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A GENERAL SUMMARY
We set out here, under lettered heads, the general
properties of CW-spectra, which are designed to overcome
the objections to previous theories of stable homotopy.
They are closely analogous to CW-complexes in ordinary
homotopy theory; and it is this analogy that gives them
their favourable properties.
A, Topological categories
In any category A we write MopA(X, Y) or Mor(X, Y) for
the set of morphisms from X to Y. -
A.d. We say that A is a topological category if
a) Mor(X, Y) is a topological space for all objects
X, Y,
b) The composition map
Mor(X, Y) x Mor(Y, Z) - Mor(X, Z),
which we write f x g ~ g °f, is separately continuous for
all objects X, Y, Z.
In practice our topological categories satisfy the

extra axiom:
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A.2. The composite g°f is jointly continuous in f x g
if we restrict f or g to lie in a compact subset.

For example, the category T of topological spaces and
continuous maps becomes itself a topological category if we
endow Mor(X, Y) with the compact-open topology. In this
example composition is not always Jjointly continuous.

If A has a zero object, we may take the zero morphism
(which we write as o) as base point of Mor(X, Y).

Let F:A - B be a functor between topological categories.
A.3. We call F continuous if F:Mor(X, Y) - Mor(FX, FY) is
continuous for all objects X, ¥ in A.

Now let A be a topological category.

A4, A homotopy from the morphism f:X - Y to the morphism
g:X » Y is a path from £ to g in Mor(X, Y). We write f = g.

This enables us to define the usual homotopy-theoretic
concepts, such as homotopy equivalence (written £:X = Y),
deformation retract, and homotopy type. In particular assume
A has a zero object. Then the object X is contractible if
either of the equivalent conditions holds:

A.5. X has the homotopy type of a zero object,
A6, The identity and zero morphisms of X are homotopic.
In general,

A.7. The homotopy category Ah has the same objects as A,

its morphisms are the homotopy classes of morphisms of A, and
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composition is induced from that in A.
Let F:A = B be a continuous functor.

A.8, Then F induces the homotopy functor, F, :A = By

B, CW-complexes
Our CW-complexes are assumed to be given a particular

cell structure and a base point o, which is a 0-cell. We
consider only those maps that respect base points; in
particular, we consider only those subcomplexes that contain
the base point.
B.1. We have various categories C, F, I(C), I(F) of
CW-complexes, with objects and morphisms as follows:

GC: arbitrary CW-complexes, continuous maps.
F: finite CW-complexes, continuous maps.
I(C): arbitrary CW-complexes, inclusions of subcomplexes.
1E

): finite CW-complexes, inclusions of subcomplexes.



- -

Thus I(F) = I(C) nF, and F and I(F) are full subcategories
of C and I(C) respectively. We write an inclusion
A->X as A c X.

Ve generalize this situation. Suppose given a category
A and any subcategory I(A) satisfying
B.2. a) I(A) has the same objects as A,

b) Every morphism in I(A) is a monomorphism in A.
We can construct new categories, by a double limit process,
B.3. Aw.and_l(éw) C Aw, satisfying B.2., and containing
the pair I(A) c A as full subcategories.

Suffice i1t to say that the objects of AW are the
directed non-empty (commutative) diagrams over I(A), and that
we recover (essentially) the pair I(C) c C from I(F) c F as
follows. From I(E) c E we construct I(E,) c Ey. We assign to
a CW-complex X the diagram of all its finite subcomplexes; this
yields a functor G - E, taking I(g) to ;(EW).

B.4. The functors G - Ey and 1(C) - I(Fy) are equivalences

of categories.

B.h. Moreover, if A is a topological category, so ls éw.
B.6. F is a topological category, under the compact-open

topology, and by B.4. and B.5., C is also a topological category.

(However, the topology received in this way by C is not the

compact-open topology.)



We therefore have
B.7. The homotopy category gh. We write [X, Y] for the
set of morphisms from X to Y in_gh.
B.8. An equivalence of categories gh 4~EWh'

The category C. is the subject of homotopy theory.

h

Equivalently we may study'EWh. Note that we have not even

defined‘Ehm.
We review briefly those constructions in homotopy theory

that we need for our present purposes. The requisite formal

properties are well known, and omitted, and will be reflected

in the properties of CW-spectra.

B.9. The CW~complex consisting of one point, which we also

write as o, is a zero object in F or C.

B.10. For any n > 0, we define an n-sphere s as any CW-complex

having just one n-cell and no others, apart from o. This

determines 3 up to isomorphism in I(F).

B.11. Given A c X, we have the identification map p:X - X/A,

and the natural cell structure on X/A.

Let (xh) be any family of CW-complexes.

