in 2°). We must finally show v 8 invariant under XN = v*X,
First

0= LXQ = LXdK AD + dKALXQ'

so dK ALXG = 0.

Using the lemma again

0

(dK A LXe)a (Na, VWir e V*Wm-l)

c {dK, N)a (LXe)a(v*wl_A e "’*Wm-l)

# —
c K, N>a. v (Lxe)a(wl, cos ’Wm-l)

).

c(dK,N)a(L R %

X|Vv

v Q)a (w1

m-1
Since the first two factors c¢ and {K,N) on the right are non-zero,
a

we get L (v*é) = 0, which proves 3°.

X|v
This proof oi the Hamilton-Jacobi thsorem is a presentation of that

given in Abraham, loc.cit., in numbers 11.11, 11.15,15.]3,16.27.
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This proof made use of the fact that there exists a Riemannian
metric on any manifold. The use of this result is efficient and sug-
gestive, but there is no unique or canonical such metric. After the
lecture, Alan Waterman suggested the following (standard ) way of avoid-
ing the choice of a metric.

Lemma. For M, K, and V as in the theorem, let Q be any
m-form on M. Then there is a l-form 6 on V such that for any
point a of V there is a coordinate neighborhood of a in M and an
(m_-l)-form B on the neighborhood with

£
6=v B, 2=pndK,

Proof. Let v:V —> M be the inclusion. Since dK 70 at e, we
can take K as one of the coordinates at a in M, The form Q of
maximal dimension can then be written locally as Q = B AdK, where 8
is some (m-1)-form on M. This form B is not unique, but if also
Q = B'AdK in the same coordinate neighborhood, then a representation
with coordinates shows that v*ﬂ = v*ﬂ’,. Therefore 6 = v*ﬁ = v¥p! is
an (m.-l)-form well-defined everywhere on V, and the lemma holds.

The theorem itself is now readily proved from this lemma; in

particular, since @ and K are both invariants for X, it follows that

® is an X|V-invariant volume.
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Chapter V. QUALITATIVE PROPERTIES OF VECTOR FIELDS

38. Orbits.

This chapter is devoted to the study of the qualitative properties of
the trajectories (integral curves) of vector fields on manifolds. Except
for the first section, the chapter consists of notes of lectures given by
Prof. René Thom of the Institute des Hautes Etudes Scientifiques (France).

Hence suppose M is a manifold and X a vector field on M. Con-
sider trajectories of X; that is, the curves c:I —> M such that the
tangent vector to c at each point is the value of X at that point. We
shall assume that ¢ and the given interval I are chosen so that 0 ¢ I.

Let

bX = {(a,t)l ae M,t e R and there exists a trajectory c:I— M
of X with c(0)=a and teI}.

By the uniqueness theorem for differential equations, there exists a
smooth map (a "flow")

F.E%< > M

such that for each a, F(a,-) is a trajectory for X -- in fact is the
maximal trajectory through a. ( OX is an open subset of M X IR, so
it is meaningful to require that F be smooth.)

An orbit of X is the image in M of a maximal trajectory. A closed

orbit of X is an orbit which is compact. For example, the vector field
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going around the torus as indicated has (infinitely) many closed orbits.

Finally, the support of X is the closure of the set {a.eMIX(a) #0}.

A vector field X is comglet.e when ’&X = MXIR. It is equivalent to say
that every integral curve of X can be exiended to one whose domain of defini-
tion is the whole real line. This cannot always happen. For example, let
U be the first quadrant of ]RZ, with the usual coordinates x,y. Then the
vector field X(x,y) = (-}{- ,1) is not complete. (Verification is left to the
reader.) If however, the closure of the set of points p where X(p) # 0 is
compact , then X is complefe.

The most important thing about a complete vector field is that it yields

a one-parameter group of diffeomorphisms. For each s ¢ R, there is a

diffeomorphism & of the manifold suchthat ® =1 and ® & =& . Ex-
5 o s t s+t
plicitly, ®4(p) is the value of the integral curve of X with initial conditions
p at time s. In contrast a non-complete vector field yields only local diffeo-
morphisms rather than global ones.
Theorem. Let X be a vector field on M. If M is a compact manifold

or if X has compact support, then X is complete.

We sketch the proof in the case that M is compact. We shall use the fact
that in a compact space every infinite sequence of points has a convergent

subsequence.
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We want to show that we can prolong any trajectory c:1—> M

= < <
where I (to’ti) for t 0<t,.

L+ M

Suppose ¢ were maximal and =0 \

t, <oo. Let {t;} be a sequence of I +0 4 /
paints in I convergent to ti' Then | / /
F L —//’/////
the sequence .{c(ti)} in M has a

limit point m (i.e., some subse-

quence of {c(ti)} converges to m). Apply the existence theorem of
differential equations to get a flow box F: UX I1 —> M at m. Thus
UC M is an open set containing m. But m must be in the closure of
the image of c. Therefore, U contains some point c(t) in the image
of c. F(c(t),-) is a trajectory through c(t) which must extend c.

A rimilar argument applies to the case when M is not compact but
X has compact support.

Suppose next that K is a compact orbit of X. Then we may as well
assume that K 1is not a point, and consequently that X 1is never zero
on K. The main result is that compact orbits are periodic.

Theorem. Suppose ¢:IR —> M is a non -constant integral curve of
X with compact image K. Then there is a 7 > 0 such that
e(t+71) = o(t), all t.

The least such t is called the period of the orbit.
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Proof. We first notice that we can assume the vector field X to be
complete. For if we take a neighborhood W of K with compact closure
and a c% function @ whichis {1 near K and 0 off W, then aX is a
vector field with compact support which agrees with X near K; also ¢
is an integral curve of aX.

It suffices to show that there are points t # t' such that ¢(t) = o(t').
For if {‘I’S: M —> M} is the corresponding {-parameter group of diffeo-
morphisms of M , it then follows that

plstt -t') =& ot)=2__ 0t') = ols)

s
for all s ¢ R, If t>t'. this is the conclusion (7 =t-t') of the theorem;
since t and t' are symmetric, we may suppose this is so.

We thus want to prove the following

Lemma. There are points t # t' such that o(t) = ¢(t').

Proof As noted earlier, X is non-zero on a neighborhood of K.
Therefore, by the inverse function theorem, there exists an open interval
J CIR containing 0 and an open disk V' of radius €& such that J X V'
n-1

is a coordinate neighborhood at X(0) with coordinates t and vi, N

and such that locally
o(t) = (t, 0).

By continuity we may assume that if

_ ) )
X = zwiavi Y%
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then y is bounded away from zero (and in fact is positive on J X V'),

4
T e e ——
S I N
e e Pr) N
- ’ - \‘ mfeﬁml

T - \i0) S ,__.. — é,// Curres
L Pt . ‘ /

Suppose ¢(t) ¢ J X V', By our hypeothesig that y is positive, a point
can travel backward or forward along the trajectory of ¢ until it meets
the disk 0 X V', (In the above picture, the point travels backwards from

(tl) and forwards from rp(tz).)

Again by our hypotheses on X, if"qo(t) = (0,v'), then no other nearby
point can also get mapped into 0 X V'. This is because the component y
is bounded away from zero, and hence the integral curves must have at
least some fixed positive velocity in the -:T direction. In other words,
the set of points t such that ¢(t) ¢ 0 X V' is an isolated subset of R.
But it is easy to show that any such subset is countable; that is, it is in
1-1 correspondence with a subset of the pozitive ‘rrel . rs.

Since K N (0 X V') is countable and [0,1) is uncountable, there

exists an g' <& such that no point of K has distance exactly &' from

the origin. Let V be the closed disk of radius ¢'; then KN (0 X V)



-44 -

compact and countable, and is contained in the interior of V. As a sub-
set of a metric space, it has a notion of distance.
It is left to the reader to prove the next result, which is a trivial

consequence of Baire's theorem (see e.g., Kelley, General Topology)

Sublemma. Let Y be a compact metric space which is countable.
Then Y has an isolated point.

Therefore, there is a t, and a neighborhood U of fp(to) in V
such that K AU =@ . Again, it follows by continuity that there is a
U' € U neighborhood of <p(t°) and a J'o € J neighborhood of 0 such
that K t’\(J’o X U) = Jo X (p(to)

Composing the result with the diffeomorphism @s for s = 1:i - to’"
we see that for any point «p(ti) ¢ K, there exists a coordinate neighbor-
hood T X U of cpCti) such that the intersection of K with the neighbor-
hood is J X 0.

Since K is compact, there is a finite collection of (.]'i X Ui)
covering it. Since the inverse imagesof the Ji X 0 then cover IR, it
follows that some point t' outside some interval tk+ Jk gets mapped

into J'k X 0. But we know some t € tk + .]'k gets mapped onto any point

of Jk X 0, and for these choices ¢(t?) = ¢(t).
We now want to ask what the critical elements of a vector field X
are. These are of two types:

1) ae M suchthat X(a) = 0 (for example, the south pole on the

sphere with a vector field which everywhere points downward). Since
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X(a) = 0, the Jacobian
ey
8q
provides a linear approximationto X near a. For example, in

dimension 1, a Taylor expansion gives

%;L = Aq + higher order terms,

where N\ is the eigenvalue of the Jacobian. Thus

49 _
a 3
gives a first approximation to solutions near a. In higher dimensions

s . . 1 n
it is generally possible to choose coordinates q ,...,q so that
i <
dg= _ At
at 4
give first approximations to the solutions near a, where the A" are the
eigenvalues of the Jacobian matrix near a.

2) Closed orbits. Nearby trajectories may be studied by taking a
normal cross-section to the given closed orbit. Again, suitable eigen-
values determine the behavior; they are obtained by mapping the cross-
section on itself by following along trajectories going "once around" the

orbit.

Structural Stability -- René Thom

The purpose of mechanics is to describe the motion of physical
bodies. Recently the theories developed for this aim have also been

used to study chemical and even biological phenomena.



-46-

Two separate theories of mechanics have evolved. Time reversible
mechanics is based on the assumption that the time parameter can be
reversed without changing the qualitative aspects of the phenomenon being
studied. Vibration without damping is an example of such a phenomenon.

Time reversible mechanics has been dominated by Hamiltonian theory

and is centered on the concept of Invariance of Energy., Time reversible

mechanics suffers from the defect that it is in most cases an idealization
of nature. Time-irreversible mechanics is more true to nature but has
been studied less than time-reversible mechanics. It is dominated by the

study of gradient-like systems and centered on the concept of Increase of

Entropy. More explicitly, if X is a vector field on a phase space M,
then Increase of Entropy is satisfied if there exists a function S:M —> R

(the entropy function) such that S(mt) is monotone increasing, where

dmt

T = X, Otherwise put, X is transversal in an increasing direction to

the level varieties of S.

