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HW4Y: T(TM)= T'xR"7

Hw 3. g v«e“ *

alatbice LeV: L= q’(z_)

L=2"cR" =V ?:R"E. Vv
v/L :V/‘v; v eva )

Quotiint §eeun, o belion L *  vy-vael.

ls NY, Il

OfFm e

o) eqwe e qwobm'[ v/J, witha s bructve 08 s moo b mearludd

(i
b) Prove V/Lx\//l'_ —-’V/L\S asmoa th mep.

¢.) Peove thet V/L =Vl dimV zdimv’
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elliotitiucve Vecko bundle.

impositian M Eman veluceg o0EV

IMmE Men o:1 —>V

Atﬂp Smooth o m“v —_—

+:VrRY—aYV

{Ax»8] = |Al-18]

lglzl JVAlL = 1A)

“ o o T
T ey O:M—>Tm
LP cIRXxTM —» M
P 4. TMaTM =T
- N _tTmr M —s M
Taalecbrre, Submersion ‘-—_——d
Wit tome inhandy, s(n v & TmxTm|
PLva) 2PWa 3
* Peoof-

= Pcop. = Swugposc wrhauve €0 Smooth

tanibolds mz=(m, (@ u-—*v)ic-':)

W DN (@ ui—e v dier)

1§ £:M A 15 « mapofscts sach that

¥ i Slu) ey

Then £i% Smoobh X ¥i Yoo s vi—aV;’

1S « Smookth mep.

Proot Y. ot ot oYW e (wote, )




a) O: M—=TM i3 smooth

M= (M) (@::u; —=v))

Tmz (To, (@edgh  UxB i u@™)
O:M—>DTM (S Smookh > ¥i

Mﬂl@mq;-ﬁ (v)

hng N “

: a i (v), o)

- (Ql‘? (V)) 440) {V)O).

exXefeisSe fof b) and ¢)

a) Vi—=v; xR”  ‘nthezth chart

v —> (v,0)

b) R xv;xB" —> v;x g

Lty v,w) > v, tw)

wnﬁﬁﬁ —v; 2"

(V,wq W) =»(V, wirdy)

Lonstrwtion gt

™M = C(R M) /v
f~ £0) 2900) _and £e) = g'co)




e Progos; Eon
CARM) [~ —> TM

iSa bj 3¢~L~\‘0f\

art W [5ijcekivn

el
cQecall X/ R —>Y
with mapsol sets x =Y

Such that 4 rcspcch R.
_x,&a_gm)_'pa).—

40 o Lsctls defined

{(cx:i) = g9¢x).
2 Prool of Proe. (™R, M)—>TM
fe T N
£lo) ;‘;3""'*“/,\,
th Somei S 6. w; ~U: I
‘F‘D)&ulo G7V¢-01 cu\“

Set cl€)= [ (£10), Ole:ofial] om qv“)tu\‘ i
I€

(0),P(@;0 ) | = [ (fLon P (@, 0f) lor
aV\d . & .'1 . gU“

0(Fe®™) (0 (Pi0

= D(@, 0@ 2o of ) (o)
J I

= Dl gjof ).




D(q;ef)( o ):chv:- 049) o\ -
_ R “>m Oy '—mv;
Q) suppose Gigectﬁ,M) i ﬁ’va\ RL

DLPot)c o ) =z=Dl@iol o ) ‘
wanb: v £)= 1) flor=gtol
(£00),0(P.0f)x)]) - o), Pl@.o Jeo )
" 0| @) ck100) (0 £i00) = Flo).

