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Input Space
(Topological Space)

Motivation: Classification in Machine Learning
<latexit sha1_base64="1VcEHz1v7UhZsXYG9Gm8al/UM1A="></latexit>

X Feature Space
(Hilbert Space) Classification

Find a function

such that

<latexit sha1_base64="idkVpaopgZVR1XF/vLf9/qhdm+Y="></latexit>

f : X ! R

<latexit sha1_base64="jchOPOB1Fo6PGxYhBU/gep5ADPg="></latexit>

f (x) < 0
<latexit sha1_base64="jTIv/m+Kf83MG38mt7XlT40nD0w="></latexit>

f (x) > 0

is red

is green

<latexit sha1_base64="8Ei2glgLaEYZl6hQwzinjp7z1bk="></latexit>x

<latexit sha1_base64="8Ei2glgLaEYZl6hQwzinjp7z1bk="></latexit>x

Feature Map 
<latexit sha1_base64="OR3liNupS5tU46h34XCifviUh6g="></latexit>

F : X ! H

<latexit sha1_base64="nhC8JxzXiliGs2gGZ9D9gjOKMC8="></latexit>

H

What is a good feature map?

A feature map is universal if linear functionals                                     with              are dense in                   .  
<latexit sha1_base64="D2k8OJIPBQt/4yhSW67ejhLocUk="></latexit>

h`, F(·)i : X ! R
<latexit sha1_base64="C+0zF0oSJE06TvS755dC0ktzno4="></latexit>

C(X , R)
<latexit sha1_base64="eHTURxNBV/qk3PI1TrTtPbBuquE="></latexit>

` 2 H

Example (The Monomial Map):
<latexit sha1_base64="LOU1Xm3tGOOIBpsXIKaxsVnuNZc="></latexit>

X ⇢ Rd compact
<latexit sha1_base64="sMBM8nfJNnbNJFqZRK8n2DLz+FU="></latexit>

F : X !
•

’
m=0

(Rd)⌦m =: T((Rd))

<latexit sha1_base64="xVKPbZ1BKz7m/IOOKawTXq/CZlI="></latexit>

F(x) =
✓

x⌦m

m!

◆

m�0

<latexit sha1_base64="5YGdvYxfcV+ueD15d1sIJep1fRg="></latexit>

FI(x) =
xi1 · · · xim

m!
<latexit sha1_base64="ZB9QUciIgk2QdL2bYeOj3fsjOIY="></latexit>

I = (i1, . . . , im)

Specify coordinate in  
<latexit sha1_base64="QMjaebsRTFfQmaahKpBebjtEG4g="></latexit>

(Rd)⌦m

<latexit sha1_base64="o+X+oSw/kwUXEfI0D03t4u2+RFY="></latexit>

f (x) = 0
<latexit sha1_base64="XChTfM4sx0mqDopUfIDX9ewErrI="></latexit>

f (x) ⇡ h`, F(x)i = 0



Motivation: Characterizing Probability Measures
How can we characterize vector-valued random variables?

Random Variable
<latexit sha1_base64="JI7+xwgpAts69HUpIMMU5Z9ZCaw="></latexit>

µ = X⇤P 2 P(Rd)
Law of X<latexit sha1_base64="AlVpRIc6nJZv+HNF+XxUkGvA4SI="></latexit>

=)
corresponding 

probability measure
<latexit sha1_base64="CIkxsoIUqoosXos4hPvKR0VOkNA="></latexit>

X = (X1, . . . , Xd) : (W,F , P) ! Rd

Can we use feature maps to characterize measures?

A feature map is characteristic if the expectation                                            is injective. 
<latexit sha1_base64="K6/risV6Ag3WaMIXCU0EogJWnDc="></latexit>

E[F] : P(X ) ! H

<latexit sha1_base64="OR3liNupS5tU46h34XCifviUh6g="></latexit>

F : X ! H

Example (Moments):
<latexit sha1_base64="LOU1Xm3tGOOIBpsXIKaxsVnuNZc="></latexit>

X ⇢ Rd compact
<latexit sha1_base64="sMBM8nfJNnbNJFqZRK8n2DLz+FU=">AAAdQnicjVlPb+S2FZ+k/1L336Y9xgchhgF74TVmvJu2CFAg63E8DuJNZhe79mQteyBRlESYEmWKGtlW9JX6KfoReumhPfTYW9FrDyU50ojiG6eeg03y9+N75ON7j284fkZJLobDv33w4Y9+/JOf/uyjn2/84pe/+vVvnnz827OcFRzhd4hRxme+l2NKUvxOEEHxLOPYS3yKz/3rscLPF5jnhKVvxV2GLxMvSklIkCfk0PzJiT </latexit>

F : X !
•

’
m=0

(Rd)⌦m =: T((Rd))

<latexit sha1_base64="xVKPbZ1BKz7m/IOOKawTXq/CZlI="></latexit>

F(x) =
✓

x⌦m

m!

◆

m�0

<latexit sha1_base64="ZB9QUciIgk2QdL2bYeOj3fsjOIY="></latexit>

I = (i1, . . . , im)

Specify coordinate in  
<latexit sha1_base64="QMjaebsRTFfQmaahKpBebjtEG4g="></latexit>

(Rd)⌦m

<latexit sha1_base64="A2cCWVUQR+/b4ZsVyNL9JanPnuM="></latexit>

E[FI(X)] =
E[Xi1 · · · Xim ]

m!



Paths and Surfaces
Time Series

Paths

=

Images

Surfaces

This talk:
How can we build feature maps for functional data?

<latexit sha1_base64="Lk5JbnyFLBJDdK2/zzF/s1p4e3c="></latexit>

x : [0, 1] ! Rd <latexit sha1_base64="Y0lf/CsLC7ovek9IOGPPJUmTSig="></latexit>

X : [0, 1]2 ! Rd



Motivation: Fourier Transforms and Characteristic Functions
The Characteristic Function (Fourier Transform of Probability Measures)

The Fourier transform is injective (it characterizes measures). 

Extension to Nonabelian Groups (Fourier-Stieltjes Transform)
<latexit sha1_base64="rST+9/Puuddk6+BojZmIdoyDdkQ="></latexit>

G compact, Hausdorff topological group
<latexit sha1_base64="EnV3V1Kph9oD2mjezc09lRn862Y="></latexit>

Fa : G ! Ua irreducible finite-dimensional unitary representation
<latexit sha1_base64="lD5ZJlemew6a4xHNFCd0O2QMizQ="></latexit>

a 2 M set of (equivalence classes) of such representations
<latexit sha1_base64="oeraESbajQ0f/OKpt8y3hZxbrlA="></latexit>

Ua
<latexit sha1_base64="iTC0sLLmealflBl6xaeNynWB0R4="></latexit>

Vaunitary group of finite dimensional Hilbert space 

Can we use representations of paths and surfaces to achieve a similar result?

<latexit sha1_base64="LNm5XipWw9MFsg8N8bdWppEj6Z4="></latexit>⇣
F a(µ) = EX⇠µ[Fa(X)]

⌘

a2M

<latexit sha1_base64="PiRFlQ3QQBAyl1yd60N97jmh41c="></latexit>⇣
F a(µ) = EX⇠µ[exp(iaX)]

⌘

a2R

The Fourier-Stieltjes transform characterizes measures. 



Representations of Paths



Objects: Edges: 

How do we encode paths into a groupoid?

The thin fundamental groupoid         is a groupoid
<latexit sha1_base64="qKFgRfPybLRRqZ2cp746WuNuQ6c="></latexit>

P

We need to quotient out paths by thin homotopies.