(#) Prof. Thom wishes to thank Prof. S. MacLane for having been given
this opportunity to expose some favorite ideas in the field of
Goemetrical Mechanics.
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39. Gradient Vector Fields.

Let M be a manifold with a Riemannian metric <, >, Then there
is-a correspondence between vector fields X on M and i-forms ay on
M given by

<X,u> = aX(u) for ue TmM,
at each m ¢ M. (This is just the correspondence induced by the iso-
morphism of tangent and cotangent bundles given by <, >,) If
o:X = dU, then we set
X =grad U.
The situation may be described by saying that X is orthogonal to the

level surfaces of U. This is just like an entropy situation, particularly

since we are free to choose a convenient Riemann metric.

K \ 1 ;= grad U

At regular points (that is, points where X # 0) there is little diffi-
culty in determining the nature of the trajectories. At a singular point
the situation becomes more complicated. The behavior of trajectories

near a singular point of a gradient field mightbe as in the picture below.

Nt~
2

——

LN
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In a more general situation a focus, as in the diagram below, might

occur; this cannot happen with a gradient field, however. (This is

BZV

because of the symmetry of the second order derivatives BT

40, Qualitative Dynamics

The classical approach to dynamics was to try to solve the

Hamilton-Jacobi equation

2 - X(m)

explicitly. This appraoch was beset with difficulties. Frequently, X is
not known exactly -- say, if not all the forces acting on a system are
explicitly known. In this case, empirical formulae are used to approxi-
mate the desired information. Given a known vector field X, there are
not always adequate means of. integration available, as for the three-
body problem of Newtonian mechanics. Then the solution must be
approximated. To approximate reasonably, it is necessary to know how

much a slight perturbation of X affects the global solution.

In the 1880's, Poincare introduced the study of Qualitative Dynamics,

which aims to describe solutions rather than find them explicitly. Once

the geometric picture formed by the trajectories is found, one can pose
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the structural stability problem: to determine whether this picture is

invariant up to homeomorphism under small perturbations of X, We
whall examine these problems for the case of gradient fields. We will
deal with a potential function

M —V—> R
and the corresponding vector field

X = -grad V.

First, a digression concerning the nature of potential functions. If

the vector field X corresponds as above to the one-form o, then

ax(z) is called the work of the field of force z. If a is closed --
da = 0 -- then we say "V determines a potential." Either of two cases
ol m(t)
may occur: _dm ==
dwW = - F
1) If @y is homologous to zero in the one dimensional cohomology

group then HI(M, IR), then a = d(-V).
2) If e is not homologous to zero in Hl(M, IR), then the potential
is "multi-valued"; i.e., it is defined up to multiples of periods.

We shall consider only the first case.

Definition. p e M is a critical point of X if X(p) = 0; i.e., if p is

a singular point of X.
If X= -grad V, p will be a singular point of X if and only if
de = 0; i.e., if and only if p is a critical point of V in the usual

sense,



Suppose M is compact. Let
onto
ht' M——mM
be a one-parameter family of diffeomorphisms obtained by integrating
is a flowbox for X.) Consider

X, such that ht(mo) =m,. (Thatis, h

t t

the ht's applied to one point m ¢ M; since M is compact, the resulting
set {ht(m)} has limit points.

Claim: Any limit point of a trajectory m, for X is a critical
point of V.

Proof. Suppose q is a limit point of m, . Then the trajectory m,
keeps coming back near q. By definition, V(mt) is decreasing. Since
M is compact, {V(mt)} has a lower bound. Thus we must have
V(mt) 1V(q) as t + . If q is not critical, then V has a non-zero

gradient at q, so there would be nearby points with values less than

V(q), contrary to V(mt) lV(q)..

B

Thus we have shown that "all trajectories go to critical sets." The
same reasoning shows that "all trajectories start from critical sets. "
Definition: The critical set of X is (dV) '(0). Thus, if V is G,

then the critical set is closed,

Is V constant on any connected component of the critical set? If
the components are all differentiable-arc-connected (i.e., if any two
points in the same component can be connected by a differentiable arc

lying in that component), then the answer is "yes",
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Theorern (A.P. Morse)i): If V is of class C™° where m2>n

= dim M, then V is constant on any component of the critical set.

There is a counterexample, due to Whitney, showing that V can
be non-constant on a component if its class is too low.

When V is constant on each component of the critical set, the com:
ponents can be ordered via the values which V assumes on them. The
structure of the gradient field may then be described by the following
procedure. Let o be the components of the critical set. To each o
associate a point above the value in IR which V assumes on T,

Draw an arrow from ] to crj whenever there is a trajectory for X

in M which starts in a neighborhood of o and ends in a neighborhood

of O‘j. Such a graph might look like the following:

Ty o3
x* X
‘///’ ‘\\\\\\ 5
T, %
x . X
02
—_— ’ — +a— v
minimum maximum
value value

In what follows, assume V is Coo' Let V(xi) denote the potential
as a function of the coordinates .. Suppose the origin is a critical

point -- i.e., oV

3x1

oV

Ox
n

(0) = ... =

(0) = o.

1)

See for instance G. de Rham, Varietes Differentiables, Hermann Paris,

Th.9, p. 10; or S,Sternberg., Lectures on Differential Geometry,
Prentice Hall -- Sard's Theorem --Theorem 3.1, p.47.
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2
Y
The origin is a non-degenerate critical point if the Hessian "_—ax 9% |

i

is non-zero there. Equivalently, if

V(xi) = V(0) + <p2(xi) +...
is the Taylor expansion for V, then 0 is a non-degenerate critical
point if and only if the quadratic form cpz(xi) is non-degenerate. In
this case, ¢, can be reduced to the sum of squares of linearly inde-

pendent forms:

2 _ 2 2 2 2
cpz-(xi) = Zixi T Xyt e =X +xk_'_1+,..+xl_1 .

Then k is the index of the quadratic form and, along with the fact that
0 is a non-degenerate critical point, it is invariant under changes of

coordinates,
Suppose V(xi) is a potential function which admits 0 as a non-
degenerate critical point. Perturb V slightly to
V(xi) + SV(xi),
‘where SV(xi) is small in a suitable norm. Then the new function has

near 0 a non-degenerate critical point of the same index.

To show this we introduce the "auxiliary map"

RrR® G > RP
iven by x.Am~A~»u, = i'( ). Then th itical set is just
g v X . axi XypooesX ) en the critical set is jus

-1
G (0), and 0 is non-degenerate if and only if G has rank n at 0.

Perturb V slightly in the C_ norm; this perturbs G to a new map G'

2

which is a CJ1 approximation of G. Therefore G' has rank n in some
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neighborhood of 0, so (G‘)-I(O) must contain a point in this neighbor-
hood. The invariance of index follows from the continuity of the second
derivatives.

Thus we have that "non-degenerate critical points are invariant
under small perturbations". This theorem is due to M. Morse. We
next state without proof the following result of M. Morse:

Lemma. (M. Morse): If V(xi) = V(0) + goz(xi) + ¢3(xi)+ ..., then

there is a change of coordinates x, x; near 0 such that
2
)= +> + %
V(x;) = V(0) >t ox
i.e., V can always be reduced to a quadratic form (plus a constant).

If a critical point p is non-degenerate, we can get a good descrip-
tion of the gradient field near p. DBefore attempting this, we state a
related conjecture:

Suppose f is an analytic real-valued function on R"” with 0 as an
isolated singular point; let (fy ) be the ideal (in the ring of analytm
functions at 0) generated by the first partial derivatives of } Then
(fx.) contains a power of the ideal generated by the coordinate functions;
in other words, any monomial of sufficiently high degree is a sum of
multiples of the first partials of f. Consider the set of trajectories of
grad f. There will generally be a set I" of trajectories tending toward
the origin, and another, I"+, of tra-

jectories emanating from the origin.

e

‘ﬂ\s
N\

The problem is to show that I" and

+
I" have a nice topological structure;

\/ \
in particular, that they may be tri- — e
]_"- \Y I'~+
angulated, preferably by a triangula- L~
tion which can be extended to the

whole space. It has so far been shown

+ -
that if ' and I’ are cut by a suffi-
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- + .
ciently small sphere S, yielding sets y+ andy , then y is a deforma-

tion retract of S-y , and vice-versa.

Now suppose 0 is a non-degenerate critical point of F(xi)
in(o) =0

and

< (0) # 0.
i

What can be said about the qualitiative structure of the gradient field
near 07

By M. Morse's theorem, we can choose coordinates x,,...,X

1)‘ k’

Yyreo oo Yo 1 around the critical point 0 so that

k 2 n-k 2
F = S X, - 2 y. .
i=1 j=1 9

Special case: Take as the Riemann metric about 0

as’= a + ay? = 3 ax’ +2d2

Now
1 F =x
2 X, i,
i
1
=F = -y,
2 Yj YJ )
and
1 9 d
> grad F = ZFX' . " z Fy. _By. >
i i NI
so integrating the system amounts to solving
i Yy
at i 0 a0 7Y
which we can readily do to get
X, = aL.et > Y. = b,e-t

1 1 J J
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The orbits of trajectories tending to or from the origin fill up the

"axes" Rn-k and IRk, where x=0 and y = 0, respectively. The

trajectory through any point not in one of these sets does not pass

n-k)
through the origin. In general (if Y (7R
\
k # 0, n), there will be a saddle
point -- as is pictured in the two- Y
2 2 crest < Ny X
dimensional case for F=x -y . lines < 4 k
- (RR")
(The level curves for F itself in Y\ N /f/
\ :
the case n = 2 are pictured in the \ ;[
“ial weg”
maddle diagram ) lines

If instead we take an arbitrary
Riemann metric in a neighborhood

of the critical point, an analysis

more delicate than that above will

yield the same results, There will

be a k-manifold passing through 0

formed by trajectories leaving 0,

and an n-k manifold orthogonal to it
.,/ﬁ‘-k
formed by trajectories tending to O, / manifuld

/
where n-k is the index of the critical ?

point. The general method is to take

a small neighborhood U of 0 and

consider its images U, = ht(U)’
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where the ht form as above a flow box for X. The point 0 is a fixed
point of ht’ so each Ut is a neighborhood of 0. As t = oo, these
neighborhoods stretch along the x-axis, tending toward a limit which is
a k-dimensional manifold of trajectories leaving the origin. As t =+ -o00,
the Ut tend toward the n-k dimensional manifold of trajectories approach-
.ing the origin, P.Hartman has done the analysis, that of "unstable
critical sets", involved. 3)
The above results hold only for
a C2 function F. For example, if
F(x,y) is a C1 but not CZ function

of two variables, the trajectories

arriving at the origin might form a

full sector.
It is known that the homotopy
types of the sets of trajectories

entering and leaving a critical point

are fairly well determined. How-
ever, other topological properties

may vary widely.