3) (uum.‘,z ¢ (ﬂ“”

_PitW some (eI Uir R —»0 lQ M) [ar
‘ulnl.) )"_—*¢

b(t):”zﬁ,tel-e,ﬁ—bég4—
i /\
bLtl€ to,1), ¢ 1w 2e. Ny

htYS @ lui) > (b)) Wi A

(5}
w

S e ~ L




(u,w)~(u“w)

uizu; and o(q, o @™ (@ twi)) (W) = Wi

wan ¢: sl%)Wu)' ‘“J:V")

Ce Yol M 5

K
Eq;= ok

)
L4

e cp‘;".,w

‘f"a'."(k_,;w)) : 9‘}“(%/%)7’“5 =v

In the J-th Chert

_0(@0® on)te = D (g0 oh; ) o)
1

= h;'(»O) . 0 T‘ (o) ."(D))
n J
' n . n
+ Q;l“j] Nj

6) s°¢ < idecTtam) /o

Prove gc.aal 6.
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Cdgrivatony)

_The algebra o€ smooth manifolds

Wwhet's CM(M, R) in 9"33:‘5 H observables
Answer: a commutative real algcbra
Bcé&f QAS W7 g.c,°°- rtv\a,

_20cf. Acommutetive ceal algebea /S

CA;D'I*". ‘)

A undurlying sc:t, Vi, s ¢ R
o€¢A Such that ¥a,b,c6A
+1 AxA—>A at(bit) = latb) +¢

.. AxA—A Ota =a

c. A=A e (b-¢)= (a-b)c

0:2 Llo), 1:=i(4) a- (b)) abtec

L(c¥S) =Cee) 4 1Ls)
Lrs) = ((e)-Ues)
Aldtcratively eo hormomorphis m o4
Commutative pingst: R—A
pointwise  (£+9)(m) = Fim) 45 (m)
LUrdm)=C
Llras) @n) =4S = LU (W) RO 6m)

2 (LY * L)) (m)




m=&:c=(ma) £ A>D
G ¢ AxD | YaeAd 31RBeb ! L)0)E0,
A gf,g*a;#sga;yf

Yo e D 3! beB:tape d
_Fect: A smooth manifdd M conbe
_cetonstoacted Prom c%O(m, R)
suppose A iS ok tommutetive real algebru
Such that J @A Lwc®(m)
Then M can be reconsbracted from A
_as follows:
The underlying scbod M is the sct
_0f homomorphitms of algcbras 4—R
Qeference: Jeb Nestruev
. Smooth neafoldd and obSecruebles,
Sccond Edibion
he prPOST tion TEM S al;ww»sdu@c‘
_sccond counteble smooth manifold,
then, the cunonicel map of scbs
el m (%M iS « bijeckion
C\I(m)
o0, Togo(.o&}u" S Patt l‘x,q) 1S hausdo £
€ for any points ygex
(R E)=> Jv,Wex s xeV,uewand
Vnw =4,




cgxa’. 1)A 3) R°
A D Y4)any embedded

—t

O —

—

< (- ‘X’;DJ (- N;Olu (0, 00)
Two charts
@y : (-99,07), wio,0) —R
Pl (-50,0]5 U (0,00)—> R
COMpatibility:
@@ (0,00) g7 L0)00)
-1
—— P9y toyey g toreey

_20ef. A topological space (X, M) is
Second couvntable i€ 3 c&bﬁ_blc_u_ei
4’% “w pd
B Such thet M¥yeU 'V bev
efxra. a) ﬂ\ 4s ¢econd coundteble

B s; L&,a |Cq (Jé @—2

(o,s) =\ tad)
a,0)e(h3) v, be@

b) R® 1s also Sccond countablc

_ B: 5B(xe)| 6@ ,x¢c" 3




¢) embedded smooth manifolds

e MNOon- exemple
The (.01\3 line

e Proof of peoposition

a)ev isynjective
f My tma, then evimy) 3 evimg).
That is, 3€€ c*(m):
eV (mg) (£)F cuima)(€)

" "
T fma) E fima)
Since Mis Hausderff, 3 0pen subsets v4,Vy
st. m, eV, . m,eV Nvy =