A smooth homotopy                                   between paths      and     is thin if
• The homotopy sweeps out zero area

<latexit sha1_base64="AcVLQW1pzIKVrdWWSSP4ni1rrg0="></latexit>

h : [0, 1]2 ! Rn <latexit sha1_base64="YC45mBPfQTYrBvpvZU54lW8d8bE="></latexit>x <latexit sha1_base64="eZGCAnfaNdEqZH3+SABiymj4CW0="></latexit>y
<latexit sha1_base64="taf7zUuPvsbwTo+gUBTCw2MW/4M="></latexit>

rank(dh)  1

<latexit sha1_base64="ISglyAP6jwVo3z7XVZUjpAr/bn4="></latexit>

P0 = Rd
<latexit sha1_base64="6Dz3V0hz0xdIFXwKrKazf0XagvM="></latexit>

P1 = C•([0, 1], Rd)/ ⇠thin

Thin Fundamental Groupoid



Representation of Paths

1. Parallel Transport 2. Path Signature

<latexit sha1_base64="lXWk8Fn9WRGhspWzg8L81A9Xmj4="></latexit>

S : P ! BTgl((R
d))

<latexit sha1_base64="+GDaZWsGEBrZ+bEE5t0cUNIJ6n0="></latexit>

Fa : P ! BGLn

is a functoris a functor

Representation of Paths as a Functor
(        is the group       as a groupoid with one object)

<latexit sha1_base64="ipg2aWw2FRuNjrE5/AlrLAs0KbQ="></latexit>

F : P ! BG

<latexit sha1_base64="a7Am+x6hin0VKF4p9Nncu94qBrU="></latexit>

BG
<latexit sha1_base64="J30Mm1DDXnF3eW0VHqvVo2fUgTQ="></latexit>

G

is the group-like elements of 
<latexit sha1_base64="KKzKz/RU/0tN15WtRT3Kg78Maqo="></latexit>

T((Rd)) :=
•

’
m=0

(Rd)⌦m<latexit sha1_base64="WPzSkFXIy66xjWmhpz3YtwX7CJM="></latexit>

Tgl((R
d))



Path

<latexit sha1_base64="uUZwt6B+3ZJ2reiI75lfx0PvuU4="></latexit>

x(0)

<latexit sha1_base64="iYgYDxe98C9tLmO+gGw0ubTnMfM="></latexit>

x(t1)
<latexit sha1_base64="40nIhdvv/2ZKoAK4RH1HIEwxyk0="></latexit>

x(t2)

<latexit sha1_base64="fXFECuCN2jTix3fbahw2rsUzf14="></latexit>

x(1)

2. Approximate 
and multiply

<latexit sha1_base64="McWZ3G2RbNie+WT6G9ataxFQGPk="></latexit>

Fa(x) = lim
n!•

n

’
i=1

exp
✓

a

✓
dx(ti�1)

dt

◆
Dt

◆
3. Take the limit as 
partition gets finer:

<latexit sha1_base64="SPTOdMC9OW9gY3rMUbPevXbWld8="></latexit>

exp
✓

a

✓
dx(0)

dt

◆
Dt

◆ <latexit sha1_base64="A7U+OOW06vprT3swTsIK+It4NUE="></latexit>

exp
✓

a

✓
dx(t1)

dt

◆
Dt

◆ <latexit sha1_base64="v94YCvdaavnLG43XlI0slpDuBhA="></latexit>

exp
✓

a

✓
dx(t2)

dt

◆
Dt

◆

1. Partition 
Path

Example 1: Parallel Transport on Principal Bundles
Consider parallel transport in a trivial G-bundle over     . 

<latexit sha1_base64="8XIW7sgAqx0buc/nFWM8Gcg0jZ0="></latexit>

Rd

<latexit sha1_base64="K9tIIcou3ObNw7Yw9faBcw6zc+8="></latexit>

x : [0, 1] ! Rd

Group

(Translation-Invariant)
Connection

<latexit sha1_base64="1b9AAuIHLjqmMgxgKQpuJqg6HPw="></latexit>

dFa
t (x)
dt

= Fa(x) · a

✓
dxt
dt

◆

<latexit sha1_base64="/nhFstCEh9Ve5HT9KW3BafR/Iio="></latexit>

GLn

Parallel Transport

<latexit sha1_base64="/N7v93AZfChIkVUZzNLCVFZBt/k="></latexit>

Fa
0 (x) = I

<latexit sha1_base64="kLybhO4O62je+0m2UCUjuEcownM="></latexit>

a 2 L(Rd, gln)
<latexit sha1_base64="xNO5X+TP4DytsdL+7hKO3x/PNnU="></latexit>

ai 2 gln
<latexit sha1_base64="zFWhzsqYL59p45y6YhxXlR9LF44="></latexit>

a =
d

Â
i=1

aidxi 2 W1(Rd, gln)



Characteristic: For probability measures                         such that               there exists some            ,
                           , and                such that    

Universal and Characteristic

Universal: The span of linear functionals                                        

 is dense in

Compact

<latexit sha1_base64="ZxjYSV5bzoFWpGULYZ0D6YW4uOM="></latexit>

C(K, R)

<latexit sha1_base64="8Excz+CTaRUoxOPcMzBsFJypdbM="></latexit>

µ, n 2 P(K)
<latexit sha1_base64="TmOYflzmuHbznKdO71yRo0A3HY4="></latexit>

µ 6= n
<latexit sha1_base64="VVZgssp+FbzDa0uvvgMuc0jw8Bs="></latexit>

a 2 L(Rd, gln)

<latexit sha1_base64="flQl24D0SAXzxZJfdA4lw0AwsJo="></latexit>

n > 0

<latexit sha1_base64="8IDsIxFrA1739kCe2MmBHbaACGg="></latexit>

Ex⇠µ[h`, Fa(x)i] 6= Ey⇠n[h`, Fa(y)i]

<latexit sha1_base64="INe4QiYyxTykjSQdDivXh2OtI1E="></latexit>n
h`, Fa(·)i : K ! R : n > 0, a 2 L(Rd, gln), ` 2 gln

o

<latexit sha1_base64="e1oEUr2SOq87Gv7jr/KCg5MFKHU="></latexit>

` 2 gln

Applications:

Time Series Classification
• Lou, Li, Hao, Path development network with finite-dimensional Lie group representations, preprint, 2022.

Time Series Generation
• Lou, Li, Hao, PCF-GAN: generating sequential data via the characteristic function on path space, preprint, 2023

<latexit sha1_base64="PCUSWa+5crPNwdul9275dvUIIko="></latexit>

K ⇢ P1 = C•([0, 1], Rd)/ ⇠th



Example 2: The Path Signature
The path signature is the universal translation-invariant parallel transport map. 

Lie Algebra Universal Enveloping 
Algebra Lie Group

(Completion) of 
Free Lie Algebra

<latexit sha1_base64="Bbd0tMM2dVaSMSL28mEQNed30CM="></latexit>

f := FL(Rd)
<latexit sha1_base64="LHks2mdUooLOXr9YL9IMw6yRpIs="></latexit>

U(f) := T((Rd)) := ’
m�0

(Rd)⌦m Group-Like 
Elements

<latexit sha1_base64="AWK63W2Pvou1qMY3hfCZdUwGfbk="></latexit>

G := Tgl((R
d)) ⇢ T((Rd))

Connection
<latexit sha1_base64="H42Jh9GHvl9crRxDz82aK4WOTec="></latexit>

Z1, . . . , Zd Lie algebra generators
<latexit sha1_base64="ytjiR7K4whSolBj/q4g8RJpI+Fw="></latexit>

z =
d

Â
i=1

Zi dxi 2 W1(Rd, f)

<latexit sha1_base64="ONv2VbApUFV4qkyz/qv+n5cP0jY="></latexit>

dSt(x)
dt

= St(x)⌦ dx
dt

<latexit sha1_base64="q+W0NfqhyF9MqGoNSK3LqlxMYg4="></latexit>

S0(x) = 1

Path Signature

<latexit sha1_base64="otGfCEuh2v6ly90tp68v9FIo7ow="></latexit>

P BGLn

BTgl((R
d))

Fa

S
9!ea

Universal Property



Example 2: The Path Signature

Path Signature

Path

(represents paths/time series
as an infinite sequence of tensors)

<latexit sha1_base64="AH6Ci0Bm27Qu3B9hzaFaHlzT9Eo="></latexit>

S(x ? y) = S(x)⌦ S(y)

Chen’s Identity
(preserves algebraic structure of paths)

<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="RT9PpZQBPlVc6+uubdZWCCJXX7I="></latexit>?<latexit sha1_base64="aEipqUad1nIbSMpXsWYkCHV11QY="></latexit>x <latexit sha1_base64="lM4ZtkIHCrgve4ZHB91pfdafi3U="></latexit>y <latexit sha1_base64="A3101Nh62os0ooLAqgmdGak0rhw="></latexit>x ? y

Characterization of Thin Homotopy Classes

<latexit sha1_base64="tjVsaJ+Yp7skNh7RLFfeDHGBYMQ="></latexit>

S(x) = S(y) if and only if

<latexit sha1_base64="p2IKH0Fdm7bMzXa2nddgKsVVgcA="></latexit>

x = (x1, . . . , xd) 2 C•([0, 1], Rd)

<latexit sha1_base64="gM2GiqczKdj6ezbRg+yap506K7o="></latexit>

S : C•([0, 1], Rd) !
•

’
m=0

(Rd)⌦m =: T((Rd))

<latexit sha1_base64="YpdkNMBzxrpj6P38/FNWfpqA1iw="></latexit>

S(x) =
⇣

S(m)(x)
⌘

m�0
<latexit sha1_base64="TsBruhgp/OP8Xmt/ie4kyyZ5VDQ="></latexit>

S(m)(x) =
Z

Dm
x0t1

⌦ . . . ⌦ x0tm dt1 . . . dtm
<latexit sha1_base64="n7ZRq9hgVFyO0jrAZSnd/wFfUWk="></latexit>

Dm = {0  t1 < . . . < tm  1}

<latexit sha1_base64="veX2WvGH8IUV3OKOKqhyvCiXzuI="></latexit>

S(1)(x) = x1 � x0

<latexit sha1_base64="viL3Qzb3fM+zOAR1sumjFPz7h1A="></latexit>⇠th

<latexit sha1_base64="Fqt88n7sKSZ1Y89Kysc2ZpoRihY="></latexit>x ⇠th y
Example (m=1):

K. T. Chen, Integration of Paths – A Faithful Representation of Paths by Noncommutative Power Series, Transactions of the AMS, 1958
B. Hambly, T. Lyons, Uniqueness for the Signature of a Path of Bounded Variation and the Reduced Path Group, Annals of Math., 2010
H. Boedihardjo, X. Geng, T. Lyons, D. Yang, The Signature of a Rough Path: Uniqueness, Advances in Math., 2016



Universal and Characteristic

Universal

Linear functionals can approximate 
continuous functions on     .