3) P.Hartman - On the local linearization of differential equations, Proceed-
ings Amer. Math. Soc., 1963, 14 , pp.568-73.
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41. Morse Theory.

Theorem (M. Morse): Any real-valued function of class c™ ona
compact manifold Mn, where m > n, can be approximated in the c®
topology by a function which admits only non-degenerate critical points.

Consider ]am(Mn) = all real-valued c™ functions on M" , with
the C™ topology; it is a Banach space. Morse's theorem says that
the set of functions in j&m(Mn) which admit only non-degenerate
critical points is open and dense in Bm.

Now suppose 3, is a function defined on a compact n-manifold M®

+1
imbedded in ]Rm-1 in such a way that 3 is a coordinate in R . By

non-degenerate
Morse's theorem, we may approximate é/ by a function with only A

critical points. So without loss of
) Wy

generality, we may assume é, has /\ 7R

only finitely many critical points, \

e M

Associate to each of these the set \

each of which is non-degenerate.

of "descending trajectories" from

that point (i.e., the set of tra-

jectories of -grad 3) These

form a k-dimensional cell 3/1{, where n-k is the index of the critical
point. The cells 31( form a partition of M -- for any point of M lies
on a gradient trajectory with 3/inc reasing, and this trajectory must
tend toward a critical point. Thus we have the basic objective of Morse

theory a representation of M as a union of k-cells 3 K
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This partition is in fact a C-W complex. (For details, see Milnor's
book on Morse theory.)
If Lk = the number of critical points of index k, then it can be shown

that n
ikz b#(M ) , (the Morse inequalities);

. n
i.e., i, 1is greater than any k-dimensional betti-number of M. Con-

k
sequently, the number of critical points has a lower bound determined
by the topological structure of the manifold. This fact has interesting
applications in mechanics, since a non-degenerate critical point cor-
responds to an equilibrium position. Hov{ever, not all the non-
degenerate critical points correspond to stable equilibrium positions --
in fact, it is possible to leave the critical point along an edge of the

corresponding cell unless the point is a minimum.

In dimension 3, there may be several minima. Each determines a
gnaximum

"basin"; the manifold minus the
separatrix
separatrices between adjacent

basins is globally partitioned into

basins. In general, we can't ex-

pect the separatrices to behave

nicely, as will be shown shortly. o
: minimum
Suppose that 0 is a minimum with value 0 and suppose further that

this is a quadratic minimum, i.e., if

z = ¢2(x, y) + ¢3(x, y)+ ...
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is the Ta.ylorA expansion near 0, then there exists an orthogonal change

of coordinates such that
<p2(x, y) = sz + Byz,

where A > B> 0. Consider

9 9
-grad z = Xax + Ya—y-,

where ¢=cp3+... and

- d¢
X = -Ax-ax (x,v) ...

9
Y = -By-.a—‘; (%, 9)eee

Claim: The trajectories ht for -grad z are contracting near 0,

'htl -0 as t = oo, for trajectories ht near 0.

i.e.,
Proof. Let p2 = x2 + yz = |ht|2
42, E2) 20
ar (p7) = 2x(-Ax - 52) + 2y(-By - 32)
- a(ax 4 Byd) - 2x 2 4 22
= -2(Ax” + By) - 2(x 5~ + Y,ay)-
Now lg—:' | £ Mp2 , Ig—‘; | < Mpz, so the second term in the ex-

2
pression for d—i-(p ) is dominated by p3. But the first term dominates

2
p . Hence for p small,

2 2 O¢ d¢
Ax +By7|xay+yayl:
so
d 2

An alternative way of looking at the problem would be to consider
the inner product between the vector field at a point ht = (x,y) and the
vector from 0 to (x,y). This is just

+ = - c : - e —
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The above reasoning shows that this inner product is negative for
2_ 2, 2 \ .
p =x +y small; hence the angle between the two vectors is
between /2 and 3m/2, so the vector field always enters any circle
of sufficiently small radius p .
Claim: All trajectories except the one along the x-axis arrive

toward the origin tangential to the y-axis.

Proof. Consider how the vector field acts along a line y = xtan @

through 0: R 30
Y ey

X ~ d¢

-Ax - ox

. 9¢
-Bpsin® - By (x,v)

i

. d¢
-Ap sin@ - P (x.y)

-B sin@ + &(p)
~-A cos @ '

for p small, where ¢g(p) >0 as p =0, For p small enough the
vector field is pointed at an angle y = xtan®
of approximately arcta,n(-f:— tan 8)

with the x-axis. Since B<A, d

this angle is smaller than 6.

Thus for small p, the vector
field enters the angle formed by
this line and the y-axis. Since

B/A is a constant, every trajec-

tory near 0 which is not along the
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x-axis must enter every angle containing the y-axis, hence arrives

tangential to it.

This last result says that the
trajectories near a quadratic mini-
mum laook as pictured.

The same analysis may be
applied to a quadratic maximum,
i.e., a critical point where

cpz = sz + Byz
‘and A,B< 0. If A¢ B, then

almost all trajectories leave the

maximum tangent to the y-axis.

In particular, if there are two separatrices going from the same

quadratic maximum to saé}le points, the two situations pictured might
'\

)
-

occur.

saddle

peak

saddl\e

saddle

\
saddle

peak
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In the first case, the two separatrices will together form a smooth
curve., In ~t'he second case, a cusp is formed, so the separatrices do
not form a submanifold.

From our previous analysis, we see that the question of whether
there is a trajectory from a given maximum to a given minimum is
decidable by a finite procedure -- just look at the components corres-
ponding to each of the critical points. This is not true in a system
more complicated than a gradient system. In certain cases, the
decidability of this question depends on arithmetic properties of the
coordinates; in some cases, the situation is, practically speaking,

indeterminate,

42, Critical points in the degenerate situation.

So far a few results are known which apply to degenerate as well
as non-degenerate singular points, but knowledge of the degenerate
case remains sketchy compared to the non-degenerate case.

The theory of the Lusternik-Schnirelmann category states that
there is a lower bound for the number i= i(M) of all critical points

of a manifold: n n 4)
c(M7) <i(M).

It has also been shown that on a manifold M" of dimension n
there is always a function with only nt+{ critical points., 5) This is

4
) Liusternik - The topology of calculus of variations in the large,
Translation of math. monographs, Amer. Math. Soc., 1966.

8)

) El’sgol‘c, L.E. - Estimation of the number of critical points, Uspeki
Matem. Nauk 5 n. 6(40), p.52-87, 1950 (Russian) Math. Review p.721,
vol. 12,1951,
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similar to the result that M can be covered by nti charts! For
example, in the case of a Riemannian manifold, we can do this in terms
of the cut locus of a point 0 ¢ M: For each m ¢ M, consider all
geodesics joining 0 to m. There is one or more of shortest length.
Let Ko be the set of points of M which have at least two such geo-
desics of shortest length. KO is the cut locus of 0. M-K_  is an

open cell which is everywhere dense. If X seecsX are n+i points

of M in "general position", then ﬁKx. = @, so the n+i open cells

i
M-Kx cover M.

i

In studying a degenerate critical point p, we may use the following
method. Perturb F to get a new function F +8F. By the Morse
theorem, we may assume the new function has only non-degenerate
critical points.. Taus we have a finite number of non-degenerate
critical points of the new function, corresponding to the original de-
generate critical point, to study.

We can now state a conjecture as to the nature of degenerate
critical points. Suppose the perturbation is also such that the gradient
trajectories to and from the critical points always intersect trans-
versally. The trajectories between two of the relevant critical points
form a set Z. The conjecture asserts that £ is contractible and that

the dzjeaerate case arises by collapsing Z, (i.e., that the sets I’F;

+
and I‘p of trajectories entering and leaving p are determined by the
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gsets '  and T * for the 9, perhaps by taking the disjoint union
. q
of the I"qi and identifying the points qi). Then degenerate points
i

could be characterized by the number of points and their indices in

the non-degenerate approximation.

© e R am——

For example, let f = x3 + y3 in dimension 2. Perturb f to get
3
x + y3 - Ay. For X\ >0, there will be two critical points. The new
function gives the diagram on the right, which collapses to give the

diagram for f on the left.
z
! (
—> < -
/ A\

A
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CHAPTER VI. FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

43, The Hamilton-Jacobi Equations.

In the first part, in §26 (page 118) we had occasion to consider the
Hamilton-Jacobi Partial Differential Equation for a Hamiltonian func-
tion H(ql, cens qh, Pysec e pn), and to show how suitable solutions of
this equation determined the trajectories of the corresponding mechani-
cal system. We now return to this topic, for the case when H also
depends on the time (time:dependent Hamiltonian).

Let C be a configuration space, M = T 'C the corresponding
phase space. In the metric spaces IR X C and IR X M the projection
onto IR will be written as t, so that t:IR X M =+ IR is the "time co-
ordinate”". Consider functions

HRXM-R , S:RXC-=R
(H is the hamiltonian, S the "entropy"). The function
St = §(t,-):C =R for each t determines a {-form
ds:C + M
(a cross section of the cotangent bundle). The corresponding equation

3s
_ + =
5o * H(t,ds) =0

is the (time-dependent) Hamilton-Jacobi equation.

Given the function S, each curve b:I = C lifts to a curve

c(t) = dSto b(t) in T°C. The equations (for qi, ...,q" coordinates in C)
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dq]"b - 9H
dt Bpi

(t,dStb) , 1i=1,....n

will be called the first Hamilton equations, as they are the first half

of the 2n Hamilton equations for C. The role of the Hamilton-
Jacobi equation may be expressed by the following theorem (formulated
by George Mackey):

Theorem. Let S be a solution of the Hamilton-Jacobi partial
differential equation. Then if the path b in C satisfies the first
Hamilton equation, the lifted path c satisfies Hamilton's equation.
Conversely, let S:IR X C =+ IR be a smooth function such that every
b satisfying the first Hamilton equations yields a c satisfying (all of)
Hamilton's equations. Then there is a smooth function ¢:IR = R
such that S -{yot satisfies the Hamilton-Ja.cobi_pa.rtia.l differential
equation.

