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= D(CPJ 0%'10?: of) (o)

3
- D( ?JO-C ) (o)




D(Q;WF)( o )ZOCCF- o.j)Lcs\
| L ‘4

— R Nouvu—s\V,

Q) Supposc F,géCCR,M) | @”ﬁ\ R:‘\

DL®ot)c o ) =D(g:09)( o )
Lang: FL-F)"-'-"* N{D) ,Ooo\-:gto)

AE ( 'FLO)) D(?éo{-)col_] - [ (5 (0) , p({. 03)‘°’ )]
) | @) £10)) () £ (o)) = F'to).

3) s: (%u;m.\) RS TRYS




- 1- -t U=y
‘Fd (L\QCO))-?‘) [ﬁlud)) g =

In the J-th Chart

D (Q;O?i-lah:) (o) = D ( ﬂ. of"--dahj ) LO)

) |

I\
!

2 hi'to) 0L 9o} ) (n 00 (n'to1)
) '

_5) ros = dTM

b) Sor¢ <= icfc.wta..m)/,v

Prove S and 6.




Sest £ime:

(1) T (ChartS) ZOTM inematic

DA
WO M g z)

([ M rvat oNd)

The aLé_g_bra_ of smooth maunfolds
whetis (M, R) inphyses ! bbseevebles

Answer! a commutative reec | athbrq

BC:H:C( ans Il ?” < Cw- t‘?f\:).

_oDef. Acommutative real algebra ;S
(A,0,t, 5 ¢)

A. undirlying set vhe,s ¢ R

o ¢ A Sucth that Wa,b,c 6A
4+ AxA —’A o+ (b)) = (e4b) + L

.. AxA—A O+a =

¢. R—>A & (b-¢)= (6:b)c

o-(b¥¢)s abrec

O:Z Llo), 1:2i(4)

(,(r-l%) =((r) ¢ [($)
L{rs) = ((r) ((sS)

Aldccnative ly o hormomor phis m o

Commutative Cingst: IR —wHA

eexa- £.99m) All operations are defincd

po?{f\tW'i$6 (-P‘Pj))(m) - ‘F‘M)‘l"j (M)

Lir)(m)= (€

Lr33) ) = F+S = LU () FLig) im)

S (L) x L)) (m)




(Fect: A SMOO‘e\ﬂ Menitdd M con be

rctonstoacted fom ¢ (/V': R)
Suppesc A 'S A tommutetive real algebru

¢S ?oupws

The underlyng scbod M (s e set

0% homomorphism s of algebras A—= R

(RelLerence . Jet Nestrwew

Smoeo th Mcmf's\‘ctds QI\A o0 bSecrLeabley,

Sccond Edibivon
¢ pfOPOST 'EFOO IQM :5 amwsdu@‘t}

(S\Am) ﬁ_\fwr LN ov\?cal "Mmup e(isc/{;s

M = HQM(C.OOM, R) 1S« bijeekion
ev(m)

0. Topologicel space (%,U) TS hausdo {4

TQ -gof an ponts )9 e R

(x39) => Jv, W e% st. x &V, uew und

Vnw =@,




egxa' 1)R 3) R

a) O- ‘-‘) any e onbedded

O

M (-OO,D:liu ("‘X’JOJZLU (0, 60)

Two charks

Py (—00,011 u(0,00) —» R

Pqy . (=60,0]5 U (0,00) —> B

LDMPQ bthb: L:? \

C?Q.OCPZL ! (G;C}O)TLO)OO)

qia ‘72-1 7 (o, 0) :‘-'P (0, co)

o 00‘9 A topologf‘cal SPace CX,U/) 1S

Sccond countable & J countebl O B
BecU such that M¥yeU:V =

Beby, bec Vv

o £¥a. a) Q\ 1S gecond Counteble

B = 3 8 |lc,bed '€

(<,
(rys)= \J tab

L")b )C(f,.‘a)‘—’ C‘) 6 é@

E) ﬁgn S aelso Sccond countabl €

8= 5 B(x,£)| £6Q. xe@ 3




6) embedded smooth manifolds

s /NON - e,)kC*MPLC

T he Long line

‘pfoo:op Reoposition

= ) ev 15¢r\d_ '&\VO

"t m,tma, l;kon evimy) 3 evimg),

That 1S, 34 € (M)

eV (rh4) (€)% Cv(maJ(F)