<latexit sha1_base64="Xv+8PwH6EVNRLLUSNawI1fsFC2U="></latexit>

X

Characteristic

Expected features characterize 
probability measures on     .

<latexit sha1_base64="Xv+8PwH6EVNRLLUSNawI1fsFC2U="></latexit>

X

The path signature is universal and characteristic.

Compact
<latexit sha1_base64="EeDrVf+YO3wVzD994iQGBx/GDOI="></latexit>

X ⇢ P1 = C•([0, 1], Rd)/ ⇠th

<latexit sha1_base64="4SZ6JbXs3IdgPEVn6KJUVb2F56E="></latexit>

h`, S(·)i : X ! R
<latexit sha1_base64="u5ZRU7G7qb1X60roz3CfjVmivhs="></latexit>

E[S] : P(X ) ! T((Rd))



Why do we need Chen’s Identity?

Parallelism: Allows Efficient GPU Implementations 

Signature Computation: Split path into small pieces, compute signature in parallel, then multiply.
• Kidger and Lyons, Signatory: differentiable computations of the signature and logsignature transforms, on both CPU and 

GPU, ICLR 2021.

Signature Kernel Computations: Recursive algorithm for computing inner products of signatures.
• Kiraly, Oberhauser, Kernels for sequentially ordered data, Journal of Machine Learning Research, 2019.

Low Rank Approximations: Recursive algorithm for low rank approximations to signatures.
• Toth, Bonnier, Oberhauser, Seq2Tens: An efficient representation of sequences by low-rank tensor projections, ICLR 2021.

Graph Neural Networks: Recursive algorithm for signature-based graph neural network layer.
• Toth, L., Hacker, Oberhauser, Capturing graphs with hypo-elliptic diffusions, NeurIPS, 2022.

<latexit sha1_base64="AH6Ci0Bm27Qu3B9hzaFaHlzT9Eo="></latexit>

S(x ? y) = S(x)⌦ S(y)<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="RT9PpZQBPlVc6+uubdZWCCJXX7I="></latexit>?<latexit sha1_base64="aEipqUad1nIbSMpXsWYkCHV11QY="></latexit>x <latexit sha1_base64="lM4ZtkIHCrgve4ZHB91pfdafi3U="></latexit>y <latexit sha1_base64="A3101Nh62os0ooLAqgmdGak0rhw="></latexit>x ? y



Generalizations of Universality / Characteristicness

• Chevyrev, Lyons, Characteristic functions of measures on geometric rough paths, Annals of Probability, 2016.
• Chevyrev, Oberhauser, Signature moments to characterize laws of stochastic processes, Journal of Machine Learning 

Research, 2022.
• Cuchiero, Schmocker, Teichmann, Global universal approximation of functional input maps on weighted spaces, preprint 

2023.

Universal/Characteristic properties can be extended to rough paths.



Representation of Surfaces



Structure Preserving Maps

Paths Surfaces

<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="HGiXs9f9fUtIaZ1qpwyVuo+9ayM="></latexit>

W
<latexit sha1_base64="nViTeRHPlncem3OR9Cuvmdw4LKE="></latexit>

Z

<latexit sha1_base64="ncBYdIhcUBbKM7qPVu0qJ79Muy4="></latexit>

Y

<latexit sha1_base64="dpsAPhqfr/JYNX3UjxLIYAs+nMs="></latexit>

X

<latexit sha1_base64="Xxb9XoRrgFp5L1ofPopQ3/H7WuE="></latexit>?h

<latexit sha1_base64="Xxb9XoRrgFp5L1ofPopQ3/H7WuE="></latexit>?h

<latexit sha1_base64="qdV6QeF4fBX/5829en8pvfC8vys="></latexit>?v
<latexit sha1_base64="qdV6QeF4fBX/5829en8pvfC8vys="></latexit>?v

<latexit sha1_base64="rn4oVdhiYfupgIr9GQM0dRpzmGo="></latexit>

X
<latexit sha1_base64="sZgJxmUkH9CsCfW1rc7bgQ4iOQc="></latexit>

Y

<latexit sha1_base64="L4lUr/RhQbpwKgY62vMSH+Y8emY="></latexit>

Z
<latexit sha1_base64="zRALjfzsD2n59fmYEhppwJ815bo="></latexit>

W
<latexit sha1_base64="ynH45ARejXBp6bIktdhT/cVa+JU="></latexit> 

<latexit sha1_base64="U1ogq7b55LqJU9v4sRevrHiJFhI="></latexit>?h

<latexit sha1_base64="U1ogq7b55LqJU9v4sRevrHiJFhI="></latexit>?h
<latexit sha1_base64="onDhli70Jlyrv3VZCSiDe/0J3jA="></latexit>?v

<latexit sha1_base64="onDhli70Jlyrv3VZCSiDe/0J3jA="></latexit>?v

<latexit sha1_base64="raxAz13/PEsPYc+pOViK4j2d730="></latexit>!
<latexit sha1_base64="vt8HB8v1je0WovpaWxqtGeaBawU="></latexit>

F

<latexit sha1_base64="gkKmNLv6W2zqqxjB984D2hU1SDQ="></latexit>

F(W)

<latexit sha1_base64="g1TLdsVfQGMYOrvwj6LxVzBis94="></latexit>

F(X)
<latexit sha1_base64="B6MkRjawBcSzBer2G1VyApwrMp4="></latexit>

F(Y)

<latexit sha1_base64="sktgKn85Hez9DEqTNqIn5xJ4xPg="></latexit>

F(Z)
<latexit sha1_base64="ZMUYIWTw5v8wJDr/tkP1QOS1yWg="></latexit>�h

<latexit sha1_base64="JDnDAugP5/M/pc453P+dAimCAjU="></latexit>�v

<latexit sha1_base64="ZMUYIWTw5v8wJDr/tkP1QOS1yWg="></latexit>�h
<latexit sha1_base64="JDnDAugP5/M/pc453P+dAimCAjU="></latexit>�v

<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="RT9PpZQBPlVc6+uubdZWCCJXX7I="></latexit>?<latexit sha1_base64="aEipqUad1nIbSMpXsWYkCHV11QY=">AAAcvXicjVlfc+O2EVfStE3cP7m0j/EDJx7P2Dc+j+S7tJ2+JGc5ljPxJbrr+c+d5fOAJEhiDBI0AIq2GX6EvLZfoF+q36YARIogVm6tBxvE74fdxWJ3saL8nBIhh8P/fPTxrz759W9+++lna7/7/R/++PmTL/50KljBA3wSMMr4uY8EpiTDJ5JIis9zjlHqU3zmX481fjbHXBCWvZV3Ob5MUZyRiARIqql/zPzbqycbw92h+X </latexit>x <latexit sha1_base64="lM4ZtkIHCrgve4ZHB91pfdafi3U="></latexit>y <latexit sha1_base64="A3101Nh62os0ooLAqgmdGak0rhw="></latexit>x ? y

<latexit sha1_base64="1Lnj9lhBwIYmL5X/T38Ae5acf5Q="></latexit>

F(x ? y) = F(x) · F(y)

C. Giusti, D. Lee, V. Nanda, H. Oberhauser, A topological approach to mapping space signatures, preprint (2022)
J. Diehl, L. Schmitz, Two-parameter sums signatures and corresponding quasisymmetric functions , preprint (2022)
J. Diehl, K. Ebrahimi-Fard, F. Harang, S. Tindel, On the signature of an image, preprint (2024)

Other approaches to higher dimensional signatures do not preserve this algebraic structure.