Proof. First we calculate

dp.c
© 4 8s { n
dt . dt i(toqb7~~°,qb)
9q
_ 8% . 3% dg'b
3t 9" T aqlagd &

By assumption, the first Hamilton equation holds. Hence

dp.c 2 2
(1) i . _98 + 9°S 9H

dt ot ‘aqi j 8quqJ Bpj

(Here each second partial of S has the evident arguments.)
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On the other hand, applying il' to Hamilton-Jacobi gives the following

- aq
"derived H-J equation:
8%s oH 8H _ a°s
(2) 0= -+ —— (t,d5) + > 0. o1
at dq 9q j 9q’dq
5 5°s
Now —— = ———— . Hence subtracting the last two equations gives
Jaqlt 1,]
9q'9q 9q 3q
(with suitable arguments)
(3) ¢ om
dt i

9q

This is the second half of Hamilton's equations.
In the last equation everything is to be regarded as a function of t.
The "suitable arguments" required to make this the case are indicated

without ambiguity by the diagram of the functions involved.

IXT'C—E—’ R
Q)
o Ids
] ———» IXC
(1,b)

It should be possible to make a systematic use of such mapping diagrams
to indicate which (composite) arguments we intended in equations (such as
the Hamilton and Hamilton-Jacobi equations).

Now consider the converse part of the theorem. Take a solution b of
the first Hamilton equations; then equations (1) above hold. By hypothesis
(1) implies (3); subtracting, (2) holds along b. But by the existence

theorem for ordinary differential equations, there is a solution b through
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each point of IX C; hence (2) holds at any point (t, q". ...,q"). But

(2) states that N
—-T(HJ(S))= 0, i=1,...,n,

9q

where HJ(S) denotes the left-hand side of the Hamilton-Jacobi equations.
Ppnda o =L e
Therefore, there is a smooth function 6:IR - IR with

. dy _ e
HI(S) = 9ot: IX C = IR. Take a function ¢ such that il 0. Then it is

not hard to see that
HJI(S - ¢) = 0.

This gives the conclusion of the theorem.

44. Transformation to Equilibrium.

Now let Y be an n-dimensional manifold, and suppose

S:RXCXY —=IR is a function such that everywhere
5°s
3q' 9y’

det £0

where ql are coordinates for C and the y‘] are coordinates for Y.

Let @:RXCXY—=RXT C be given by

8s
P.O® = —3
9q
t® =t
q1®=ql, i=14,...,n.

Thus the assumption on S is equivalent to saying that @ is regular
everywhere. Consider also the mapping ":RXCXY - RX T Y

given by
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tr = ¢t
1 i
yv=y
9S _
xl\Il- By, i=1, . n,

where the y1 are coordinates on Y and the X, the corresponding
(momentum) coordinates on T Y. This map is also regular everywhere.

Hence we have the diagram

RXCXY=N ,
and locally at least there is a map x from one time dependent phase
space to another (compare §26).

Theorem. Take H:IRX T'C—+IR. For each point a ¢ Y, suppose
that S:N — IR satisfies the H-J partial differential equation for the !
function H. Let c:IR IR X T 'Y be a curve of the form c(t) = (t, const.).
Then the curve xc satisfies the Hamilton equations for H on R X T C.

Proof. It will be more convenient to look at everything in N rather
than in IR X T"C. To do this we pull everything back locally by @).1 .

Thus we are interested in the curve \If-ic and the function H@®

9S

Let X, denote the coordinates as above. Then x, = By on N.
i
. d .
Taking It of this, we get
5°s %S dg 85 oy

0 = — + > el

By ot 9y ag’ ot

8y13y‘]
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i
The third sum vanishes because -a-z— = 0. Since we are assuming

at
39S _
ot +H=20
on N (more precisely, we should write H@® instead of H), applying
ii_ yields 2 2
dy 9 S. + 3H. BiS. = o,
8t8y" apJ 9q BYJ

-1 .
which holds on the curve ¥ "c. Hence, again on the curve,

o’s (a9 om, _
i j dt ~9p,’
9q 9y’ B
BZS
Since the determinant of (-T—) was assumed to be non-zero, this
9q 9y’
means that
dg) _ _9H
' dt 8pj

holds for all j. T his is the first Hamilton equation. By the previous
theorem, we get the remaining half of the Hamilton equations.
For fixed to' the submanifolds of N of the form to X CXY havea

symplectic form given by
2 .

> %— aq'A dy’ .
9q BTJ
By the theorem proved in §'26 of Part I, the functions @ and ¥ are
symplectic mappings, whence the usual symplectic structures are taken
on T'C and T'Y.
In the theorem just proved, the trajectories ¢ in RX T Y are

. . -1
constant in T Y. Hence one says that the map ¥ of the theorem

transforms the Hamiltonian H "to equilibrium".
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45, Characteristics.

The previous results indicate a close relation between the Hamilton-
Jacobi equation, a partial differential equation,and Hamilton's equations,
a system of ordinary first order differential equations. This is a
special case of the theory which relates a first order partial differential
equation to its characteristics, which are solutions of a corresponding
system of ordinary first order differential equations.

Sources: a) Courant and Hilbert, Methods of Mathematical Physics, II
b) Caratheodory, Calculus of Variations and PDE's of 15*
order, Part I.

The case of the arbitrary first order equation will be reached in

stages. We first consider the linear case, involving the following functions

on a configuration space C:

R c - 2 > IR,
n
q’l..,q
a.:C -1,
n au 1
(1) —21: aia—i=bu+d , b: C - IR,
1= d d: C-R .

Equation (1) for the linear case has 2., b,d functions of position in C.

The a, determine a vector field X = on C which appears in

i=1 9ql
the following coordinate independent form of (1): LXu = bu+d. Call c

a characteristic curve of the PDE (1) when

i
. ,
(2) _d(c_;qt_cl_= al , i=1,...,n.



Thus the characteristics are the trajectories of the vector field X. In

view of the definition of X, this equation can be written as

(2') i\:c =bu+d.

First suppose that b = d = 0. Then if the function u satisfies the PDE (1),
it is constant along the characteristics of (1). More generally, for any b
and d, the equation states that the values of u along a characteristic

are determined by the value at any one (initial) point there. This sug-
gests that we can obtain a solution u by taking initial values along a suit-
able set S, and then prolong these values by solving (2').

More explicitly, find a submanifold S of dimension n-1 transverse

to X (i.e., with T,C=TS® IRX(a) at each point a of S). According
X

S

to the basic theorem on the integration of (smooth) vector fields, the tra-
jectories of X through S cover some neighborhood of S, determining

o o
on some neighborhood of any S a unique function u which agrees on S

)
with some chosen uO:S - IR, and which satisfies (2) along characteristics
o
(trajectories of X) onthe neighborhood. Here S is an open submanifold
of S with compact closure in S. In local coordinates it is immediate

that, for smooth u_, the function u is smooth and satisfies (1). So we

have found a local solutuon.
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Next we consider a first order P.D.E. in an unknown u, of the form

2 1 n, Ou i n 1 n
(1) Eai(u,q,...,q) — = b(u,q ,...,9 ) , u=ulq ,...,9 ).

i=1 9q"

This is linear in all the partial derivatives of u, but not in u itself,

. . iy . { n .
hence is said to be quasilinear. We interpretthe q ,...,q as coordi-
nates in an n-dimensional configuration space C, so that u:C = IR. The

equation thus has the form

a
i
(1) z a. 3u. = b, RXQ—?R,
i=1 laq]' v

for given coefficient functions a, and b.

We plan to reduce this to the previous case for a linear P.D.E. in

m
-_— I
an unknown v:IR XC in one more variable, constructing the function u

A
via its graph 8:C 2+ RXC. Let r:RXC =~ R be the projection on

the first coordinate. We~ introduce a function v:IR X C . IR defined
ov ov du

by v=u-r. Now — = -1 and — = — (while on hypersurfaces
or 8q1 Bql

v = 0 we will have ai(u, q') = ai(r, q) and b(u, q) = b(r, q)) so that (1)

becomes
n n n
du ov ov ] 0
0= a, — - b= Ea.—-+b—=(§ a, +b—)v.
her it} aql ot qu or = 0 qu or

This is a homogeneous linear P.D.E. in v:IR X C = IR. Its charac-
teristics are thus given by a suitable vector field X. Indeed we now de-

L a s < 3 d
fine the vector field X on RXC by X = E a, — + b — , then (on
= i 3 i or

the hypersurface v = 0) the equation (1) becomes:
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0 0 A
= — — =< > .
0= ( E a, 3qi +b 7 v dv, X

So & at each point is in the tangent plane to the hypersurface at that
A
point, and the trajectories of X remain in the hypersurface. Moreover:

Proposition. For xO e RXC,let viIRXC =R with

A
<dv,X>=0
ov _
5r | Z0, v(xo) = 0.
o

Then the function u;N_ - IR such that v(qi, ...,q°,u) = 0, constructed
o

for a suitable neighborhood N C C via the implicit function theorem,
o

is a solution of the P.D.E. (1).

Proof. By the construction of u,

~
A u v

0 (veu) C > IR X C

> R,

2
aq.
i
3_x{ + dv ﬂ- for each i, so that we have
i or i
9 9q

A n n
0 =<dv,X> = 23 dv +bi‘£= z_ a_v.ﬂ.g.bﬂ

A~ a.
=t 3qi or - idr aqi or
Therefore for g—: # 0, u will be a solution of (1), q.e.d.

Let So be a submanifold of C of dimension n-1, and let uo:So - R
be a smooth function. Through So in IR X C pass the vertical hyper-
surface T = {(r,x)lr e R, xe SO} . Define VO:T -~ R by
vo(r,x) = uo(x) - r. Suppose that the characteristic field }2 is trans-

verse to T at a point X of the n-1 dimensional submanifold S on

which v, = 0. Then, it is immediate in local coordinates (see the
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~
figure below) that the trajectories of X through some neighborhood in
S of X determine an n-dimensional submanifold £ of IR X C (locally

unique). Moreover, = is the graph of the desired solution u. For the

R {

S (Note: in the figure, C is
the horizontal plane and the
IR axis is the vertical.)

N
fact that X is transversalto T at X, implies that the function
A
v(x, t) = vo(x) (where xe¢ T and X = aTa) is well-defined on a neighbor-
hood of x in IR X C and satisfies the conditions of the previous propo-

sition (5—3‘; = - 1 #0).
X
(o)

Any point of IR X C at which X is non-vertical lies on the graph of
such solutions. Explicitly, the hypersurface So C C may be described
as the locus where some smooth function f: C = IR is constant (i.e., as a
level hypersurface of f). Then the vertical hypersurface T is

T = {(r, )] (y) = £y )}
for y, @ fixed and y any point of C.

We have proved
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Theorem. For smooth functions a ces an. b:IRX C -+ IR let

1’
SOCC be defined by a point v, € C and a smooth function f:C = R as .