-F'Lm 4) + ¢ Cmaﬂ

SiNce M?S Haw;dorH, 3 oELnN subscts V1 ‘Va

st. m, €V, mgy€eVa  Vy Nvg =

Mmust Show that
can asSume V4,V arcdomains ot chharts

£- Z i€ m%VyY
b (11 @,(m)- @,(mq)l] "4 ), M eV

b:h—w R Srmoeoth Ss.t.

b(e)=1 b[C:l,m’): O




b) US e (AJ\r\i‘tma[S C.Mlgcclc’"g theorem

(req uices M EO be sceond countuble)

ASSumc m EO be embedded Mec R,

(pivenea homomorphism P : .M —= R,

* Thm.

*Oroof - Ir\éeo&wftg /

Surjectivity pick & sSmooth embedding

w/ & closed Tmase Mec R™ ic. R™/IM isopen.
CPR™) —= (M)

° Ws EccEion 12, reServeS OI/I/LGP W‘&*@ns

1% CP M = A s a homomorphism

oo
¢ M

por

aPémMS-br @ or :e,vp_ﬁ,

clam: Pem (Thus, @ =cvp

SupposSce P &M, There 1 49¢€ Gw(ﬁ’\)
S.t. 3]M =0 and 5 (p) £ O-

(/Vtec' : FP\M\/\A s open ).

(%) evaluate ot g

P(ri9)) = 4(p)  X=
Cfchm)

@(6) = O




Theretore, p M.

Do, R™—> hom (¢R", R)

. pmoﬂ Injcc v

— R

Sufjceé\‘vn'“{:a iArSS wumé ciﬂ: C R

Hadameards Lemma:

LfF R ——> R is smooth, then 3 4 R = R

(A4 “m) sywooth
£=F6)+r = *i9; |
‘éxampl,a m =421 L £ (o) =3L6D

£(x)=flo)z %90 il not

3 (X) - ‘FC’:: ':-'FOLO) Mﬂtqu‘;

set @; = ¢ (x) X! A —»®

NVow, pe® " and we claim that F=evp,

Pick £ecm L£:=£(p)= S tx-fN - 9;

14: - Hadamard's lemma i
we have @ (€)3 CPC*FCP) S 'Pf)'i')

2 4(p) ¢ > (@ (x)-0;) "P(j;)) = flp) .

Ser's £hm € QRefecence
Teansfoema tions o deformetion

HwWb Prove M ¥ ag smooth manifolds

Lhhin c_"’o(M, N ) — \/\mu,m/\/) _G.MM)

v
£ —> (9 —>9 ).
5"\0\) b;df_,C/E':Oﬂa g #




- (
1S fu 0? Laithful. Tn particular,
™ Mun®® 5 F
1 S ao_eﬂmivalm;c ot 6"'/'{5"9 or ¢S
o Qcmar k CoNnStruckions of df?-?cmrv&?ﬁ/b
geomctry continac tomuke Sense For

o) Take (e R closed (ic. R™\(ris 0Pen.)
Take 1 = % Fé@w%‘”‘] ‘FIC:;O i

Then Az ¢R™) /T s b
clgebra of smooth functions on (.

‘ZxXa. £' ) £(ate) :-F(q)-}?'-p’(/“)
v g% glare)
Take £% -0 = {la) + £-€"ta)

R ﬂaJriB--F‘“): g £




% :Ea'l'b'él a,b ER €

(aqt 61'6) a) C"J *ba*i) - (a;l :l»ﬂ«d)'\ 6614'53)' E

(a1 + b, g) (aa +b, €| = 4a w1416, +oyby)g

(-0 ) infinitesimal Neighbe vhood /FuzZ

___é_g@om”gr > a(gcbm

M: S Moo&h MMT*"W COOM oMM f“t‘ot LQ(,O/“

M= N S o0 thma C uol\)._s. cooM ‘Aot opmdrph S Mo
VéTM C“M —9ﬂ . o‘u?‘uthn

d 4 4 ke eh(
COOM_.'SZ M CTmn—» S2¢m e O c{}‘;