Def: A (edge symmetric) double groupoid       is:

• A set of of objects and a set of edges        which form a groupoid

• A set of squares       with (left, right, up, bottom) boundary maps

<latexit sha1_base64="O0vkCvEdf7C0no+e/6ne/tA+s/k="></latexit>

G
<latexit sha1_base64="6eYDL3f9LNguhOO2+BAl+cHgfbk="></latexit>

G0
<latexit sha1_base64="I8KXknoQUkS8Kj6YtqSeWJ/DqAc="></latexit>

G1
<latexit sha1_base64="Rd/yLq041KNJV4Zp036XHwNSwgE="></latexit>

G2
<latexit sha1_base64="ZWjDRobltsWIlSAA1VinSX7/0mI="></latexit>

∂l , ∂r, ∂u, ∂b : G2 ! G1

Double Groupoids



Def: A (edge symmetric) double groupoid       is:

• A set of of objects and a set of edges        which form a groupoid

• A set of squares       with (left, right, up, bottom) boundary maps

• Horizontal/Vertical Composition (associative):

(Horizontal Composition) (Vertical Composition)

• Interchange Law

<latexit sha1_base64="O0vkCvEdf7C0no+e/6ne/tA+s/k="></latexit>

G
<latexit sha1_base64="6eYDL3f9LNguhOO2+BAl+cHgfbk="></latexit>

G0
<latexit sha1_base64="I8KXknoQUkS8Kj6YtqSeWJ/DqAc="></latexit>

G1
<latexit sha1_base64="Rd/yLq041KNJV4Zp036XHwNSwgE="></latexit>

G2
<latexit sha1_base64="ZWjDRobltsWIlSAA1VinSX7/0mI="></latexit>

∂l , ∂r, ∂u, ∂b : G2 ! G1

Double Groupoids



• Identity Squares: For every              , there exist horizontal and vertical identity squares 

• Inverse Squares: For every              , there exist horizontal and vertical inverse squares 

<latexit sha1_base64="aQum0DOyWF8huj29oVmcXtt2oeg="></latexit>

x 2 G1

<latexit sha1_base64="npO4/hNQ4NsjUHDWwTOo7G/Cvoo="></latexit>

1h
x, 1v

y 2 G2

<latexit sha1_base64="AkF/ezSycrB9TXWR1Eif9IFjapM="></latexit>

X 2 G2
<latexit sha1_base64="5DMX9GFkO72N/785dxH3PVnPm6g="></latexit>

X�h, X�v 2 G2

<latexit sha1_base64="lQgrJ0cPJOwxbKnhCwkKQSrlKPA="></latexit>

X
<latexit sha1_base64="kTrry0nAyhetxtzUtWcSDsoYgyo="></latexit>

1h
∂rX

<latexit sha1_base64="lQgrJ0cPJOwxbKnhCwkKQSrlKPA="></latexit>

X

<latexit sha1_base64="zwIwYPYv6QwiKiykPxjF3KPuppg="></latexit>

X�h<latexit sha1_base64="lQgrJ0cPJOwxbKnhCwkKQSrlKPA="></latexit>

X
<latexit sha1_base64="5Pui1Ljtz64J6DMP02zUvkk1kVs="></latexit>

1h
∂l X

<latexit sha1_base64="lQgrJ0cPJOwxbKnhCwkKQSrlKPA="></latexit>

X
<latexit sha1_base64="lQgrJ0cPJOwxbKnhCwkKQSrlKPA="></latexit>

X
<latexit sha1_base64="5Pui1Ljtz64J6DMP02zUvkk1kVs="></latexit>

1h
∂l X

<latexit sha1_base64="Ba5aUSRE/gkA0YcbgSmo3Jo1DHo="></latexit>=
<latexit sha1_base64="Ba5aUSRE/gkA0YcbgSmo3Jo1DHo="></latexit>=

<latexit sha1_base64="Ba5aUSRE/gkA0YcbgSmo3Jo1DHo="></latexit>= <latexit sha1_base64="zwIwYPYv6QwiKiykPxjF3KPuppg="></latexit>

X�h <latexit sha1_base64="lQgrJ0cPJOwxbKnhCwkKQSrlKPA="></latexit>

X
<latexit sha1_base64="Ba5aUSRE/gkA0YcbgSmo3Jo1DHo="></latexit>=

<latexit sha1_base64="kTrry0nAyhetxtzUtWcSDsoYgyo="></latexit>

1h
∂rX

Def: A functor                       between double groupoids consist of maps

such that                                                                 and identities / inverses are preserved.  

<latexit sha1_base64="tXpCXpJXHUUKYjby7mBPDqt/qPs="></latexit>

F : G ! H
<latexit sha1_base64="a8KWKtmijz77RGi7Hs7GvETyPJQ="></latexit>

F0 : G0 ! H0
<latexit sha1_base64="V2YicXQLVR0nRfyg+Mu3WP1QPPw="></latexit>

F1 : G1 ! H1
<latexit sha1_base64="LsQCGpG0b6KCcsyobtiZUwhZOdA="></latexit>

F2 : G2 ! H2
<latexit sha1_base64="9q5+dayeTQ/DCErgz3fge8/SqKQ="></latexit>

F1(x ? y) = F1(x) ? F1(y)
<latexit sha1_base64="BTzEllVwLK3QhKFX2w882dq16Ec="></latexit>

F2(X ?h Y) = F2(X) ?h F2(Y)
<latexit sha1_base64="K5ANtD/prazjo+3LvOzNHzD6ihM="></latexit>

F2(X ?v Y) = F2(X) ?v F2(Y)

Double Groupoids and Functors



Objects: 
<latexit sha1_base64="QQQ1CMWo/rTglq5D9lPQWXAgoRU="></latexit>

P0 = Rn <latexit sha1_base64="EzJOqYWfpCoq+I765Zx80G+foYg="></latexit>

P1 = C•([0, 1], Rn)/ ⇠thMorphisms: 

How do we encode surfaces as a double groupoid?

The thin fundamental double groupoid       is a double groupoid
<latexit sha1_base64="qKFgRfPybLRRqZ2cp746WuNuQ6c="></latexit>

P
<latexit sha1_base64="ObjsxBS5JHiQe3X3CHrOWXWYpZk="></latexit>

P2 = C•([0, 1]2, Rn)/ ⇠thSquares:

<latexit sha1_base64="3SDNDXWysdkteNPW3Zx67kNsDT8="></latexit>

X
<latexit sha1_base64="YOIdf1G4W5tljehg3SS/QDvxcjg="></latexit>

Y

Squares are equipped with horizontal and vertical compositions (associativity, identity, inverse):

<latexit sha1_base64="qdV6QeF4fBX/5829en8pvfC8vys="></latexit>?v<latexit sha1_base64="Xxb9XoRrgFp5L1ofPopQ3/H7WuE="></latexit>?h
<latexit sha1_base64="PsSfdsUxgZde9CXD9akhFKfq0AU="></latexit>=

<latexit sha1_base64="PsSfdsUxgZde9CXD9akhFKfq0AU="></latexit>=

Thin Fundamental Double Groupoids

A smooth homotopy                              between surfaces      and     is thin if
• The homotopy sweeps out zero volume

<latexit sha1_base64="R1N2Lhx3+85pD4mmrLwADJVNO9U="></latexit>

X : [0, 1]3 ! Rd <latexit sha1_base64="eYpTEuBbqUpdyDir54+9MrfLZdw="></latexit>

X
<latexit sha1_base64="p7SKDYtrzCCdqPJVWgg4OOgH2HI="></latexit>

Y
<latexit sha1_base64="oM8DAIuiIFgbMGvl6vjVP87UtQ0="></latexit>

rank(dX)  2



<latexit sha1_base64="JAOMdWqMwpl3GjaCaKT3uDWP498="></latexit>

X
<latexit sha1_base64="i0ual/hAu+qf4kj+QHvqw5rMJuw="></latexit>

Y

<latexit sha1_base64="Pj0S6GGt2m03GBWjFL+CVoY90ok="></latexit>

Z

<latexit sha1_base64="TNd+DWUNF6TVMRlh4Mx6n243sBA="></latexit>

W

<latexit sha1_base64="2Kv7aN80oW3p0CEDa+86p0YvlQg="></latexit>

F

<latexit sha1_base64="CH32HMGwqoElVLiofeGm0dhdqq8="></latexit> 

<latexit sha1_base64="JAOMdWqMwpl3GjaCaKT3uDWP498="></latexit>

X

<latexit sha1_base64="TNd+DWUNF6TVMRlh4Mx6n243sBA="></latexit>

W
<latexit sha1_base64="Pj0S6GGt2m03GBWjFL+CVoY90ok="></latexit>

Z
<latexit sha1_base64="i0ual/hAu+qf4kj+QHvqw5rMJuw="></latexit>

Y
<latexit sha1_base64="1KwoZlwrjUbVXy+lcyi2tUZJ1Bo="></latexit>?h

<latexit sha1_base64="1KwoZlwrjUbVXy+lcyi2tUZJ1Bo="></latexit>?h
<latexit sha1_base64="JLSv5xi1bhPrDuLVkCfaOWBduFw="></latexit>?v

<latexit sha1_base64="JLSv5xi1bhPrDuLVkCfaOWBduFw="></latexit>?v

<latexit sha1_base64="0rKPeOewh1GM6lJkbWkC27iMeVM="></latexit>!