S, = {yly ¢ C and {(y) = f(yo)} .

If uo:So = IR is a smooth function satisfying the "transversality"

condition 5f
> afuly)y,)—— #0,
9q
then in some neighborhood of Yo there is a unique solution u of the
du ;
P.D.E. a, — =b with values u on S .
i, 1 o o
9q
46. The General First Order P.D. E.
Consider an equation
! n oOu ou
(1") E(u’q s'-o’q’_i o~°°9—n_)=o
9q 9q
in an unknown function u:C = IR, where qi. ceey qn are local coordinates

in the configuration space C. We can regard the "equation" E as a
given (smooth) function E:IR X T'C - IR. The differential du is a func-

tion C = T'C; we also have d'u:C = IR X T'C given locally as

1 n 1 n Jdu du
(Q:-H,Q)"(u»qﬂ--;q»_i.---,_;)-
9q 9q
Thus the equation (1") becomes Eodu=0. If r:IRX T'C = IR is the
projection onthe first factor, then applied to (1") yields the jth
9q
derived P.D.E.
n
oE du E OE ) ou .
el d e U (57 =0 ist..n

. op. j
9q 9q i=t “Pj aq 3¢’
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Interchanging the order of partial derivatives, this is

n
OE 0 oE 2 OE 9 du
(2) or ‘: * i * p (—
9q 9¢.  j=1 7j 98q 3q

characteristics of this quasilinear equation are then given by the

(n+1)-dimensional vector field (see above):

A 9E 9 oE oE ]

X = E _— 4 (_ —_— . —— p' —
— 3p. i or i’ 9r
i P ad 3q

The differential equations of these characteristics are then the n+i

equations .
d¢ _ 9E =1 o
dt - a ] ’ - 9o 0y ’
pJ
g
dp _ _ 8E _ BE
dt aqi. or i

As i varies, the first n equations are the same. Note also that this

3E
reduces to Hamilton's equations when — =0, A
or ’\)'w‘ T

Our actual interpretation of (2) will be slightly different, as an ‘-, .
PR e

equation on IRX T C itself, with characteristicsin RX T'C whiéh}_’

are solution curves of: ;;F_) i
dg’c _ 3E deic e DE
dt dp, © a7 ey T er P
(3) dr - 2 9E
dt J, P; %,

The third set of equations is included since E = E(r,q,p) is constant along
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trajectories of the vector field

oE °) 0E © 0E ] 8

oy’ 3¢ P
on T°"C XIR. For A @ @
OE “9E 8E 0dE BE 8E 8E 8E
L E = S ;___‘.}. ( _— . E P.—— E P.
X —/ 9p. 9 ar Op. dp. or
E K) PJ aJ :] an P J P j P

For our previous'cases, the last equation disappears, while the middle
equations all collapse to the equation for r (relabeled pic) from the
quasilinear case, giving trajectories "parallel" to those of the earlier
cases. We state our existence theorem in the form:

Theorem: Given in C a compact submanifold So of dimension
n-1 and initial values u of u on So such that a certain determinant
(which appears as (5) below) does not vanish, then there exists an open
set UD So and a smooth function u: U = IR which satisfies E on U and
agrees on So with u-

It will be clear from the proof that the conditions on the initial sur-
face could be taken as before, and that the determinant condition cor-
responds to our previous transversality condition, with no loss of
applicability.

Proof. We operate in R X T C, where we already have defined
in (3) the characteristic curves. In the submanifold T of dimension
2n above So y we distinguish a surface S which will correspond to
UAT. This submanifold (diffeomorphic to So) with local coordinates

n-1 :
xi, vee, X embedded by v: So —~ 55 € T, should have
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R .
\ Pomf’ Oﬁ IRXC

values P., Po

A C

Proof. In the configuration space C we have local coordinates
qi, cens qn, an initial manifold So C C of dimensiont { and initial
values uO:So -+ R, On RX T'C we have 2n+i local coordinates
r;qi, e ,qn,pi, TET I We can define a map v:So - R X T C; this
amounts to choosing "initial" values of r,qi and pj along So. Spe-
cifically we make rov = uo, qio v = qi and then we choose pt, oo pn

so that i
E =0 , dr- > pdq =0

both along So' The last condition on dr may be written in terms of

1 -
local parameters x , ...,xn t on the (n-1)-manifold SO as
n i du 3q’ . . k
(4) 0=duo-§:Pidq = E:(‘—k-E:P.—)dX
= . ig k
i=1 k ox i ox

Hence Pyre-.sp are determined uniquely along SO if
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0E 0E oE
8p1 sz Bpn 5
1 n * ;" J &

0 oo aq i -
(5) —3—1 —5 F0 .

ox ox

831 Bqn

axn-i o axn-l

This condition may be readily satisfied, since we can assume that the
first row is nowhere zero. (This amounts to assuming that the given

partial differential equation effectively involves at least one of the

partial derivatives P, = 8_1; ). Given such a first row, the submani-
9q
E
fold So can be chosen to make (5) hold; for example, if 323 70 we
n

can choose the submanifold SO given locally by the equation qn

0,

i - -
with local coordinates x1 =q,...,x" 1. q" 1; then the determinant (5)
o0E
apn
dition that So be transversal to the projection of XE.

is simply (-1)n Indeed, the condition (5) is then exactly the con-

We now have V:So - IR X T'C, with image an (n-1)-manifold S in
R X T'C; moreover one can show S transversal to the characteristic

vector field X_. Therefore the trajectories of X_, through points of S

E E

fill up locally a manifold T of dimension n. Now E =0 holds along S,
so by the properties earlier established for characteristics it holds

along T. In other words, T gives the graph of functions

u, qi, ceey qn, Pys--+»P oM C (orona neighborhood.of So in C) which

satisfy E(u,qi,...,qn,pi, . .,,pn) = 0.
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Wha!: remains to be verified is that pi = a%i— for i=1,...,n on
this manifold T. If v:T - IRX T C is the inclusion map, this amounts
to showing that the induced i-form 0 = W (dr - z pidqi) is zeroon T.
We may calculate 8 in local coordinates xl, vees xn_1 (on So) and t
(the parameter along the trajectories of XE) as

n-4 or _63:_ k or
= > (= - 2, —p)ax + (- - 2

i
%—) at .
k=1 0x ox

i

The last term is zero by the equation (3) for the characteristics. It thus

remains to show that

i
= __ar 9 = -
D _= =% -Z‘pi—qr—k , k=1,...,n-1
ox ox
is zero. But Dk =0 on So by the choice of the initial values of P,

while a calculation with the equations (3) shows

9D, _8E _BE _ _ BE _
ot "axk dr "k dr 'k

This is a linear first order differential equation for Dk as a function of

the parameter t, with initial values zero on So. Hence (by the unique-

ness of the solutions of such equations) D, = 0, q.e.d..

k

47, Contact Manifolds. The use of the characteristic vector field XT‘_‘

for the partial differential equation E raises the following question.
For a symplectic manifold any two smooth functions f and g have a

Poisson bracket given by

{f,g} = fog = -LX f
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On the manifold N = IR X T°C, each smooth function F:N = IR de-
termines (by characteristics, as in (3) above) a vector field XF' and
hence two such functions F and G have a "superbracket" defined as
XF(G). We wish to examine the geometric structure producing this
operation; it will turn out that this structure depends essentially on the
{-form dr - 2 pidqi used in the calculations to the last theorem.

Another approach is in terms of "elements". An "element" of the
space R X C is a point of this space plus a (non-vertical) hyperplane
through this point; for example, if C has dimension 2 an element is
just this: B . In coordinates r, qi, cees qn any hyperplane through
the origin has an equation ar + alqi, eeeyt a.nqn = 0 for suyitable con-
stants a.i; it is non-vertical precisely when ao ;! 0, and in this case
we may take a_ = 1 and write r + aiq1 +... anqn = 0. Thus the hyper-
plane is determined by CTERERE L which we now write as Pyre-e1P,
(in case n = 3 they are the direction cosines of the normal to the hyper-
plane). Thus an element is given by coordinates r, q1 ye oo qn, PyreesaPps
and so is exactly a point in IR X T C,

Take a curve c;:IR =+ IR X T C; it consists of Eoints of RXT'C and
so may instead be regarded as a curve in IR X C consisting of elements
there. In the classical treatments, such a curve of elements is called

a characteristic strip when the i-form 8 = dr - z P, <:1qi is zero

along the strip.
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These elements are also used in geometrical optics in the space
IR X C. Huyghens principle for the propagation of a wave front W gives
the new wave front Wt after time t as the envelope of the spherical
waves centered at all the points of W. The transformation from W to
Wt then does not carry points of the space (say the space IR X C) into
points, but elements into elemex.'zts, so is really a transformation of
IR X T'C into itself. Since such a transformation of elements carries
tangent wave fronts V and W into tangent wave fronts, it is called
a "contact transformation”.

This pictorial representation of a contact transformation is again

connected with first order partial differential equations. One finds (for

example, see Lunebury‘, Mathematical theory of optics) that Maxwell's
equations yield wave fronts of the form
_ - o 2 | B2 Bgi2 2 _
Y(x,y,2) - ct = 0 where { satisfies (Bx) + (ay) (az) n 0
in the medium whose "index of refraction" is n.

A contact manifold is a manifold N of dimension 2n+i{ with a dis-

tinguished one-form 6 such that GA(dG)n # 0 everywhere. We also
consider submanifolds ¥ :S = N such that V% = 0; one dimensional
h

such are called strips. A transformation (N,8) — (N',8) is called

a contact transformation when there is a map p:N = IR for which

h'9'= pe.
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Theorem. A mapping h is a contact transformation if and only if
it takes strips into strips.
Proof. => Trivial since R —> (N, 0) TN (N',8) .

<== Left to the reader.

Clearly, this notion of.a contact transformation is preserved under
composition; however, we also needed the characteristics before. Given
smooth mappings E and F of N into R, there were XE defined by
(3) and XE(F) = [E,F], analogous to the Poisson bracket though not quite
satisfying the Jacobi identity.