M- TNV Véc,{or%ud CMM —» C OO/V] . d¢':"’“6:‘3’1

_Q_L“u A moJulc OVl a LOMMM{:&-EFW rcalalg ¢ bres
A S a rcal Vm( Soate M {;o‘gc&ku wEh

¢ homomorphism of commautabice realealyebres

A' — EnJ[M), WDhere EndmM s the LIZ)™ St m

o Lgcbro o# endomme conSmsS are R-lincurs naups

M A x,~,0 dc@muo pein-l;w‘{SC 1 :;OIM

‘Pﬁ ':‘.-pog




Uo So ld M s aceal veetor space Lotyn addis

AXM —>»M ! S ccalet pmu (i plication

(ai+"a)m = aq4Mm -kaam)* omzIQO

G-(Mytmy) = ermy ta My a.0=0
(ag'aa) - ra = ag-faam); 40 =

((-GA)‘M :a'(l’*m]:"‘(c‘"‘ﬂ) f&@

A“(\ A‘Moclu(o Steucturc or'f \7 S c hoMm GMmere NS m

¥

() =P End (M) Z R

'._e_f:éé‘— A:R ! Ve Vcttﬁ
() = (.(«-1) = (1) = ey,

ééﬁ R modulec = B -—vector spuce

clgebra, M s wn A-module | Aduivatian

O’Q A oy L al S N f\SaaFR '

mea? A —&M st feloni rawdqntc(/g




(s — &

| deeivation')
'A M) e A'MOAM(( Strnaetrre b'j eVvg

iﬂibr\iz cule. 0'(‘(" ):d(f)g +~Pdt3)
D, ({:9)ts) :(q/-(’tsgj(s) + £1)-D  g¢s).

£ : (;ﬁm B Pcs).m m;dml c:
A Y, Sbfu\.‘&‘“rt

Prop. The map  SxRBR"—= Decr (¢*°s ,R)

(s,v) — (¥ —p ).

1S a biection
'

. Pcoo¥.

Injecé;ult:) . SLAPOQSC wehave (3, ‘Vi) and

(SQ) Va\ € s X Rn MQP to tWhe Same d_u-hc.éton
Cs—>R . The module sbrucbures on 3 mas L

comnude =D 51 2SS9 s Take Pecms .

N
£(3) = <wW,5-53> Where welR.

n

Dv'€(313 =<w‘ V:lB l B

-D\Zap(sa):<wl Ve <W,V1_va-: - 0O
W - Vi-\la => vn—Va. go=>V1=V&




Swjectivity! Suppese d:c®s — R is aderivabion -
The ¢ ®®s ~module Structurc on R = aunique s S

{'-m:':p(‘b)'mo Now d(Hs,n_-') 68 M we B"

Wwe 36{: Gﬂz_incar Mmap w —> Gl (Hg,w)

m
R” —> R

d(Hy W)z W,u>; w.t.s. that

Dfisd=d (#) ¥ £eC5.

LeY=P6)+ T 6:-31) ;08

1=£.¢n

A (f13)) + z[al(e;-—so ' 9, +(6;-5=)-Jc9;>]
&

Pco.n. dtri'va..-bi'On Venid3neS conStantS

Hs,eitt) s <ei,t-5> = ¢;-5;

< 2dH, e, Ji ¢ (&i-S3)- dg:

vanishesif €29

= Z(e;,v> "j: +(t ;-S:\'Js; - lZ(e;_ V2> 9.(s)

= ZV;-9€ (s) = 7, {is).
D:f = g—;‘?—(ﬂ'é‘@:“).