Mmust Show that

con asSume V1,V arcdomains of therts
Py :Vi—wy  (cempatible wy/m)
@y Vo —> wWg

ek £50: B(®(m <w
Take {:M—R
n SO ifmEVvy

?zb(u?.cm\- @ (nl| - 43), bmeva
b:h— R Smookb s.&-

b(e)=1 b =0

C1,00)




b) Use w\n:bnqg‘s embceumd theorem
(requices M 0 be second countublc)
ASS umc m £ be embedded M R",
Givene homomorphism @ :cUm) — R,

e Them. M— = Hom (¢™m), R)
m > evm = (£ +—> £im)
Prodk. Injeckivity v~
_Sur, cokw\ i:‘) pPick & smooth 6M(>¢dd"!9
w/a closed imase Mc R™ i.e. RTIM isopen.
CZUR™) —= (M)
*Bestriction prsceves allop crebions
If @:c%m .__»ﬁ's is & homomorphism

Y S -
R (L)

>

@Por
ApeRMs.6. Qorzev,.
a M =evp
u M ¢ c*¢
s.t. zo d

M

(A/¢¢c|: W\""'\M is o pen),
(&) evaluate e m‘%
Plrig)) = 40 #o

?(No\)
Q) =0




Therefore, p €M

Do, R™—> hom (¢TR", R)

eProof! Tojec Vv’

Sury ceé\v.eo : Assume q 1 G R — .

Hadamard's Lemmat

Lf £1R™—» R is Smooth,then 3 9 :R =R

(A4iem) smooth
£= )+ ;x:‘ﬁ:

*Example m=4 ‘ £'c0) = gto)
£x)-Flo)z x9N mil not
qix) = £ -F9)  gue
4 x-o ¥

set e; = Ce (x:) X! Rm——'"’m

th coordinate
Vow, Pémm and we claim that Cr’evP
Pk £ecm  £:=Fp) = th. e - 9;

Mm&(&mmm

_we have @AY S ei-f;)
= £p) + x)-0) - 2(9;)) = o).

Sar's éhm ¢ Qeference:
 Troasfocma tions of deéformebion
HWb Prox M« arg smooth manifolds
Wn “(M,@i\%@u&(@&%

r— ( 93@4%
S)’\O) lsiétb&:o»m.




L d

e Remark m=R® = N
N = CZURE NY=>hom (", R).
N Z (M), Z¢%(R°%,m) =7 hom (Ct;“ym"‘““""’
¢ Remark The functor _ ObF
(> Man"" —— (amm Al = 2AHASR)
iS Fully £aithful. Tn portinlar, 134 :
"% ManP 5 F A Z¢Tu,m)
iSan equvalenee oF categoris
*Remark Construckions of differcntial
geomebry continae tomauke SenseFor

commutative real alybras
AeccCllsg ,AgF.

ol xen.
&) Take (e W\MoLoscd (ic- R™\(ris 0Pen.)

Takelz$ £ec®m™| Flg=0%

Then Az CPR™) /T isthe
algchea of smooth functions on (.

. ‘e atE) - Fa)
¥ g2.glare)
Toke £%-o =flo) rg-€'ca)

£') 2 flarg)-Flels g0




AecCAlgg
A= ﬂcé:\/fz :341’5'2! a,b éRE

(agtbs®€) + (a3 1b5%€) = (a4 +-a,)¥ (bg4by) €
Lag t byg)(aa +by €] = 4a & +{agb,datdg

(--o-- ) nfinitesimal nc:‘o)hber'wJ [fuzz

geometey &> alycbea

M: 5Moo€:\n manttold ¢%®m comm ccala (o 0ree

PeM (A dhd S C.wM _ﬂ. R hoMmemprphism
M—> N S moothmes [ WN..» cwM shomomorehs no
VQTM C-“M -—’ﬂ\ 4 clct-‘vqf;-m
oo, d 4 lka«h
CM—HR2'm (2 M—-v.Q.C"’M «:}‘{;‘

M~ TM veelorbaid | €000 _o %%y 1 derivetion

Becall A module ovir a commutodive realalgetre
A g acreel vedl Space M Logetner with
& homomorphsm of commubalice reulealycbras
A —> End(m), W EndM s the LA Zarm
ﬂlgobro ol crdome conSmsS are R-lincars paups
M~/ x,-,0 defined pointiSc 1 zid,
‘P'f] =f LX)