¢
Suppose we are given a mapping &:T (N) —> T, (N), with

i )
2(dq) = - 9p, T, N<————

iy _ 0 3
2(dp)=—1 +p; 5 \ /

9q
9
*(dr) = - X, 5
i

In particular (by construction) ®(dE) = XE. The matrix of @ will be

of the form:

Q p T
qf 0 -I p

ap
] = p I 0 P
r 0 -p O

where a and B are indices ranging from i to 2nt1. It will be of rank
2n. Since &(dr - > pdq =-Zp zp ——O the form 6

will be determined up to a scalar factor as the kernel of ®. At any point

18p
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® is a twice contravariant tensor field on N. ' We may define such a

pair (N, ®) to be a bracket manifold, where @ is determined up to

multiplication by a smooth p # 0. Given a configuration space C, we
may construct N = T'C X IR and define @aﬂ as above, showing that
this matrix as defined in local coordinates transforms properly under
coordinate changes. Interms of ®, we have [E,F] = <dF, &(dE)>.
Thus the tensor @ on N is indeed sufficient to define the bracket

operation. For a mapping h to be a bracket transformation of (N, @)

into (N', ®'), we require that h*[E,F] = p[h*E,h*F] for some p: N— N'
with p ;! 0 on N, We could instead require that h* multiply by a com-
mon p # 0 the relations between canonical coordinates:

[a" ¢l =0 = (o, ]

i i

[q., Pl =5

[a'x]=0 [p,z]=p,
We suggest that all contact manifolds are bracket manifolds. Note that
dO(XE,XF) = [E,F].

We now develop the suggestion of the previous paragraph. References

are Cartan's Lecons sur les integrals invariants (1922) or the article

by John Gray in the "Annals of Mathematics" 69(1959), pp. 421-450.
Let (N,8) bea given contact manifold. We will define in terms of the
basis form 6 a vector field Ye and a bracket [ ]e : Since the matrix

of the 2-form dB is of rank 2n, we may define a vector field Y by,

L,(d8) =0 and <8,Y>=1.
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For it suffices to do this locally, where we may take 6 in the form

8 = dr - 2 pidq1 by the Darboux theorem, in which case we have

_ i _ 3 - 9 3
de= >3dgadp, , Y=Y ——+ > T, AT
a3q i
=0 ; V=22 i S,
and LYdG =0 ifandonlyif Y =2 3r with <6, 2Z 3r> = Z.

Equivalent would be an appeal to the fact that the (2n+1) forms on
N are spanned at each point by 6 A (de)n, so that any such form, and
in particular the form dE A (de)n may be represented uniquely as
)n

de
h(r, p, 9)8A(de)" for some smooth function h. The quantity h = YO(E)

is easily shown to be a derivation, and therefore determines a vector
field Ye. That this is the vector field of the previous paragraph is

,8> and iYedG .

verified by evaluation of <Ye

We claim that 8 also defines [E,F] by:
dEAdFA 8 A (de)“"1 = [E,F]oade™ .
The verification that the function so defined is [E, F] is by direct calcu-

lation in canonical coordinates:

o n(de)*! = (ar - S p,dd) a (S dp,a agh??
1 1
= (dr - >, p.dg') A (n-1)! > (-1)(’“'1)(11'?‘)/2 dp,,(\dq‘,j«
i 7 i J

- (-1)(“’1)(“'2)/2(n-1)1[ zdpj‘/\dq?/\dr - Z(-i)n+j-2pjdpjv\dq,

where dpﬁ\ is short for the product of all the dpi with only dpj omitted
from the product, while dq = dqi/\ cee /\dqn with no terms omitted.

We have dE AJF computed as:
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oE i o0E oE oF i oF oF
(> —=dq' +>. == dp, + == dr)A( > (——dq + — dp,) + = dr)
: i p P. r - i op. J or

i dq i i i oq J

-1
and by direct computation the nonzero terms of dEAdF A(6 /\(de)n ), the

only one without products 6A6, are:

nH{n-1)(n-2)/2 8E 8F O8E JF 3E OF 9E OF
(-1) i )/J(n'i)! > T ®p. 9p, .1 ~Pidp, or Pidr op
i 9q i i 9q i i

(_1)n(n-1)/2(

n-1)i[E,F]dpadgAdr according to our former definition. Since

8 A (de)n is (_1)n(n-1)/2 n! dpadqAdr, our two definitions of [E,F] have been

shown to agree (except for n! versus (n-1)!).
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CHAPTER VII. COVARIANT DIFFERENTIATION
By David Golber

The following material summarizes, in outline form, lectures on
covariant differentiation.

I (§48). Riemannian and Pseudo-Riemannian Metrics

A. Definition. A Riemannian metric g on a manifold M assigns

oo
in a C ~ fashion to each point x of M an inner product g, on the tangent

vector space TxM. A pseudo-Riemannian metric g assigns, ina C
fashion, to each point x ¢ M a non degenerate symmetric bilinear form
g. on T M,

X X

Certain important results, especially III B, 3 below hold for pseudo-

c——
.

Riemannian as well as Riemannian metrics. ~
B. Local expression: In a coordinate patch on M, we have coordi-

nates x s X, and vector fields 9/3x - 8/8xn. Let us use the

£t 1

abbreviation 3/3xi = Bi for these fields. Suppose M has a Riergannian

. . . . © .
or pseudo-Riemannian metric g. Then we can define C functions on
{

the coordinate patch by

g, = £,(9,0x),3,(x).
If g is Riemannian, then, for each x, the matrix (gij(x)) is positive
definite and symmetric. If g is pseudo-Riemannian, then (gij(x)) is

non-singular and symmetric.
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C. How to get Riemannian or pseudo-Riemannian metrics.
(1) On one coordinate patch or on a Euclidean space, we have a system

of vector fields 0 . an valid everywhere. It suffices to define the

R
functions gij(x). We could, for example, set gij(x) =5ij, making the
vector fields {ai} orthonormal at each point.
(2) On a manifold, we can use (1) to construct metrics on coordinate
patches. Then we can use "partitions of unity" to combine these metrics
into a metric on the whole manifold. This is the method usually used to
show that any manifold has a metric.
(3) The usual way in which Riemannian metrics arise in practice is as
follows: Suppose N is a space (often a Euclidean space) which already
has a Riemannian metric h. Suppose we have a manifold M and a c®
function f: M- N which is an immersion (that is, the Jacobian matrix
of f is non-singular at every point of M). Then we define a metric
f*(h) = g on M by letting gx(X,Y) = hf(x)(f*(X),f*(Y)) for X,Ye T.M
In local coordinates, this goes as follows: Let XpveoonX be local
coordinates on M, and Yyreren ¥y be local coordinates on N. Then f
is given by y, = fi(xi’ cen ,xm) (i=1,...,n). Let h be given by hij(y).

Then g = f*(h) is given by

n Bfk
k,12=1 hk,z(f(")) Bx, C 9%

n 9
> () o oA
kf=t i *

£ (h) is called the pullback of h by f.

gij(x)
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II (§‘49). Covariant Differentiation

A. Motivation. We want some sort of directional derivative on a
manifold. Will LX do? No! Why?
(1) A directional derivative in the direction X should depend only on the
value of X at the point in question. But Lf. xY=f LXY - (Y- )X,

showing that L, Y depends on how X is changing at the point in question

X
(note the term (Y- £)X).
(2) We will be interested in Newton's laws, and therefore in acceleration
as we move along a curve; i. e., the derivative of the velocity vector in
the direction of the velocity vector. But the Lie derivative LXX is
always zero. Thus we cannot use LX to discuss acceleration.

B. The abstract covariant derivative.
(1) Definition: An (affine) connection v on M is a rule which assigns
to two smooth vector fiélds X and Y on M another smooth vector field
v XY on M, called the covariant derivative of Y in the direction X

(with respect to ¢ ), obeying

(a) vx1+sz IR T - S 6 S

(b) Vo (Y +¥,)= V¥ + VoY, and V (fY)= (XY + £V, Y

for fe F(M), X, Yi vector fields on M.
(2) 1If va is to fulfill our expectations of what a directional derivative

ought to be, then the following proposition should hold:
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Proposition. For any point p on M, (VxY)p depends only on

X and on the behavior of Y in a neighborhood of p (actually on the
P

"germ" of Y at p).

Proof. If Y =Y' in a neighborhood U of p, then we take a

"bump" function f which is one outside of U and zero on some neigh-

borhood VC U of p.

11—
0+ . N . -
(- r; J

Then Y - Y'=£.(Y-Y"'), so that
(T -X0) = [Vyle (¥ -¥)],

= (X- f)p(Y - Y')p + f(p)VX(Y - Y')p
= 0-(Y-Y) 409 (Y-Y) = o,
so (VXY)p = (VXY')p .

= zfipi’ where f ¢ “F(M)

and Pi are vector fields on M, with fi(p) = 0. (Details left to the

reader.) Then

If Xp = X;) , then we can write X -X'
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(V¥ - (7, ¥), Y, = (v_ v

> fP

Zfi(p)(VPiY)p =0, Q.E.D.

(Vy_xr o

(3) By the proposition above, VXY is well-defined at a point, even if
X and Y are defined only in a neighborhood of that point (rather than
on the whole manifold). Thus the following definition makes sense:
For {xi, ce ,xn} a local coordinate system on M, ai = B/Bxi as
before, we define n3 smooth functions 1":; (x) (i,j,k=1,...,n) on

the coordinate patch by

k
(9.) = x) 9, (x
%.00), = 21 3,

The functions 1":; are called the Christoffel symbols of the connection
We can calculate that for X = 2 x)B , z x)B
9b,
VY = Zai[Z—a;L 5, + z bjrij 5 1.
i j i j»k

(4) Examples:

(a) In IRn, with the usual coordinate system, let l":; be identically
zero. Then we get the usual directional derivative of vector fields.

(b) If M is embedded in N (particularly R"), and if N has a
connection VN and a Riemannian metric, then we can use these to de-
fine a connection on M as follows: For pe M and X,Y vector fields

defined on M 1in a neighborhood of p, extend X and Y to vector fields
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M
defined on N 1in a neighborhood of p. Define ¢ by setting
( MY j N j d h dicul
Vs )p = prOJM((VxY)p), where proj,, denotes the perpendicular pro-
jection of TPN onto TPM, It is easy to verify that VM satisfies the
M
definition of a connection. (Vx Y)p is independent of the extensions of

Xand YtoN, and...)

C. Covariant derivative of a vector field along a curve.

(1) Define a vector field X along a curve c:I - M to be a map X

/

c
]——> M commutes.

such that T M

Note difficulties involved in extending X to M when c crosses
itself, has cusps, stationary points, etc. An example of a vector field
along a curve c¢ is the velocity c

(2) For X a vector field along c, define the covariant derivative of X

along c, V(.:X, by

(a) where c(t) # 0, extend X to a neighborhood of c(t) in M, and
let the covariant derivative along the curve just be the ordinary covariant
derivative in M, Vé(X). We show that the result is independent of the

extension by showing that

V(_(Y) = Z(c-yi)ai + E Ciyjl—ij Bk .

1 1’.]’}:
. .

(b) Where c =0, let V_(Y)=0.
C
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D. Parallel translation
(1) For M a manifold with connection ¥ . ¢ a smooth curve in M

and X a vector field along c, we say that X is parallel along c if

V'éX = 0 holds everywhere on c.