<latexit sha1_base64="6AxQiBoGop3xlFdI6p+7Uk+Ew8s="></latexit>

F(X)
<latexit sha1_base64="JMDBhXYAxVKVo/ptMgtN6nOpnps="></latexit>

F(Y)

<latexit sha1_base64="jNQmZU4XRhVfpr/UoXuoE8TiaZk="></latexit>

F(Z)
<latexit sha1_base64="egs74glZe5k5PDyqGoTIZU5WLCc="></latexit>

F(W)
<latexit sha1_base64="UN9zbAt/YI2ZaHlBNNFm/nkkmTg="></latexit>=

What is the generalization of a group which allows for two 
multiplication operators?

<latexit sha1_base64="rXbLaXEDDdg6ztSRe9W4MtJV4ss="></latexit>�v

<latexit sha1_base64="t9YUrvwsqYbHflk64Fv2h4Lsojc="></latexit>�h
<latexit sha1_base64="rXbLaXEDDdg6ztSRe9W4MtJV4ss="></latexit>�v

<latexit sha1_base64="t9YUrvwsqYbHflk64Fv2h4Lsojc="></latexit>�h



Def: A double group is a double groupoid with one object.

Given a group      , we define the trivial double group of , denoted             , by
<latexit sha1_base64="3Py4FzzQaNuitlh7hVBz5/LQTsU="></latexit>

G
<latexit sha1_base64="Xs06Wy+MrlMSdbbiu2f/lKZmT7Q="></latexit>

D(G)
<latexit sha1_base64="LhK8yrUG+t0Ptf6XMqLRdBzqf4M="></latexit>

D1(G) = G
<latexit sha1_base64="1Kyp+X7hkQyZcNeGzZsFexgPScM="></latexit>

D2(G) = {(x, y, z, w; E) 2 G5 : E = xyz�1w�1}

<latexit sha1_base64="3Py4FzzQaNuitlh7hVBz5/LQTsU="></latexit>

G

<latexit sha1_base64="fcai01lkEPLBIOfh69l6bN67HuQ="></latexit>

E

<latexit sha1_base64="uyWPjI/y3llvaI75eaRXV+uZc/A="></latexit>x

<latexit sha1_base64="zBcUBbk9aDe4d3LJpHESkCeYifg="></latexit>y

<latexit sha1_base64="Pk7B0CMef1QaDZHL02h3P5DoHag="></latexit>z

<latexit sha1_base64="cuI8FpG2dg8vMvX2/OT2EcwvDLg="></latexit>w

Horizontal Composition

<latexit sha1_base64="uyWPjI/y3llvaI75eaRXV+uZc/A="></latexit>x

<latexit sha1_base64="fcai01lkEPLBIOfh69l6bN67HuQ="></latexit>

E <latexit sha1_base64="zBcUBbk9aDe4d3LJpHESkCeYifg="></latexit>y

<latexit sha1_base64="Pk7B0CMef1QaDZHL02h3P5DoHag="></latexit>z

<latexit sha1_base64="cuI8FpG2dg8vMvX2/OT2EcwvDLg=">AAAb63icjVlLc+S2ER4/ktjKa53crAvLKlVJW1rVjHYdp3zyauQduUqyZ7dWj12NVgWSIIkSSFAAOJRE8xfkmOSSyjX/KJf8mwAYcgiiR4nmoAHwfehuNNCNHsjPKRFyOPzPRx9/8ukvfvmrzz5f+/Vvfvu73z/54g+nghU8wCcBo4yf+0hgSjJ8Iomk+DznGKU+xWf+9VjjZ3PMBWHZW3mX48sUxRmJSICkGnpdXj3ZGO4Ozc </latexit>w
<latexit sha1_base64="x45oyJGgwdwu8CgvnI0XErrqqMw="></latexit>?h

<latexit sha1_base64="cuI8FpG2dg8vMvX2/OT2EcwvDLg="></latexit>w
<latexit sha1_base64="j3m5UNIgHQFGA4O4d1/MFh2kJrQ="></latexit>

y0

<latexit sha1_base64="NnmTWdzjojlqdpBpRzGp/wgOQgk="></latexit>

z · z0

<latexit sha1_base64="8ziNNE+TMTMrV8hA0upyDGwSFik="></latexit>

x · x0

<latexit sha1_base64="DcmmXtmUbv2pS7lNlgZEhkLPwi4="></latexit>

E ?h E0

<latexit sha1_base64="XiUFtZLMeH9ntsDBSjLgRThEaKc="></latexit>

= x(x0y0(z0)�1y�1)x�1(xyz�1w�1)
<latexit sha1_base64="tKmY1dkyuqM3aLBt4jE+TcVzes0="></latexit>

= (x B E0) · E
<latexit sha1_base64="RJIS9xO0lo6Ygw2ZYNeJVe9TetQ="></latexit>

x B y := xyx�1

Vertical Composition

<latexit sha1_base64="fcai01lkEPLBIOfh69l6bN67HuQ="></latexit>

E

<latexit sha1_base64="uyWPjI/y3llvaI75eaRXV+uZc/A="></latexit>x

<latexit sha1_base64="zBcUBbk9aDe4d3LJpHESkCeYifg="></latexit>y

<latexit sha1_base64="Pk7B0CMef1QaDZHL02h3P5DoHag="></latexit>z

<latexit sha1_base64="cuI8FpG2dg8vMvX2/OT2EcwvDLg="></latexit>w
<latexit sha1_base64="Ix1ujjII0GGWyutImAe0pKjQRXk=">AAAca3icjVndbty4FZ7d7c/W/dls967xBRHDiB04hsfJbosCBTYeJ+MF7F0niH8Sjz2gJGpEmBJlihrZ1uo5+jS9bZ+hD9F3KElJI4pn0toXHpLfx3MOD3kOz3C8lNFM7uz8+7PPv/jFL3/16y9/s/Lb3/3+D189+vqPpxnPhU9OfM64OPdwRhhNyImkkpHzVBAce4ycedcjjZ/NicgoT97Lu5RcxniW0JD6WKqh6aPhazTxea </latexit>

E ?h E0 = xx0y0(z0)�1z�1w�1

<latexit sha1_base64="j3m5UNIgHQFGA4O4d1/MFh2kJrQ="></latexit>

y0

<latexit sha1_base64="HpEDR6FNQLjY5E8+WNMemGty/po="></latexit>

z0

<latexit sha1_base64="zBcUBbk9aDe4d3LJpHESkCeYifg="></latexit>y

<latexit sha1_base64="wJIgaRWDY/2jCiVIGIwxb9XgOzA="></latexit>

x0

<latexit sha1_base64="HiTmx/WitI6jmXrGWaQodWCy3LU="></latexit>

E0
<latexit sha1_base64="j3m5UNIgHQFGA4O4d1/MFh2kJrQ="></latexit>

y0

<latexit sha1_base64="HpEDR6FNQLjY5E8+WNMemGty/po="></latexit>

z0

<latexit sha1_base64="HiTmx/WitI6jmXrGWaQodWCy3LU="></latexit>

E0<latexit sha1_base64="25F4mxpgNFfjxhTjAgNM5twAv6k="></latexit>

w0

<latexit sha1_base64="Pk7B0CMef1QaDZHL02h3P5DoHag="></latexit>z
<latexit sha1_base64="Cx2XblBSiu4hEAhyQakZMcJb7I0="></latexit>?v

<latexit sha1_base64="uyWPjI/y3llvaI75eaRXV+uZc/A="></latexit>x

<latexit sha1_base64="34F/DonaShMIcMVuM1trjJl49pI="></latexit>

E ?v E0<latexit sha1_base64="lcRFeDIXcQlC41SaqLtQsuCBxX8="></latexit>

ww0 <latexit sha1_base64="SwrkpCtgDtjecMED2eoqnttYkfQ="></latexit>

yy0

<latexit sha1_base64="HpEDR6FNQLjY5E8+WNMemGty/po="></latexit>

z0

<latexit sha1_base64="OgVpe1I30aYJxLSAtNEoab9DnXg="></latexit>

E ?v E0 = E · (w B E0)