Uofold: m s aceal veekor seaece woith addic

AXM —M : 5 ccaler mulbioliation

(agt@q)m = ajmtagm , Omz=0O

G'(Mi‘\‘ma) = amg +a~md:' a-0=0

(agraa)-mn = ag-feam)j d-mzp,

((.a)'m :a-(r-m\:t‘-l""v\) f&a

vZR"

*gxa. A= COOM‘ 4 =&

An A-medule Stewcturc on V' i « homomeonre hism

of R-olyetras  _¢(m)—wEnd IM) K-

olnt pes

€ec®mM cev= Ry §lo) = fle)-r

cgxa A=@ , V€ veet

Cee) = (1) = - ULd) ze-tdy

Ar R modulc =B ovector SpPuce

Recall c*em) - module stribuns on R

CZ _home morphisms cm— R

)z poirks  in M.

peM: £, = {(r
P &
e R

e Def. Suppese- Ais a co mmautabive ceal

clsehbra, M s an A-moedule Aduivaton

of A Lalaes iam SonRinens

ramt A K o scbi Lelontt rate dhotd x




:d Y-a; -dtea
v AR

€xa Az mzcty
.p._iij‘w

‘exa. L—> D)
t .l * v _

S

P —» R

deeisationt)
"4: M e— A-medule Strnctrre byevg

_Reibniz cule: J(fq):J(f)j +$degd
ts) =(D £153)-9ts) + £1)-Dq¢s)

(4

oM = £¢s) M .
2 " M;S‘z‘ﬁtsb-u

*Prop. The map  S=B"—> 0cr (s, R)

s,v) —> (f —p fo).

1S a 6§;\cc€\on
« Pcoo¥-
In‘,ecéiu'.tgt Suppesc wehave (34,v4) and
(s3,va) € Sx@” Mmap 10 the same dirivation
s —=>R , The module Sbructures on B muws t
comsde => S;2Sg .Take fc™s :
£(s) = <W,5-34> wWhee welR .
fsNzLwyvi> n

4M1—‘—1—n—‘\7‘-—wfrﬁ
Dpfls)=<w) va> cw vgevysz0

W2 Vyqe=vg 2> Vga-va 03>V 3IVg




Swiectivitn ! Suppese d!c™s —» R is adecivabon

The ¢ °°s ~module Structucc on R = aunique ¢S
-P-m::-(‘ts)-n_ﬂ. Now cl(l-l"_,) R ¥ weR"
we get a lincar map w —d (Hy,w)
R" —> R
d(Hy )z W, v>; w.tS. that
Dyfisr=d () ¥ £eC>s,
Recall Hadamard $emma
£y=Fs)+ T L6:-3:)-9;02)
1si¢n

A@) + =[d(¢,-5) - g, +(:-3i)-dign |
3

Pcove dirivation veaishes constonbd

Hsgeitd) = <ej,t-3> = &;-3;
..ZJH‘G 9; ¢ (&;-Si)-dg;
vonishes il ¢=8
= z<¢""> '3; +(t;'5-‘\‘43:
= SV 3.€ (s) = [, 9s).

= 2 <eiyv> 9,
L3

Q'F’ (s)-au)

Core(l,ar;,: Every dc.mva-l.-\on isalso a ™ diivation

ePef. A map of sets € Ps —eM (s a c®derivation
£ the chainvle holds

5, 6CS d (flay,
fecog”

°"')3:) = %glﬂ,,..-dm) . J (j:)




M évcrs deedval:ion ls a decivation.

Take Q (x4 ,%2) = xq+>xa ladditivity)

falxa,%3) = x4 -2a (Reibnaie)

‘Pz (%x4) = vr-x94

£t dty,449) = dgg+doa
£, (a,- 2 J + -d

O
*Def. SeMen, weTS —> Der(c’S, R) opn”

a—f
Yw =[(3450] S=(5,(R:u—T),;)

SeU; . D_f£=Dy(foq’ ) e

Hw 4hint it!s chaia vute.