Cor‘oua:p: gvc.rg dtriva'&\'on 1S ealse a ¢°° du{‘vaﬁm

s Def. A pnap of sets € %S —vM is a ¢ deriabion

€ the chainrule holds

gﬂ; ECY d (rljii""’ﬂ;) = iieQE"" (34 ;--'%) . d (3;)
£eceog”




"3 (%x4) = vr-x1

-Pif d{”-}ga) - Aj_i"'dja

fa: dtya-9a) = Jg-dag * 3 -d3a
O

eDef. SeMan , weTS — Der (s, R) opmm

) ﬂ“—e_i
(YW =[(5,4,0] S=(5(R:u—=T Diez)

Sé’u' o ”DW.P DA,/ (‘r° ?, ) (P, (s))

Hw 4hint it!s chain cule.

¢ Pet’. A 'éam‘,enb vector N S €& Man

1S & poid decivation c®s— @R .




Tdag PMM -; &IP”

M2 TV PvoeTe=fop

open
cexample m<c R

TM:M%?\

T‘P(m,'\/) = Dfmlv) = QV.?(M)
‘Def'. @ £M =N
M:(M,(?;:u:—-v:)m)
N =N, (g W X3) e T)
meM ,VeE ﬁ"‘, tel

Tf(C (™ V;t-ﬂ) T L (fim), D (U’ of o ? )(Q(m\)
J) ] pick &°F s.i. (m)e,wd
— Inalcpc.nelcncc of dhe chotee of ° J

C (£Lm) Dv(q ofe -4)L?I¢mn] - &

=C ('F(W\) D, (\l}da ol o?"ﬂ)C{,(M))Pj ’)J

Z =L (ftm), D, Y.’ ° ‘I’f 0‘1";"“‘"?:-1} ( Qitm), ,)]_
Indcpanence o(’ 1. Similar.

e Def. B P(Eﬂ) Cfer] |, 7:R—->m

CWM.Z_.$* toati CTf:¢ a/-c S
TF(w) 3 r——>b:fi:

Ve T8 S LTN —P R G.r = (gef) "
clasemn: IVN_',“-F ‘e, ¢ derivation
R lincer v




(voc®8) thg-ha) = & (¢°f (hg-ha))

V (%8 () () (ha))) = ¥ ((c*2f ) (ha) )

TFD =Tf@ =TFB

Pass to & Single cheard in Mand N,
(
@ -6 Ep,,‘]\——)(s'?«) (o)

J D 'F (ate))

T (7 '¢0)) yco)

@-=-

McA” —» Nc R

(on, V) Fo>  (£im) ,Dafim))

(5f-—>9,v5m3) —>(h l-—>”D4L(b°4)‘M\)

¢ hasn ra l¢




£(x,9)= (x’-f,axj)

sidecnote Mc Ba H wa?: @@77/“’1"?
Bveve




Tk - \ﬁ“+ix$ 4

nt
TSN\ = 2 (m/u()lmé.ﬁn, weR ¢

<m_,u> ZO%

Hwio: T m,u)=(P(m),’\/-<"""’>'V_ )

iivil
: - "




N:C(,u,w,:)] | J — 9°f

ePef. A vector -ﬁc.lc' X on a Smooth manifold M

S a Smooth pap X M —FT M

s.t. N -2 TM




X (3‘13)

- ((x,v)) X’ (-x&,ga))

eDef. M

z (m, (‘f:"‘ﬁ ——'\:{)eé{)

M aﬁ

Avector £eld K on M is

( Xi_: Uu; —» ﬁ’\n)

el

_SM.C"\ tkﬁ'['o V"';s E 1

0(q;°9

;'1)(:(4 T X
u;au; Uin4,

P (‘\’J“{’;A)(?i(u» :-"- XJ(“) or

N




Preet. @ T, 04)(57 . & —-l-j\)

Ega o 'R =>4

h?—?
precomm= = 'rg (“\‘£ (c2

P> % (@) T(g0€f) (v) = Vel (yof) = 4 o (¢ ‘Poc™y
"(‘T-F(v o C,°'° =Ty (T£ ()

T(@, 0] ( Ta (%)
T (( °¢'-io ?t)()ﬁé‘*)

(q.)) ( (v\)) X (W),




i&bt dime* vector£ield on M.
@D MEsTM  pov=idm
@ m=(m(e:: U;—>vi) el )

X1t W —"6.“

T(R;02,7) (x,%:0) = (@ (@ ) X; (962,

J)

m, t)
@ WCEC MxR ) V\;:)Mx%oa Fe
F:rw—M [F] //——/

Lem
FaA™~Fa if 3 Wac wygnwy .
Fl ) - Fa.l ws LOCGLScmiar,.‘p"

locel actionof
Lic 9o .