<latexit sha1_base64="Q2p8dOCSxeFs6FvGv19c3szZgq0="></latexit>=

<latexit sha1_base64="Q2p8dOCSxeFs6FvGv19c3szZgq0="></latexit>=

Trivial Double Group



<latexit sha1_base64="fcai01lkEPLBIOfh69l6bN67HuQ="></latexit>

E

<latexit sha1_base64="uyWPjI/y3llvaI75eaRXV+uZc/A="></latexit>x

<latexit sha1_base64="zBcUBbk9aDe4d3LJpHESkCeYifg="></latexit>y

<latexit sha1_base64="Pk7B0CMef1QaDZHL02h3P5DoHag="></latexit>z

<latexit sha1_base64="cuI8FpG2dg8vMvX2/OT2EcwvDLg="></latexit>w

We interpret       as a relationship between the two paths            and          .
<latexit sha1_base64="8pH4vfhuzFjfx7ljxntB3LkcMW0="></latexit>

E <latexit sha1_base64="hkge72UJHsEPppsr+4z92xW3NUg="></latexit>wz <latexit sha1_base64="YVCDMsHCVnrlAVwBxsNjLO+PbRA="></latexit>xy

To obtain more general double groups, we the interior element       should be valued in another group  
<latexit sha1_base64="8pH4vfhuzFjfx7ljxntB3LkcMW0="></latexit>

E
<latexit sha1_base64="IzlC7225MjtDCDqTwEOJjpfjWZI="></latexit>

H

Double Groups



Def: A crossed module                                              consists of:

• Groups:

• Boundary Map:                              (group homomorphism)

• Action:                                     (    acting on     is written            ) such that

1.     for all 

2.        .                                             for all 

<latexit sha1_base64="vgbCbFx+K2rrMQY2DiC/Z4UoBu4="></latexit> g
<latexit sha1_base64="WH4Y8ebvbyAepk/dlRgXOk0d77c="></latexit>

h
<latexit sha1_base64="rmzoWYk1AMKjHuSelphv8CyM3cY="></latexit>

g B h
<latexit sha1_base64="9pGApPuHFftoqanyXS9FVrK2+MQ="></latexit>

d(g B h) = g · d(h) · g�1
<latexit sha1_base64="ee4rsZczlBGlwaNTShxNMomMNXI="></latexit>

d(h1) B h2 = h1 ⇤ h2 ⇤ h�1
1

Ex: Trivial crossed module 
<latexit sha1_base64="Ig+AyOcmWL0YgT1s6sr07Y5ciek="></latexit>

G = (id : G ! G,B)
<latexit sha1_base64="yC2y9KxtSrG3zSMx7vU1/PTlOek="></latexit>

x B y = xyx�1

Given a crossed module                                            , we construct a double group  
<latexit sha1_base64="74Usv/+LXUae3aZjUHHBn2hlrQ8="></latexit>

D(G)

<latexit sha1_base64="fcai01lkEPLBIOfh69l6bN67HuQ="></latexit>

E

<latexit sha1_base64="uyWPjI/y3llvaI75eaRXV+uZc/A="></latexit>x

<latexit sha1_base64="zBcUBbk9aDe4d3LJpHESkCeYifg="></latexit>y

<latexit sha1_base64="Pk7B0CMef1QaDZHL02h3P5DoHag="></latexit>z

<latexit sha1_base64="cuI8FpG2dg8vMvX2/OT2EcwvDLg="></latexit>w
<latexit sha1_base64="hLm4SUQz9zGWdS/tzAFP1rLIgbc="></latexit>

E ?h E0 = (x B E0) ⇤ E
<latexit sha1_base64="uOHC6bcjFg53IQc58H70BRIfEmk="></latexit>

E ?v E0 = E ⇤ (w B E0)

Horizontal Composition Vertical Composition

The boundary formulas hold (CM1) and the interchange law holds (CM2).

CM

CM

<latexit sha1_base64="Lzw58HMIhfRFkTTSQa6+Ob4r0kk="></latexit>

G = (d : G2 ! G1,B)
<latexit sha1_base64="5VIcB42uiz7e/LOacs9TTa0bNJc="></latexit>

(G1, ·), (G2, ⇤)
<latexit sha1_base64="9cu/4/xCrvDoNDgblWJKrABGRA8="></latexit>

d : G2 ! G1
<latexit sha1_base64="NkwT0iP1PCIHqi6Zl82rBlOwex0="></latexit>

B: G1 ! Aut(G2)
<latexit sha1_base64="YL+MuZWTVMziYV+dkAo8DJCd0To="></latexit>

g 2 G1, h 2 G2
<latexit sha1_base64="w0JA8Uz2z/iDu1XVc+HYCykbonM="></latexit>

h1, h2 2 G2

<latexit sha1_base64="Lzw58HMIhfRFkTTSQa6+Ob4r0kk="></latexit>

G = (d : G2 ! G1,B)
<latexit sha1_base64="fEeLPN1P5UsQqymshtMuu9WMuKM="></latexit>

D2(G) = {(x, y, z, w; E) 2 G4
1 ⇥ G2 : d(E) = xyz�1w�1}

<latexit sha1_base64="DhcP9t0H6zJyJ40W3LPUQ2aXoUs="></latexit>

D1(G) = G1

Crossed Modules



Def: The crossed module                                                                           is defined by 

The general linear crossed module is defined by automorphisms of (Baez-Crans) 2-vector spaces:

<latexit sha1_base64="dos4JBtOEuCa3SkZdNeuDCVLfsU="></latexit>

H ⇤ H
0 = H + H

0 + HfH
0

<latexit sha1_base64="yO/B7ekxH5MsQd6/dqVme2oHJTI="></latexit>

H
�⇤ = �H(I + fH)�1 <latexit sha1_base64="mvIro1ftiInR/W2UJ/eM+FFctw8="></latexit>

d(H) = (Hf + I, fH + I)
<latexit sha1_base64="ze8iu/bIpGDY/B5j7bvrmFZ2pEc="></latexit>

(F, G) B H = FHG
�1

Group Multiplication Inverse Crossed Module Boundary Crossed Module Action

M. Forrester-Barker, Representations of crossed modules and cat¹-groups, PhD Thesis, University of Wales, Bangor, 2003
J. Baez and A. Crans, Higher dimensional algebra VI: Lie 2-algebras, Theory and Applications of Categories, 2004.

<latexit sha1_base64="JrqicjOi15C+VmilD75DdHSyHNU="></latexit>

GLn,m,p = (d : GLn,m,p
2 ! GLn,m,p

1 ,B)

<latexit sha1_base64="rFPWD0wC9acpD+NRAtTcr5D6oPw="></latexit>

GLn,m,p
0 =

⇢
F, G =

✓
A 0
B C

◆
,
✓

A D
0 E

◆
2 GLn+m ⇥ GLn+p

�
<latexit sha1_base64="jFbqc6Z51jrF0gbN0VVt6HxEzto="></latexit>

GLn,m,p
1

<latexit sha1_base64="nmVDzM5qLixec1sGF94AqS/8mIw="></latexit>

GLn,m,p
1 :=

⇢
H =

✓
A � I D

B U

◆
2 Matn+m,n+p : A 2 GLn

�
<latexit sha1_base64="qivjVoBBfdgLyG20HXVVlUdBDIw="></latexit>

GLn,m,p
2

General Linear Crossed Module
<latexit sha1_base64="HilcsIkTKCETiXEKBhVGID0Q1ng="></latexit>

f =

✓
In 0
0 0

◆
<latexit sha1_base64="kjynFrBp+nFlb5bFH7nrLy3H+GY="></latexit>

Vn,m,p := Rn+m f�! Rn+p

<latexit sha1_base64="D4GBVlFzVt9c1TZmvqFhsobqI5s="></latexit>

Rn+m Rn+p

Rn+m Rn+p

f

F G
f

<latexit sha1_base64="v/kGNyOLtjXBAOFVLr/69WOcstM="></latexit>

Rn+m Rn+p

Rn+m Rn+p

f

H

f



DCM1.                                        for all 

2.                                          for all 

Def: A differential crossed module                                           has:

• Lie Algebras:

• Boundary Map:                           (Lie algebra homomorphism)

• Action:                                     
<latexit sha1_base64="aNlIUSKfq9BuxJxUQ22kgYqCbrc="></latexit>

d(x B E) = [x, d(E)]
<latexit sha1_base64="nzLYSnCmMsJAw9U4pccNDfrUmms="></latexit>

d(E) B d(F) = [E, F]⇤DCM

Def: The general linear differential crossed module                                                                      is defined by 

<latexit sha1_base64="zoEoQcLxvd3tnppQVetGq6bd3C4="></latexit>

gl
n,m,p
1 :=

⇢
Z =

✓
R S
T U

◆
2 Matn+m,n+p

�
,

<latexit sha1_base64="TY4MImFvgOcZ7yJQS1jVq+FgEXw="></latexit>

[Z, Z0]⇤ = ZfZ0 � Z0fZ

<latexit sha1_base64="OZ1LouhCNBHbi/owq4emv9MV9Pc="></latexit>

d(Z) = (Zf, fZ)
<latexit sha1_base64="o9tw7Itklwy8z5/GrEWcfmuI3Cg="></latexit>

(X, Y) B Z = XZ � ZY
<latexit sha1_base64="dLzSORW6ahG+D+AKjd4kD7KqrWM="></latexit>