HW F: Show well—defincdl.

dYws=[yl :R—S

D, P =(Feq) 't

R—>> "R
pe ;

Fr

’prapos:-}.:on Disa 5i_;\¢¢-é:0"’ Hw8

e Pef. A tangent vector in S&ran

1S _a poid decivation CPs—» @




Teda oy M—»N

O'l'”

'(M——-'TA/ PreTe=Ffop,,

sexomple mc. Rn
Tm=mxf

T (m,v) = DEm) = , 8 m)

‘Def. @ £:Mm—wn

Mz (M, (@ U:—vVi) er)

N oz (o, (Wi X3) 6 T)
_meM ,VE ﬁ"‘, LéI

TE(C ton,v,001) = L 1Fm) , D, (W 0F 0 &) cquum),

)] pick jeT st ?cm)ewd
—» Y ndependence of dhe chotee of J

C (ftm), Dv(q’o-?o?")(.?cvn)\] e
2L (fom), D, (w rof e 2)cqitm), "))

& = E (F(m) . DV( Q'IJI ° v"’:’o v‘; o‘co?‘f‘t} l?..m\),J' J)']
Indcpendence of - similar.
0ef. ®  P(C31) = CForl | 7: R—m

independentof v Chart ?!clu..-omlc
*Def. ® f:m—N

cwmlvm’* decivation CZF: B
Tf(v) Voc™F 9 ,-—ab.(-*)f

Mo o (N — R 4.r = (408) 7
clegon: &7 0%

- lincer v

is a dertvation




(voc®®)thg -ha) = AV (€8 (ha-wa))

WV (%) () (= £) (ha))) = A ((e*2p ) iha))

+ %% (ha )i (€ 208 )fng)- V((c‘3°£)l.. \\
=('V°C°?) (hﬂ ha + hy (’V’c"“’c)tha\

Q. W\f\:) are these def. Qanlu\ﬁ?
O =T¢+@ =Tf0®
Pass +o aS;lg(c chart in Mand N.

®-6 [Cfoq\—>(Soqy) (o
-I D ‘,Q" (qto\)
T+ (Q"Zo)) veo)
@=06

McA™ —» N R"
(o, V) 5 (£im) ,Daflm))

M@)}Jﬁ&:ﬁ%@#)tm}) \I

cheain ralc

D h(fim) J

Dq,f(m) <
sEfxemple. M=NzdL TM = MxREzmx &
Hw 9: T”~nga Nx @
P:M——DN‘\
Z > 2%
_,‘_*';'n_ggxl..lxm
ITo
,- o
Tote emea) = (B 32 70)
/ 4\ \W _.;3 v




= a-( xo.—'_qb,.na-fxb)

Q.- ZN
vza+ib

€ xemple Ser®  s'=S(x9 | xM52:15
<t £ .41 < “
Clny)=z (Yg-n,ax‘i)

sidcote Mc BY Hw9: @&Tm, T

™™ =(m,u) MeM_,Méﬁﬁ Oveve

- (v, UL
=, Uy)

=X MUUyx "'3\4‘-’4 So &> R({Z;)ao
N (s, up) = AL9-x)
z:x-\-i:)
Tf(z,u)= (P(z),az-u)
le))
5‘1

Re (2*3ex)
= Re(z-z-i-a-a)
S Re(2:3-2)=0




efxample ¢ V real vectorspace : Vi, Va

f:vq —va

TV :4/; xV;
TE: Tvy —>Tvy

Ve [N
Vo XVe VvV
4 X VgV

LT AN od

TEle,v)= (£, £0) = £(p,v)

o exc‘

s”= gvea"*l il =4

£ ™Y —

Vtvit

A+t

T8 . R

TS"’*}(M u()lme.ﬁ,ué(% :}

£m,u> ‘o%

HW 10! TE(m,v)=(f(m), v~ <~»v>V)
—

\-/




Besd fime

Langent vector

tangenbrmap

Veckor i td

T M—>TAN

VM —>T M

>

YeTM
A/ (arw;eu'.;ﬂ,"

TH(,w) S0 flal | Xt U; —n B

VILy:R=-wm]

Tf(v)=TH(C41)| x=CP) .

s [7:u—>m]

zfor— Oiw —=M
J

N

wWe mMmxMR

o

v: M —> R
?