In local coordinates LI let ¢ be given by ci(t), cees cn(t);

Xysoo
let X be given by X(t) = > Xi(t)ai(c(t)). Then the equation V&X =0

is equivalent to

dX. . dc

5 (8 + % T, (c(t)

'Xz(t) = 0, (i=1,...,n)

This is a system of n linear differential equations in n variables. For

an initial value t0 and an arbitrarily chosen vector X(to) in Tc(t )M,
o

there is a unique vector field X(t) along c which coincides with X(to)

at c(to). The value of this vector field at C(ti) is said to be the parallel

translation of X(to) along c to c(ti).
(2) Note that the parallel translation along c from c(a) to c(b) gives

)M. This linear map depends

an invertible linear map of Tc(a.)M to Tc(b

very heavily on ¢ (unless the "curvature' of the connection is zero).
(3) Relation of parallel translation and ¢.
Proposition. Let Xe TpMS Y be a vector field defined in some

neighborhood of p. Take a.ny curve c¢ such that c(O) = X. Then
(” ¢ Y(e(t) - Y(p)

t*oo t

(V4 Y)

)
(where “c ¢ denotes the parallel translation along ¢ from c(t) to

c(0) = p.-)
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Proof. Let {Zi’ cees Zn} be a basis of TPM. Extend zZ, by
parallel translation to a vector field along c. Thus, for each t,
{Zi(t)’ cons Zn(t)} is a basis for Tc(t)M'

Write Y(c(t)) = S Yi(t)zi<t)' As parallel translation is linear

and the Zi's are parallel along c, we get that

lloc,t Y(c(t) = > y,(1)2,(0).

Taking the difference and the limit, we find that the right hand side of

our conclusion becomes

y.(8) - v,(0) |
> Gimy )50 = 6y %(0) -

1

But, as ¢, Zi = 0, this equals the left hand side of our conclusion:
&

v Y v (X v,z (1)
> (‘3’3’1)" HOIIPIRALFEN

S\ (ey) 240 . QE.D

(4) Note the similarity of the above proposition to the proposition giving
the Lie derivative LX in terms of the flow of X, As a parallel to

Willmore's theorem, we have:;
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Theorem. We can extend Vx to a unique linear map of the various

tensor bundles

Vx:Tsr(M) - Tsr(M)

such that

(1) Vyf = X-f for fe P (M),

(2) For Y a vector field on M, VXY is the given covariant

derivative.

i
(3) VXS = 0, where 6 = 12: e ®ei .

(4) Vg isa derivation of the tensor algebra:
1y = ' ' 1
Y (r®7) = (0 M@ + T ®(v )
Further, we can also extend the notion of parallel translation along ¢ to

b r
N T (M)

— T (M)
c,a s

(a) c(b)
and, for any tensor field T, VT is given by a limit, as in the previous
proposition.

Example: Using (3) and (4), we can find

iy - i ok
Va/axi(dx) = -%I‘ikdx

111 (§50) Nice Covariant Derivatives.

A. Torsion
(1) Symmetry. Suppose S:IRZ-*M is a smooth map. (Call S a

"parametrized surface".) Then we get two vector fields on S,

9S and S = 9S

S¢ T = v~ By

’
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We can form Vs SY and Vg Sx . (These correspond to covariant
x '
derivatives along the curves S(t, yo) and S(xo_,t) respectively.) In

general, it is not true that

VoS = V.S
S, v Syx

It this condition is satisfied for all parametrized surfaces S, then we

say that the connection ¥ is torison free or symmetric. (Note: this

condition does not correspond to the property a"‘/ 8xay = BZ/ 8ydx in
ordinary Euclidean space. That property cerresponds to the "curvature®

of the connection being zere.)

(2) The torsion tensor.
For vector fields X,Y on M, define
Tor(X,Y) = V, ¥ - V X - [X,Y].
Show
(a) Tor is #(M)-linear in X and Y,
(b) Follows from (a) that Tor(X, Y)p depends only on Xp and Yp,

and bilinearly on these.

(c) (b) means that Tor is a tensor, the torsion tensor of the

connectiony . (Actually, more properly speaking, the torsion tensor

is the tensor T of type (:f) given by
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(X,Y,w) 2 oTor(X,Y))
for X,Y vector fields and w a i-form.)
(d) Calculate local form: If we let
k
Tor(ai, 8j) = %: Torij ak

then we find

Tor,l.< = I’,lf - l".lf
ij ij ji

(3) Relation of Tor and symmetry.

Theorem. Tor =0 if and only if VS SY = VS Sx for all para-
x y

metrized surfaces.
Proof. (<=). For any two vectors X and Y at p, we can choose

S so that (Sx)p =X and (sy)p = Y. It is easy to calculate that, because

S, and Sy both come from S, [Sx’ Sy] = 0. (The calculation reduces to
Gl = 32 IR2 ) Then
dydx dyox O ¢ ©
VSXSY = VSYSY implies V.Y - VYX =0 and [X,Y]=0,

so Tor(X,Y)=0 for all X,Y.

(=). Tor(Sx, Sy) = 0. But, again [Sx, Sy] = 0. Q.E.D.

B. Invariance of g under parallel translation.
(1) Definition. If M has both a connection ¥ and a Riemann;’.'an or
pseudo-Riemannian metric g(X,Y) = (X, Y), then it will be nice if

parallel translation preserves inner products; i.e., whenever X(t)

and Y(t) are parallel along c, then (X(t), Y(t)) is independent of t.
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(2). Proposition. (1) above holds if and only if the following condition

holds: if A and B are vector fields on M, then
X-(A,B) = (V4 A,B) + (A,V.B).
Proof. (=>) Take ¢ a curve with c(0) = X. Take an orthonormal

basis Y Yn at c(0). Extend these by parallel translation along c.

(e
By our hypothesis (1) above, the vectors Yi(t)’ ceey Yn(t) form an

orthonormal basis in Tc(t)M for each t.

We can write

Ale(t) = 2DE(0)Y (1),
Ble(t) = 3 g, (0Y,(t).
Then
(A(e(), B(e(t)) = 32 £(t)- g,(t),
and

X (A,B) = o (Ale(t), B(e(t) = o (S £(t) g,(t)

2[(X~ flg, + £(X-g)]
1

(V4 A, B) + (A,V_B).

X
(<==) is even easier. If A and B are parallel along c, then

VéA = VCB = 0, so the derivative of (A, B) along c is

c:(A,B) (Vé A, B) + (A, vé B).

0+0=0.

Therefore (A,B) is constant along c. Q.E.D.
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Note: If we regard(, ) as a tensor ge TOZ(M), then the condition that
parallel translation preserve inner products is equivalent to V8= 0

for all vector fields X on M. Here, vx is as described in the theorem
at the top of page 96.

Ms The theorem above also holds for pseudo-Riemannian metri;:s.

The modification of the proof is left to the reader.

(3)— Main theorem (Holds for pseudo-Riemannian metrics).

Theorem. Given M with a pseudo-Riemannian metric ( , ), there
is a unique connection ¢y on M satisfying

(1) Tor=0

(2) parallel translation preserves inner products.

Proof. Uniqueness: we have from (2) that

X-(Y,2) = (V, Y, 2) + (Y,V,2).
Using (1), this becomés
X-(Y,Z) = (VXY, Z) + (Y,VZX) + (Y,[X, z]).

Cyclically permuting X,Y and Z, we get two other equations. Solving

for (VXY,Z) and eliminating the terms involving V. Z and v, X

Y
(using the symmetry of ( , )) we get
Z(VXY, Z)=X(Y,Z2)+Y(2,X) - Z-(X,Y) - (Y,[X, Z])
-(Z,[Y,X]) +(X,[Z,Y]).

As (, ) is nonsingular, this shows that VXY is determined.
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Conversely, if we define VxY by using this formula, then we find

that condition (1) and condition (2) of the theorem are satisfied. Q.E.D.

(4) Local form of the above result

In local coordinates, using the fact that [8i, aj] =0 we get

Kk 1k

, and (gjZ k) is the inverse matrix of (g..).

where 0, =
i 1)

2
9x,
i
C. Example. Suppose N (especially R") is a manifold with a
N
metric g and the unique corresponding covariant derivative ¢ . Let
M be embedded in N. M inherits a metric h (see I.C. 3) and a con-
. M . M . . .
nection v (see II. B. 4). Claim that Yy  is the unique connection

on M corresponding to the metric h.

Proof. (1) Tor is zero: if S is a surface in M, then it is a sur-

N
face in N. Then V_, S = VNS , so their projections VMS and
S_ 'y S x S_ vy
X y X
VMS into M are 1
g S, into re equal.
y
(2) Show

M M
X (Y,2)=(vV, Y,2) + (Y, Vg Z) for X,Y,Z tangent fields

X
to M. But theleft hand side is independent of whether we look in M

M
or in N. Theequation holds in N. vl;I<Y differs from vy x Y bya

M N
vector perpendicular to M, so ( Vx Y,z)= ( Vg Y, Z), and so on. Q.E.D.
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IV. (§51) Lagrange's Equations.
Suppose N particles move in space, subject to certain constraints.
For each allowed configuration of the N particles, we get a point in

3N-space. We assume that the set of allowed configurations is a sub-

manifold M of 1R3N of dimension n and that arbitrary motions on the

submanifolds are possible. This is what it means for the constraints to
be "holomonic".

Put the metric on ]R3N given by

3 2 2 2
h= i=21 m (dx +dy” +dz.),

where mi is the mass and (xi, Vi zi) the coordinates of the ith particle.

Let w denote the 1-form on. 1R3N given by
w = %F, dxi + F, dyi+F, dzi ,
=1 i iy iz
where Fix is the force on the ith particle in the x-direction, etc.

3
3N. Let g=f ‘(w), and let

f
Now, we have the inclusion M &—=®IR
v be the unique nice connection on M associated with g. Now, g
#*
produces an isomorphism of T*M with T M. Let Xu be the vector

field corresponding to w,. under this isomorphism. Then the equations

Q

of motion may be expressed for a path ¢ in M as

That is, given an initial position c(to) and an initial velocity c (t ) the
o
system follows the unique path c(t) satisfying this equation for these initial

conditions.
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- C o 3N .
Proof. First look at unconstrained motion in IR™ . It is easy to

k

R
see that the metric h gives us the usual connection ¢ (T i = 0) on
N
IR3 . Now specify the path ¢ by giving coordinates ij’ ij’ cjz for
the jth particle, j=1,...,n. The definition of the covariant derivative

along c then gives

, 2 2
R d ij 5 d cjy 5 d cjz 5
Vet = (gt -t -
J dt j dt

Further, if X(I: is the vector field which corresponds to the form w by

way of h then

F x F.y F.z
R _ j 9 j j 9
X = J_Z(m. + +

Ix. dy. m, Oz, ) -
J J J J J

Therefore the statement

R . R
¢ = X
Ve© w

. . . . N
is equivalent to Newton's equations in IR .