@ MT\A'&F on

@ — @

PéT';f' Pz tm,w,N), Fix ie]

U; —>Tm
M""’Em i(@lm), L ]
jllu‘/\uj - dj u'auj

L(m, Xi(@im)), ()] > L (n, X (q.tm)) ;)]
Y L)u —_— T M

T£(ww)= l*l“%cﬁf '




Xamp.le

=R

X* M-——aﬂs X (t)= 'L

Gch’{:) X (‘FCM t))

g—f m,t) = F(M,'Ela

M;m) = TF‘({M o) ,O 1)

Vim)z2E (m ,0) €E T M

DL




®,0 —0B

Theoem  MEMon, V€ XM

KM = E V. M~»TM | pov:idmg

1 3

c:W—aM

If F:Wa—"»n @, ,thewy Wy W
“NCM . Wnﬁmsa ﬁ) 'S anntirval JF'("‘\LM&-‘MU(

(A te9 raul cuvveolm . MC

*Proof. Immediabe redwction to 3“ w$ in 4

- X(Flf"\;é),t) N':MXR

Y (my ) = (x(m¢) %4

=Y (blmw,t))

ot

T U s fold the-




@ - Pef. A vector £icld on M

19 acderiva tion

X

X(Pg)-X(F) 9+ € st)

CX. &hinl o‘-\ how b 346&‘1”‘“""% o DA
A 'pLOV' OFf LArve

'nga;& T'\t. valwe Oc Gsvcaéor;&ld X dé Sompo-he

pe

1S the poiat derivation

(evmex)(s-4) =-e ) = evea( X (£)y + fxea))

= evm (Xf): 9tm) + £im) eva(X19))

deriv

@ (Given a decivetion X : %M —» C*°m

C_,ivcn a;po‘iﬂt, MeM . €Vn oX s Hw.pom{: deriva bion

Cotresponding tothe ftangent veebsr Xpa.
C’;V‘-ﬂ Pa;ﬂe dcn‘ve.&i'ons XM . C”M e R CM EM )’

we have X:!1¢%®m —» BM (adtﬂ‘vab{bﬂ)

£ — m — X, (f)

p & -f'a.c.{ors Qs an a.c,év\d\( dm*w{-,fon -&psﬁ\_oo &"’

Lunctions if X decpends smoobhly on m e M.

@ F'.w—sA4

w & M xR woWwWx 03

€ (Fix,8), s) ~ F(F(m,sl,i;)

F(m,0)= m




Y :CmM —v M x =C F)

= Lim % (8 (F(m,¢)) - Fm)

t—0 ¢t

z (¢ > £(Fmt)) (o).

OP(OP.;Q C F3 @ J Ehen A fSadt.ﬂ'VO-(':;Oﬂ.

o CLG;M . Xisa dcri'vca.tfo"'\

R-Lincerr

ic:bni"&

LA (£9)" [t > (F5) (Fime)) co)
= ('& — -F(F"(M,-én (o) 9 F(m,0))

(t+> 9 (Ftm, &) to). £ (Elmel ) ™

—_—

N
- cfc,f £lim) -gtm) ¢+ £im) «g) ()

s J@Pj + {"-ég

S:M—Tw Stm)= evm o X

:5 A S ot\n W\qp al\ﬁl& Scr.'l:;‘en POSt id m.,

*Pcaaf, @ The basc point of avme R s eVm,

Thus pes =idM,




@ SIS Smooth. WOr king ta q c.lr\a.r-u‘.,
aSSume ML eﬂ :

Stm)y = K (x:) (m),

Thwd SIS Smooth

*Ocoof @7 0 '—V;" (3

i-‘&e- 4&0" ;‘\Iﬁ.‘&i e S g"\ vggéorgt't(ds
=‘C—f C 6 roncleed a“\-vm{-,or F:‘c(d S