(F, G) B X = FXG�1

Crossed Module Boundary Lie Algebra Action Induced Lie Group Action

<latexit sha1_base64="Nn8UtGudYZw5dTO6Hb5XUhlBohA="></latexit>

gl
n,m,p
0 =

⇢
X, Y =

✓
A 0
B C

◆
,
✓

A D
0 E

◆
2 gln+m � gln+p

�

<latexit sha1_base64="N+N3qEGSqUVzql7CV2Jp5mRZ8MA="></latexit>

g = (d : g2 ! g1,B)
<latexit sha1_base64="l84WCY4YjwDG3n4T0mCBM90Hyds="></latexit>

(g1, [·, ·]), (g2, [·, ·]⇤)
<latexit sha1_base64="KBypYjyU8evrqNRdy1SUaLO51S4="></latexit>

d : g2 ! g1
<latexit sha1_base64="ZCQEliPMox7XuEuRjldnw3i+1sY="></latexit>

B: g1 ! Der(g2)
<latexit sha1_base64="K9GNmpDroWNMp6p7eIZujFsTa08="></latexit>

x 2 g1, E 2 g2
<latexit sha1_base64="vi6YwQcoExjeEuBqXiMZV0hJMWc="></latexit>

E, F 2 g2
<latexit sha1_base64="0uqh43wZhknl6m2zXoZIvb1MJU4="></latexit>

gln,m,p = (d : gln,m,p
2 ! gl

n,m,p
1 ,B)

<latexit sha1_base64="uV81dvwYQ5gCpl+2LxkWRSeOuv8="></latexit>

gl
n,m,p
1

<latexit sha1_base64="xfYTA5C7PpmNec7D7kSIqDccEwE="></latexit>

gl
n,m,p
2

<latexit sha1_base64="wsBh/Pd4N2lnhsUjBE3uZ+4Rhvo="></latexit>

B: GLn,m,p
1 ! gl

n,m,p
2

General Linear Differential Crossed Module



Surface Lie Group Translation-Invariant 
Connection

Mathematical physicists (Baez, Schreiber, Waldorf + others 2000’s) developed surface holonomy to study 
higher gauge theories.

Martins, Picken, Surface holonomy for non-abelian 2-bundles via double groupoids, Advances in Mathematics, 2011
 

Towards Surface Holonomy

<latexit sha1_base64="VK+mrkGQ4Ca6SuO84M7CbWiqpcA="></latexit>

GLn,m,p
1 ⇢ GLn+m ⇥ GLn+p

<latexit sha1_base64="pYPQDgGO7axBBiPyh2G7Qi0jTog="></latexit>

gl
n,m,p
1 ⇢ gln+m � gln+p

<latexit sha1_base64="tz5ngUxDWYmCkoX72lgcLZ5F/lM=">AAAdLHicjVlfc+O2EVeS/kndf5d2+hQ/cOLxjH3j80i+S9rJU85yLGfiS3Ses62cZXtAEhQxBgkaBEXbDD9MX9uZfpq+dDp97ddoAYgUQKzcWg82iN8Pu4vF7mJF+Rkluej3//HBhx/95Kc/+/nHv1j75a9+/ZvfPvvkd2c5K3iATwNGGZ/4KMeUpPhUEEHxJOMYJT7F5/7NUOHnc8xzwtJ34j7DlwmapSQiARJy6vrZH6b+5E </latexit>

X : [0, 1]2 ! Rd
<latexit sha1_base64="a0brhkHHp9+CGFobuNS1yzP/MNI="></latexit>

(a, b) 2 L(Rd,gln,m,p
1 )

Lie Algebra

If the connection is not flat, then                                       .
<latexit sha1_base64="PLC1HtM/kYoe1u0A2ZAszIlettU="></latexit>

F(w ? z) 6= F(x ? y)

<latexit sha1_base64="moaiUYjjnsbXCaC/QWr3fnULJRo="></latexit>

X<latexit sha1_base64="w2N/PtNiTIii5GkroPm0DLzCX0I="></latexit>w

<latexit sha1_base64="7SpJ++1Ai36MQJrpd07zMja5wtU="></latexit>z

<latexit sha1_base64="yT0ZMv9VD9He/y1LZnKNVHPked8="></latexit>y

<latexit sha1_base64="uvvI5lb4AyHmfa9JvZNjQkXqlf0="></latexit>x
Surface holonomy of     with respect to a fake-flat 2-connection provides a chain 

homotopy between                    and                   .  

<latexit sha1_base64="moaiUYjjnsbXCaC/QWr3fnULJRo="></latexit>

X
<latexit sha1_base64="VT6MTTRm598ugwKYy63EOEjeskc="></latexit>

F(w ? z)
<latexit sha1_base64="Feh1dOBHfz6XL6FiqROw/hvZsmU="></latexit>

F(x ? y)

<latexit sha1_base64="GbmmGf+6av8YWbS9/2ocZS9BVWA="></latexit>

g 2 L(L2Rd,gln,m,p
2 )

<latexit sha1_base64="Fda1ZmXnxd9LypRDyHkekd41v2M="></latexit>

d(g) = [(a, b), (a, b)]

2-Connection Fake Flatness Condition



This provides a homotopy between the 
path holonomy along paths           and          .             <latexit sha1_base64="hkge72UJHsEPppsr+4z92xW3NUg="></latexit>wz <latexit sha1_base64="YVCDMsHCVnrlAVwBxsNjLO+PbRA="></latexit>xy

Surface Holonomy

<latexit sha1_base64="Z9NzZbrbP4E0Vw2eXuAGuxGKygo="></latexit>

H2 : P2 ! D2(GLn,m,p)

<latexit sha1_base64="aEipqUad1nIbSMpXsWYkCHV11QY="></latexit>x

<latexit sha1_base64="lM4ZtkIHCrgve4ZHB91pfdafi3U="></latexit>y

<latexit sha1_base64="5AqFp6tletjPLEc4yEjrDtvVuSM="></latexit>z

<latexit sha1_base64="uKSiIa76K6WDrKf7ZrTYv6gzBAc="></latexit>w <latexit sha1_base64="sRCryaGA4NG07MpeQuWrLqgehrI="></latexit>

X
<latexit sha1_base64="aEipqUad1nIbSMpXsWYkCHV11QY="></latexit>x

Surface Holonomy Functor

Edges

<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="E3L1HwbRHh9rCQf6sHs9rZ1qFTQ="></latexit>

H1

<latexit sha1_base64="Xc0cEgySqvcjBbT7kVEnBfjO7G0="></latexit>

H2 <latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="kQKGiuK+NOUR2J4YcJQqFesN2TA="></latexit>

H : P ! D(GLn,m,p)

Squares

<latexit sha1_base64="bfQc3wu4grbAbmGrzDXe657FQSY="></latexit>

H1(x)
<latexit sha1_base64="bfQc3wu4grbAbmGrzDXe657FQSY="></latexit>

H1(x)

<latexit sha1_base64="5k9Pwoac9BNupe+CABC+sesnlnQ="></latexit>

H1(y)

<latexit sha1_base64="mGB6Vjx1ztf8DOfoYJwYNF4AWqg="></latexit>

H1(z)

<latexit sha1_base64="s9AqTD6sf91BjLDIQKkjWw2bWeI="></latexit>

H1(w)

This is a classical parallel transport functor.

<latexit sha1_base64="XEyM0PSQJHUB9624fHjtozm02y0="></latexit>

H1 : P1 ! D1(GLn,m,p)
<latexit sha1_base64="JxhdCAB2WEoA6yq8H4fh0GQG6W4="></latexit>

⇢ GLn+m ⇥ GLn+p

<latexit sha1_base64="CQtZ+Hxbs4F8c09AwOjljyEHjDc="></latexit>

H(X)

Surface Holonomy Map
<latexit sha1_base64="xUPddtwC3HLWOiQW0Qg+4p7dv/Y="></latexit>

H : P2 ! GLn,m,p
2

2-Connection
<latexit sha1_base64="GgyjA4tZM7iBYHOA5rxVgBnCz5Y="></latexit>

w = (a, b, g)



1. Partition 
surface

2. Approximate 
on subsquares 
and multiply

3. Take the limit as 
partition gets finer

Surface Double Group 2-Connection
<latexit sha1_base64="DQpp1vVCzR7NYkGnsX0D12M4BUM="></latexit>

X : [0, 1]2 ! Rd <latexit sha1_base64="wrdY3werfIpzStHKbFRCmZuku4U="></latexit>

GLn,m,p

<latexit sha1_base64="qyomNgP+2BO72lfMdmEXtD8gTAA="></latexit>

g 2 L(L2Rd,gln,m,p
2 )

<latexit sha1_base64="GgyjA4tZM7iBYHOA5rxVgBnCz5Y="></latexit>

w = (a, b, g)
<latexit sha1_base64="2I8mwaN6HvkFvocoL+shHkDHKdo="></latexit>

(a, b) 2 L(Rd,gln,m,p
1 )

Surface Holonomy

<latexit sha1_base64="Eh4CYwxAcaaVypCC7wD2rts2tmE="></latexit>

eHi,j := exp⇤

 
g

 
∂Xsi ,tj

∂s
,

∂Xsi ,tj

∂t

!
Ds Dt

!