Let us decompose this vector identity into components parallel an

perpendicular to M C RN.

R R. R R
(v, ¢), + (v, ¢) =(X7) +(X7) .
¢ ¢ 'L @ | 0’|
R
We know (III.C. ) that (vcé)ll = ¢.¢ in M. Therefore Newton's
c
equations are equivalent to:
. R
v.c = (Xw)”

R
(Vo)) = (x5 )| -
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The statement that the motion is constrained to M says that the
second equation must balance. Therefore, the first equation is our
equation of motion. We will have proven our result if we show that
(XzL )” = Xm-’ as defined at the start. As these are both tangent fields

to M, it is enough to show that
g(x),Y) = X ,Y) for Ye T,M
W1 o M.

But

(X)) ¥) = hix |

h(Xw ,Y) as Ye T.M

1

o(Y) by definition of Xf:

4‘)’ f* Y>
o, YD

g(Xw, Y) by definitionof X . Q.E.D.

We make several comments on the material above.
(1) The equation Véé = Xw is the "same" as Lagrange's equations.

To see that, take g(-, a—i—-) of both sides. Then

d )
g(XQ,W) = w(g}g) = Qj,

the generalized force in the jth direction. To analyze the term

L] a L
g(v.¢,77—), let Z be a vector field extending ¢.
b

ox,
J
9 ) ) 1
B(V,2.55-) = Ze(——,2) + g(z,[ ,2) -3 == -5z, 2).
j 3q 3q 3¢’

(using the relation of the Theorem III. B. 3).
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Claim that this expression’is -i(a—T) - ﬂ' . But, forv e M
dt o J ) *
9q 9q
9 .
T(V)=lg(v,v). Thus -a-T—'I = g(v., —), and, as Z=c,
o 2 o o .J o ]
9q v, dq
%(‘91) = Z-g(2, —8—) To show that
2y’ aq’
2 0
(2,02 2) -3 ez, 2)= - 250 Letz=3a .
aq o’ aq 1 %
Then m
0 9z °]
[—.2] = z i, om
an m 9q 9q
Let g be givenby g... Then
ij s
0 k 9z
g(Z,[—.,Z]) = z gkl z —'T
aq’ K, £ 3q
and
1 9o 1 9 k £
5 —(&lz,2)) = 3 —j( zguz z )
an 9q k,{
og 1
-1 k{ k £ k 0z
k,Z 3q k, 1 9q
and therefore
9g
] 1 29 1 ki k {1
g(Z,[—j',Z],)- E__]— g(Z,Z)=--2- ] zZz 2
3q 9q k,f 3q
2T
(- 25)2),
9q
1 n .1 N 1 1 n, .k £
(Where T(q yeeesq 5 q ,.o-,Q)-‘-“‘zg (q ,...,q)°q'q)
2 £ k{

Thus we have shown that we do indeed have Lagrange's equations here.
(By being more sophisticated, we could probably have done this with less
involvement in the coordinates. But note that our final result involves the
coordinates, so we cannot avoid them entirely. )
(2) Note: Xco does not depend on forces which are perpendicular (relative

to h) to M. These "forces of constraint" may therefore beignored in
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setting up the equations vé ¢ = Xm for solution. This is the whole
advantage of the method.

(3) If the forces parallel to M are zero, Véé = 0 says that the path

is a "geodesic". For a single particle moving on a surface (e.g. a
marble moving (without gravity) on a cone) this is particularly reason-
able, as it just says that the acceleration is perpendicular to the surface.
(Recall III. C, )

(4) Note finally that if we take the inner product of v, ¢ = Xw with ¢

and apply IIL. B, 3 again, we get
ol .
&[5, ¢)] = wlé)
which simply says that the rate of change of the kinetic energy

T (= é- g(c,¢)) is given by the work-form applied to ¢, as it should be.
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SUPPLEMENT - EULER'S EQUATIONS
By Raphael Zahler
Frequently in classical mechanics it happens that the configuration
space of the dynamical system in question has the structure of a Lie
group. This means that it is a differentiable manifold with an additional
"multiplication" operation related to the structure of the manifold. The
points of the manifold are then thought of as motions of the system ; the
product xy stands for the motion resulting from the combined effect of
the motion x followed by the motion y. For example, the group of all
rotations of an asymmetrical three-dimensional body which leaves a
particular point fixed is the familiar Lie group SO(3). The reader may

consult Helgason, Differential Geometry and Symmetric Spaces,

(Academic Press) for a full treatment of the mathematical theory of Lie
groups; here we will briefly outline some important facts. For any fixed
element g of the Lie group G, multiplication on the left by g gives a
map Lg of G into itself called "left translation by g". The induced
map on tangent spaces, .Lg* , maps Te(G) to Tg(G), where e is the
identity element of the group G. In this way the structure of the vector
space Te(G) is closely related to the overall structure of G. Te(G) is
called the Lie algebra of G. There is a function, called the exponential
map, which takes vectors of Te(G) to points of G; if exp X is the
point corresponding to the vector X, then exp(t1 +t2)X = (exp tiX)(exp tZX);
in particular, exp 0 = e.

Suppose now that the kinetic-energy metric on our Lie group is left-
invariant © that is,

(X’Y)g = (Lh*X’ Lh*Y)hg

forall g,he G, X,Y ¢ Tg(G)° (The subscript 'g" in (X,Y)g denotes
that the metric is being applied to tangent vectors at the point g.) It is

then a fact that the geodesics of the metric, which represent the motion
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of the system in time, can be described near e by c(t) = exp X(t),
where X(t) ¢ T,(G), all t. We will investigate the behavior of
these trajectories close to e.

Consider a geodesic exp y(t), and let its tangent vector at time t
be \'((t) Then the k:inetic energy as a function of time is

T(t) = 343, 9) 1

= (L D L v ,
expy - 2 Pexp(-y)* V' Texp(-y)* Ve-

or, if we write t)=L v ,
£(t) exp(-y)*Y

T(t) = 3{&(t), E)1)).

Let us assume that there is no potential energy. Then we will be able
to show that 4§ satisfies Euler's equation: é = -B(&,£), where the
function B: Te(G) X Te(G) - Te(G) is defined uniquely by

(X,Y1,2) = (B(Z,X),Y) , all Y.

First of all, since everything involved is invariant under left trans-
lation, it will suffice to consider the case y(0) = 0; any other geodesic
will be a left translation of one of these. Next, it may be proved using
a "Taylor expansion" technique that

1 2
Lexpxt ¥ = Y - > [X, Y]+ O([X]7),

where the symbols X and Y on the right-hand side are understood in
terms of a special "canonical® coordinate system {xi, e xn} in a
neighborhood of e by which we identify the vectors of the various different
tangent spaces near e. Let us plug this into our formula for the

Lagrangian:
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N

1 : v
L=T=2{88), = 3 (Leyp(-y)* V' Lexp(-y)x Ve

1

=%{,--[ v+ (v ¥ -3+ o]yl ))
= HGL3, - 26340, + 20y

= ), - 301, +e(v]%)

= 2(9.9), - 3B@NM, + (v

We now invoke the Euler-Lagrange equations, which must be satisfied

by any geodesic: in terms of the canonical coordinates,

d 9L _ 9L =1 n
dt 9% T TRt
r T
Writing L = L(t,vy, £) = L(t’xi"”’xn’xi’ ...,xn) , we get

= é‘(g, §)e = -;' 2 gii’.{iz , where we assume that the matrix of con-

stants {gij} representing the metric at e has been diagonalized.

Hence .
aL &,

i air = 8 TH (neglecting the "0" i=rm)

oL 9 1,. . 1 .
Next . =— = =— (3(V,¥) - 3 (B(Y,¥), V).

r T -
5 axr

If we write B(y,v) = 2 bi N then TR -br, and the Euler-

1
Lagrange equations now imply that Euler's equation is satisfied near

the origin by the trajectories of the dynamical system, when the con-
figuration space happens to form a Lie group with left-invariant metric.
(Note: this derivation is due to Arnold (Comptes Rendues, v.260 (May
31.1965), p. 5668); a derivation independent of Lie-group theory is found
in Loomis and Sternberg, Advanced Calculus (Addison-Wesley), p. 541 ff. )
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Let us apply this to the case of rigid-body motion. Considering
only rotations leaving a point fixed, a moment's reflection shows that
the rotation group SO(3) is actually the configuration space of our
system; just take a fixed reference position of the body and consider
any other position as a rotation from the reference position. The tan-
gent space to the Lie group ~_SO(3) at the origin can be identified with
the vector space of all skew-symmetric three-by-three matrices;
these are usually referred to in physics texts as "infinitesimal
rotations"”, and this is the Lie algebra we must work with.

Let F(t) be a curve in configuration space; then a particle at a
point p of Euclidean space moves in the trajectory (F(t))(p). A

physically sensible Riemannian metric in this case is the inertia tensor

(A, B) = f m(Ap, Bp)dp where A and B are skew-symmetric matrices.
In general, this is-a left- but not right-invariant metric. In terms of a

basis {e,'g of IR3, we have
i
[ maS 1) 35 re)) dp
3

z (Aei, Be.) [mrir. dp
i,j=1 Yy .

3
E I_.(Aei, Be.).
i,j=1 1 J

(A, B)

I. the coordinatized version of the inertia tensor, may be diagonalized

(principal axis theorem); picking an obvious basis EIZ’ E13, E23 of the

Lie algebra gives )
I +1, i#j
(E,E) =<
vy 0 otherwise

It is now possible to substitute in Euler s equation as we derived it above,

to obtain
jfi(x +1)-(I,-1)a,,a,, =0
dt 1 2 2 17713723 ’
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and two similar equations obtained by cyclic permutations of the indices.
This is the form of Euler's equations without potential usually found in
physics texts; it may be used to solve problems like those involving
the spinning top.

A similar situation occurs in the physics of fluid flow. If we have
a doma_in filled with a uniform incompressible ideal fluid, the group of
volume-preserving diffeomorphisms of this domain forms configuration
space, and, in certain conditions, is a Lie group. Euler's equation ,

in the form in which we have derived it, now yields
-> s
-g—t(curl £) = curl( gX curl £)

where £ is now interpreted as the velocity vector field of the fluid.

This is known as Euler's equation for fluid mechanics.