X,Yé,f(/v\)

Then, : Cx;ij ¢ m — c°m
CxY J(£)= X(Y(F)- Y (x(f)
QLA?M: EX,Y] igmd(r.\rm'ﬁl'o'\- ml..'ncar /

Cx,v] éf9)= X (v (£9))-v (X (f9))

= X (Y#)9+f. Ten)- Y (xcf)g-F x(9))
= XY g + Y (F)R (9 + XY+ R-Xre),




=~ Y(X(£))-9- X (€)Y - Yeex g

- £ .Y (xt9))
= Cx,YJtf)eg +P.CxYI )

PAL@® CFI,C61: local flons onm.
CF, 0] vector £ictd , Assume M € R achort,
EF’(’] = Lirm _&_,,
('E—) (Sl:‘l:)-vo S-¢ (G(F(é( F{M,S))‘é))_s); —‘f.)-m)
.S we 3 h

AN gencrel : ﬂa'l——-? M

t &
'/ Ls.¢) —2 G(F( 6( F(ms),t)-59
S

¢s)%), c;,&) — M
| W 23 e M
.-@—9—1\—'; I + W —=[/MN cvalua-&cd ol (o,0)
C Fl (’] EFJ(’] Qtoducﬁos{uo
‘bé{a talin Etsemal.
W ) COfV\MM‘e; f\: vector -?;‘t.lO‘S,

conrdinats yestor freds




Tncoordinates m=g"

-y *
- )

1S e vmodule over ¢ m

£ec®m, xetm): £ K € EM)

(£ R)im1= £(m) - X [m)
® N

R TM
X:e%m LC«“MP-X:C‘QM —-cTa (%) o)
= £-Re9).
Pep. TEM & R then £(m) isafrec

c m rmeoedule o'c canlt N &V

BTE LR

*Proof. G iven Somec X& EM) St 23X (x)




X (gem)+ > (p;-mi)n; )

:(EZX(p;-m;) 3N, +Lﬂ=ﬂo@1\) (v )

o™

- [Z’Gt hy } (n) = ? £5(m)-A; lm)

x

= s Q9.
%'Pl(h)g_-*'?( )

_‘_&P- Thelijc brecket

1. C-,-2!% x X — X C'Scmm-b‘d.hmr

E&"-x,‘;-vj =44 %,Y¥Y)
q., Cx, ¥ j"‘-PCx,g'] = X f)Y

9. Cx,C¥,23) - C¥ Cx,23) +CxCxvI1)2o0

g. ) Cx,Y)= -CY,x] ".'j"acoG‘iI.dméi'ég

‘Orp. Pervations of A eCAlgg

Poem e A_ ie algcbra ouver K C 01,02) :Diﬂa'%ba

* Proof. ©) L0,4,02] is5 adurivation

4) R bilinear v/

3) vV

2) vV




*Prop. B 1S truc

* Prop. Cualuatt 0 n Somet 9 e

x (£969)) ~_L¥1XT)) - £ -x(Y05))

£ £ ¥XT)]
X(g).Y(9)+ £ (909))~ £ thfj))

x (f)-y)t2)







Multi-lincar Algebra of Real Vector spaccs

(Om. o MOdu.l.c5)

Del. V1,.., Vs W E Vectgy

A multilineer Meap V':‘ yoo o Vna —:' M
1S a map o?S(bS V‘ix---x\/n — W

Such that ¥ i ’G‘Vée \/J . V;——?W 'S allincanrone?
yE 2TV, ., V)

Pef. V,W € Vectg  Hom(V,W) € Veelg

noM .pe/ f: v— w ¢ vetp

\V4 N
OPC"G l:YOO\S ar< po?!\fus‘Sc CoONVO Lcatron

(F4 +f2)t) = £y tv) 4 Falv)

R —>(c.£)iv) = r- fivr)

QR

P €
;_Erig.é Hom ( V4, VvQ ., w) Hom (vh\f\om (v; ,w))

= H°'V\\(V), )Momtvhw))

(,?va) Q (v4) (vy) = Tlvy, va,)

Given Q| T(VA’Va) = Q (va)lva)
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