C-M‘Morpk:sm s

Tf(W):zvee £ | ==

[

©o

&
=3

A/

%% (W

N ey

dc.r\‘v.

V1

L ¥z, )]

9 —oof |

.&E A vector ficld X on a smooth manifold M

S G Smooth mep X1 M —7Tm

S.‘f:. M_x__“’TM
"
id}s l?
M
n n
iExamele mc @ Tm T M xR
[ sentd ]
D) M
KM —>Tm = mxR
# - -
.M ;.M ?:Mﬂﬁh
*$xample Mm=35 7917 st @

ol
8 o (e o)
X ) a"'a: (J 1

‘h"—* ("‘)3) ,(‘.)

X

-t

X




X (%9) = ((x,9), %, (-x3,43))

A

4

08, Mz (M, (1 =i )iex)

€3

&

Avector £0d R on M is

(Xi: i R),
Suchthat ¥ij e 1

D(q;o9 ) (Xi) =X,
CHUH uiou,

0 (29 M) = X3(s) or

X pegied)) X = X, (w)

J flu)

X2 moamm —>(x;t wi —> R”), .1

X U —=Tm

w; LRI ~ w
N X —— Tv; S Vi xR

u: ._L:_yM T?.

— (9., %)




*Pcrop. (gha A ~ale)
|_~—-9A/\

\LJ

TL%TM /T s e Panctor !
'LTﬁ T Man —wMan

h
>

44
-n-,-o

\
TT50f) 8 T

- .- -~ 0
—‘3,[‘!’

Preo®. @ T (g0 )(Cy:m—=L))
= S0 fop: ﬁ’_’”)
= Tq (' CSop))
_ =79 ér£(c])
(o3 Tbion o ) 2vec®gof) T 10 0c®

2(Tfw)) 0 ¢ = T4 (TH (1)

/

T(?-bfﬁ)/Tg./x‘.(u\)
J \ -4!\ M




iabt dime ! vectorficld on M.
@D METM  pev=idm
@ mz (Mg w—v) i)
X1t vy —~R"
T(R 02, ) (x,x:0) = (@@l X; (0,2, %))

@ wWe Mx@R ; WoMx%oi f M'/
F: w—sm CF] '4/"""‘_"/
F(F(x2),t) = FIX,s+t) .
F1~F'a 39 4 w3C wgnw:, -
Fal)w.= Fa.! Wi Local semigroup,
3 Lof.a-L «ctionof
@ Deciation
@ — @
PéTM P= C(M w,N), Fix tel
Uu; —-‘»'rM
t—>[(m, (@lm),i]
y.] 9 )
A | -

wauwy = Y lu-nuj

Lm, Xilqumy), ()] = L (m, X @ycm1);) ]
Y: Uu —>Tm

o8
—
y —
Tuz=u x%sl:i&b
T‘c(“n“) = “(“’ N B'WTF(‘“\ s




ta

M
XtM—m R XxX(¢)=
F(m ,8) = X (£(m, ¢))

-4

- F(m,{:)-l =4+c

Flm,t) = -t +C¢

Flm,¢) :—_4'_, --—._'ﬂ_..

T+ C t-t/m
F(M,O):-:— Cz"lm
F(m,e)=33" "=° Hw 14
Ciy, m#o T(mxw) TTmxTH
B—® (] Fw —m
e @ "7
TE: Tw—=1m  me—>TMm
T(MaR) A im) = TF ((m,0) ,0,1)
) ( /
TMRTR V(m) :‘%E-(m,o) ETm
TMx ﬂ\xﬁ

¥t &




0,0 —B®

Theorm MeEMon, vE XM

XM=S v M—aTm]| po—v:idm%

3!l @ Vv z %’E(m,o)

FiwW—am (CX!'SﬁCl\cc and un iQueness toaﬁs)

IF Fﬂ‘Wi—"M o,ék&n W1‘W

¥mem ! Wnkuﬁx ﬁ) 1S aninbtrval of the maxime(
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