B.12. We have the wedge, or one-point-union, \/hxh’ in I(C)
or C. It is a sum in the category C, and contains each XK as
a subcomplex. We write AvB if the family has two members A

and B.
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The smash product, or reduced join, XAY of X and Y is
defined as XAY = (X x Y)/(X vY), retopologized as a CW-complex,
and given the usual cell structure.

B.13. We have the smash product functor C x C - C, which is
separately continuous. It induces functors F x F - F,
() x 1(g) » 1(g), and L(B) x L(F) - L(®).

The suspension SX of X is defined by SX = Z1A.X9 and we
put Sf = 1 Af for a map f.

B.14., We have the suspension functor S:C - C. It is continuous,
and induces functors S:F - F, S:I(C) - I(C), and S:I(F) - I(F).
We denote by st the functor S iterated n times. It is not

to be confused with Zn, the n-sphere.

C. The stable categories

Take a copy En of the category F for each integer n. Then

we consider the sequence of categories and functors

Co1a e ce -)E_z § E_1 -§ EO § E,] § E2 e e o0
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In terms of this seguence, we obtain the guspension category
By (a 'limit' in a highly technical sense only).
C.2, An object of‘ES is uniquely an object of some En‘ I
X G-Em and Y €~En’ the morphisms from X to Y in_ES form the
set

1im | MorE(sk"“x, sk ,

“e note that in'ES, X E-En is isomorphic to SX G-En+15
it is not necessary for categorical purposes to identify these
two objects.

C.3. The subcategory_l(gs) C‘ES is obtained similarly, with
I(F) in place of F throughout.

C.l. The pair of categories ;(ESW) C Eqy is obtained from
the pair ;(gs) c Eq by means of B.3.

C.5. The category of CW-spectra § is defined as ESW‘ Its
objects are called CV-spectra or simply spectra. We shall call
its morphisms maps of spectra.

C.6. The maps in the subcategory I(S) = ;(ESW) are called

inclusions of spectra; we write an inclusion A - X as A c X,

and say (by abuse of language) that A is a subspectrum of X.

C.7. A finite spectrum is a spectrum which is isomorphic

in I(§) to some object of |Eg .
C.8. The category § is a topological category. The space

Mors(X, Y) is Hausdorff, and normal when X is a finite spectrum.
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C.9. The homotopy category of CW-spectra is the homotopy

category ﬁh of S. We write {X, Y} for the set of morphisms

from X to Y in‘§h; these are the homotopy classes of maps in S.

The category §h is the ultimate object of study in our
stable homotopy theory.
Remark §h has as subcategory ESh‘
absent from the literature, in spite of the fact that it is the

The latter appears to be

most natural category for expressing Spanier-Vhitehead duality,
and that it is gasy to set up directly: in obvious notation

B = F

~S8h =~ *hS°

Suppose X E-Em and Y E'En are objects of_ES. Then
C.10. (X, ¥} = 1im_ [s5™x, s7Py].

The inclusion of F in Fq as the copy EO of F induces
functors
c.11. E ckgs IE) c -;["@S)’ CcEBycEyw=58 &y 8

which are usually ouitted from the notation.

In terms of the functor C ¢ § in C.11., let X and Y be
CW-complexes, and suppose that X is finite-dimensional.
C.12. Then (x, v} = 13m_[s"x, s*v].

This result is false in general if X has infinite dimension,
which shows where our theory diverges from the S-category as
originally proposed.

The sequence C.1. has an obvious automorphism, given by
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moving one step to the left; for each object X in F we take

its copy in‘En to its copy in‘En s for each n. This

-1
automorphism induces the following translation suspension
functors, which all have the obvious inverses:
C.13. S":Eg » By I(Eg) »I(Eg), 8~ 8 1(8) »1(8)s §, - 8y-

We have the point CW-complex o in F, from B.9.
C.14. By C.11., the CW-complex o gives rise to a spectrunm,
also written o. We call this, and any isomorphic spectrum, a
point spectrum. The point spectra are the zero objects of S.

Suppose given spectra and subspectra, A c X, B cY.
C.15. The subspace Mor((X, A), (Y, B)) of MorS(X, Y) is
defined as the set of all maps F:X - Y such that f|A:A - Y
factors through B, and is given the subspace topology.
C.16. We write {(X, A), (Y, B)} for the set of homotopy classes
(path components) of Mor((X, A), (Y, B)).
C.17. 1In particular, MorS(X, Y) = Mor((X, o), (Y, B)), and

{x, v} = {(X, o), (¥, B)}.

Thus C.17. includes the absolute case in the relative. It is
clear that C.15., C.16., and C.17. extend to more complicated
configurations, so that we can define maps of triads, triples, etc.
c.18. Every inclusion A € X has the homotopy extension property.
C.19. If the inclusion A € X is a homotopy equivalence, then

A is a deformation retract of X.

Now let (XA)KGA be any family of spectra.




















































































































































































































































































































































