Def: Given a 2-connection                             valued in              and                                       , the surface holonomy is 
<latexit sha1_base64="X5tKl77IG4mtwDzAUs8zWxg7ifo="></latexit>

gln,m,p
<latexit sha1_base64="x8ltfwTOobIiTeJyCEWwr3f9Duw="></latexit>

X 2 C•([0, 1]2, Rd)

Theorem [Martins, Picken ‘11]:                                           is a functor between double groupoids.
1.      is invariant under thin homotopy of surfaces.
2. It preserves horizontal and vertical compositions.

J. Faria Martins & Roger Picken, Surface holonomy for non-abelian 2-bundles via double groupoids, Advances in Mathematics, 2011.

<latexit sha1_base64="AX2c4eIOgVx7UxG7VTYbbr3GgbA="></latexit>

H : P ! D(GLn,m,p)

<latexit sha1_base64="GgyjA4tZM7iBYHOA5rxVgBnCz5Y="></latexit>

w = (a, b, g)

<latexit sha1_base64="hrTLfqLTWy+/i0Xulu+JDHO7+Oo="></latexit>

∂H
w
s,t(X)

∂t
= (I + H

w
s,t(X)f)

Z
s

0
F

a(xs
0 ,t)g

✓
∂Xs0 ,t

∂s
,

∂Xs0 ,t
∂t

◆
(F

b(xs
0 ,t))�1

ds
0

<latexit sha1_base64="tNh9dZnIRJ4Mq9w/wBRLJevijtk="></latexit>

H
w
s,0(X) = 0

<latexit sha1_base64="Tu4xUoUs82C686TJt8pQYLywivg="></latexit>

H
w
s,t(X) : [0, 1]2 ! GLn,m,p

2

Surface Holonomy

<latexit sha1_base64="nJJeXMxjtJFH/uxqvYhO8u7EKpk="></latexit>

H
w(X) := H

w
1,1(X)<latexit sha1_base64="gymiBftiwACDb4Bcw7K8j97qfeM="></latexit>

(s, t)
<latexit sha1_base64="bXaBdSLrIdqoy+pP7s329f+84f4="></latexit>

xs,t : [0, 1] ! Rd
Tail Path

<latexit sha1_base64="z7FNdxSAmCYoTHGR0TGyawcrySw="></latexit>

H



<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="wmg+lNX5NkCPHF9BuFa99JAYP64="></latexit>

X ⇢ C([0, 1]2, Rd) is a double group
<latexit sha1_base64="uItK9POBj9VFHT5JyyVxOzW6ldY="></latexit>

(G,�h,�v)

<latexit sha1_base64="rzZ6AtWVEW0nZ02+OIUJrcPMM/Q="></latexit>

<latexit sha1_base64="HGiXs9f9fUtIaZ1qpwyVuo+9ayM="></latexit>

W
<latexit sha1_base64="nViTeRHPlncem3OR9Cuvmdw4LKE="></latexit>

Z

<latexit sha1_base64="ncBYdIhcUBbKM7qPVu0qJ79Muy4="></latexit>

Y

<latexit sha1_base64="dpsAPhqfr/JYNX3UjxLIYAs+nMs="></latexit>

X

<latexit sha1_base64="Xxb9XoRrgFp5L1ofPopQ3/H7WuE="></latexit>?h

<latexit sha1_base64="Xxb9XoRrgFp5L1ofPopQ3/H7WuE="></latexit>?h

<latexit sha1_base64="qdV6QeF4fBX/5829en8pvfC8vys="></latexit>?v
<latexit sha1_base64="qdV6QeF4fBX/5829en8pvfC8vys="></latexit>?v

<latexit sha1_base64="rn4oVdhiYfupgIr9GQM0dRpzmGo="></latexit>

X
<latexit sha1_base64="sZgJxmUkH9CsCfW1rc7bgQ4iOQc="></latexit>

Y

<latexit sha1_base64="L4lUr/RhQbpwKgY62vMSH+Y8emY="></latexit>

Z
<latexit sha1_base64="zRALjfzsD2n59fmYEhppwJ815bo="></latexit>

W
<latexit sha1_base64="ynH45ARejXBp6bIktdhT/cVa+JU="></latexit> 

<latexit sha1_base64="U1ogq7b55LqJU9v4sRevrHiJFhI="></latexit>?h

<latexit sha1_base64="U1ogq7b55LqJU9v4sRevrHiJFhI="></latexit>?h
<latexit sha1_base64="onDhli70Jlyrv3VZCSiDe/0J3jA="></latexit>?v

<latexit sha1_base64="onDhli70Jlyrv3VZCSiDe/0J3jA="></latexit>?v

<latexit sha1_base64="raxAz13/PEsPYc+pOViK4j2d730="></latexit>!
<latexit sha1_base64="vt8HB8v1je0WovpaWxqtGeaBawU="></latexit>

F

<latexit sha1_base64="gkKmNLv6W2zqqxjB984D2hU1SDQ="></latexit>

F(W)

<latexit sha1_base64="g1TLdsVfQGMYOrvwj6LxVzBis94="></latexit>

F(X)
<latexit sha1_base64="B6MkRjawBcSzBer2G1VyApwrMp4="></latexit>

F(Y)

<latexit sha1_base64="sktgKn85Hez9DEqTNqIn5xJ4xPg="></latexit>

F(Z)
<latexit sha1_base64="ZMUYIWTw5v8wJDr/tkP1QOS1yWg="></latexit>�h

<latexit sha1_base64="JDnDAugP5/M/pc453P+dAimCAjU="></latexit>�v

<latexit sha1_base64="ZMUYIWTw5v8wJDr/tkP1QOS1yWg="></latexit>�h
<latexit sha1_base64="JDnDAugP5/M/pc453P+dAimCAjU="></latexit>�v

Main Results [L., Oberhauser ‘23] 
1. Nonsmooth: Generalize surface holonomy to bounded controlled p-variation surfaces (p < 2)
2. Functorial: It is compatible with horizontal and vertical concatenation of surfaces.        
3. Computable: Computational methods for piecewise linear surfaces.

4. Universal: The span of the following exponentials of linear functionals is dense in 

5. Characteristic: If                                                    such that           , there exists a 2-connection     and    such that

<latexit sha1_base64="zxuAau9lUZM+nqQSW0jI6G4syJA="></latexit>

Xs,t = (s, t, Xs,t) : [0, 1]2 ! Rd+2

<latexit sha1_base64="cR2Gw/ZF1pH4E9OHdwTiJI9pEPE="></latexit>

{exp(ih`, H
w(·)i) : w = (a, b, g) 2-connection in gln,m,p, ` 2 gl

n,m,p
2 }

<latexit sha1_base64="rrURkYaewgDWLX7UzuZVgSWKCIk="></latexit>

µ, n 2 P(Cp�var([0, 1]2, Rd))
<latexit sha1_base64="0JPxRDgUfcJ2XJFYXgSd4Qh8rHA="></latexit>

µ 6= n
<latexit sha1_base64="eG8CpfhUJLQwu7JELhkC3bUC2aY="></latexit>w

<latexit sha1_base64="ssdBdcQnQJjIFmYgOnBd/VwOPuM="></latexit>

`

Universal and Characteristic Surface Features

<latexit sha1_base64="9oOu3VCNC5qkNOPsHN/07f8YtEM="></latexit>

Cb(Cp�cvar([0, 1]2, Rd), C)

<latexit sha1_base64="FCdDRsQms/KY5upFqdOuHqHRZ8Q="></latexit>

LawX⇠µh`, H
w(X)i 6= LawY⇠nh`, H

w(Y)i



Surface holonomy provides structure-preserving feature maps for images / surfaces 
analogous to parallel transport for paths / time series.

Ongoing Work and Conclusion

Ongoing Work:
• Machine Learning: How can we adapt path signature methodology to the setting of images?

• Universal Surface Holonomy: Develop the analogue of the path signature for surfaces.

• Unparametrized Surfaces: Does surface holonomy characterize thin homotopy classes of surfaces?

• Rough Surfaces: How can we go beyond the Young regime?

Thank you!

Preprint: Lee, Oberhauser, Random surfaces and higher algebra, arXiv:2311.08366, 2023


