Classification of irreducible representations

of Heisenberg groups and algebras

Dmitri Pavlov, University of California, Berkeley, pavlov@math.

Please report any mistakes or misprints to me.

Definitions of Heisenberg groups and algebras

Definition. A symplectic vector space is a pair (V, ω), where V is a finite-dimensional real vector space and ω is a nondegenerate real skew-symmetric bilinear form.

The dimension of a symplectic vector space is always even. We denote it by 2n.

Definition. A Heisenberg group for a symplectic vector space (V, ω) is the Lie group with the underlying manifold V × R and the multiplication (u, s)(v, t) = (u + v, s + t + ω(u, v)/2) where u, v ∈ V and s, t ∈ R.

The map t → (0, t) is a Lie group homomorphism from R to the Heisenberg group. Its image coincides with the center of the Heisenberg group. The dimension of the Heisenberg group equals 2n + 1.

Definition. A Heisenberg algebra for a symplectic vector space (V, ω) is the Lie algebra with the underlying vector space V ⊕ R and the commutator [(u, s), (v, t)] = (0, ω(u, v)) where u, v ∈ V and s, t ∈ R.

The map t → (0, t) is a Lie algebra homomorphism from R to the Heisenberg algebra. Its image coincides with the center of the Heisenberg algebra. The dimension of the Heisenberg algebra equals 2n + 1.

Theorem. The map V ⊕ R → V × R that sends (v, t) to (v, t) for every v ∈ V and t ∈ R is the exponential map from a Heisenberg algebra to the corresponding Heisenberg group.

Definitions of representations of Heisenberg groups and algebras

Heisenberg groups do not have irreducible finite-dimensional representations of dimension greater than 1. This follows from the same result for Lie algebras, which we explain later. Hence we need to go to the infinitedimensional case. Finite-dimensional representations are unitarizable. In the infinite-dimensional case this is not always true and has to be assumed. We restrict ourselves to the group of unitary operators on a Hilbert space. We define a representation of a Heisenberg group as a continuous homomorphism from the Heisenberg group to the group of the unitary operators. To talk about continuity we need to put a topology on the group of unitary operators. One must be very careful about this topology. For example, if we choose the norm topology, then from Stone’s theorem and the corresponding result for Lie algebras, which we explain later, it follows that there are no irreducible unitary representations of a Heisenberg group on an infinite-dimensional Hilbert space.

Definition. A representation of a Heisenberg group is a continuous homomorphism from the Heisenberg group to the topological group of the unitary operators on a Hilbert space equipped with the strong operator topology. Here the strong operator topology is the weakest topology on the set of all bounded operators such that all evaluation maps at points are continuous.

The strong operator topology is weaker than the norm topology. Hence we can hope to find some irreducible infinite-dimensional unitary representations of a Heisenberg group. In fact, there is a family of such representations called Shrödinger representations, as we explain later.

Now we want to define representations of Heisenberg algebras. Existence of a faithful trace in the finitedimensional case immediately implies that there are no irreducible finite-dimensional Heisenberg algebra representations of dimension greater than 1. Hence we have to go to the infinite-dimensional case. It is an easy exercise in functional analysis [Reed and Simon, §VIII.5, Example 2] that there are no irreducible representations of a Heisenberg algebra in the Lie algebra of bounded operators on an infinite-dimensional Hilbert space. Hence we must allow unbounded operators. Stone’s theorem, which we explain below, tells us that there is a bijective correspondence between representations of R in the group of the unitary operators with the strong topology and skew-adjoint operators. Hence it makes sense to look at the Lie algebra of the skew-adjoint operators defined on a dense subspace. However, it is unclear how one can define a commutator of two such operators, in particular, what should be the domain of the commutator. Here is one possible solution to this problem.

Definition. A representation of a Heisenberg algebra is a Lie algebra homomorphism from the Heisenberg algebra to the Lie algebra of skew-symmetric endomorphisms of a dense subspace D of a Hilbert space H.

It does not hurt to point out that continuity of such homomorphism follows from linearity. The commutator of two skew-symmetric endomorphisms of a dense subspace D is again an skew-symmetric endomorphism of D in an obvious way, hence the target is indeed a Lie algebra.

We remark that the condition of skew-adjointness was relaxed to the condition of skew-symmetry. Any Lie algebra has the zero operator and if we require it to be skew-adjoint or even closed, then D = H and we do not want this to happen.

Since we have already mentioned skew-symmetry and skew-adjointness, let us briefly recall their properties.

Definition. An operator T is skew-symmetric if its adjoint operator T^∗ exists and T ⊂ −T^∗. Here we write A ⊂ B whenever B extends A.

If T is skew-symmetric, then its domain is a dense subspace, because the adjoint operator is defined only for such operators. Also T^{∗∗} exists and is equal to the closure of T . We have the following four classes of operators:

skew-symmetric T ⊂ T^{∗∗} ⊂ −T^∗ closed skew-symmetric T = T^{∗∗} ⊂ −T^∗ essentially skew-adjoint T ⊂ T^{∗∗} = −T^∗ skew-adjoint T = T^{∗∗} = −T^∗

Connection between representations of Heisenberg groups and algebras

In the finite-dimensional case the standard functor from the category of finite-dimensional Lie groups to the category of finite-dimensional Lie algebras maps every finite-dimensional representation of a Lie group to a finite-dimensional representation of the corresponding Lie algebra. In this section we establish an analog of this construction for the infinite-dimensional case.

Theorem. (Stone, 1932.) The map A → (t → exp(tA)) establishes a bijective correspondence between skew-adjoint operators A on a Hilbert space and representations of R in the group of unitary operators with the strong topology.

Theorem. Suppose we have a representation of a Heisenberg group. Fix an element of the corresponding Heisenberg algebra and take the Lie algebra homomorphism from R to the Heisenberg algebra that sends 1 to this element. Compose it with the exponential map and then with the representation. We obtain a continuous homomorphism from R to the topological group of unitary operators with the strong topology. By Stone’s theorem we get an skew-adjoint operator. Hence we have a mapping F from the Heisenberg algebra to skew-adjoint operators. To obtain a Lie algebra homomorphism, denote by D the intersection of the domains of all operators in the image of F and restrict everything to D. We claim that D is a dense subspace and the restriction of F is a representation of the Heisenberg algebra.

In the finite-dimensional case there is a functor that goes the other way round: Every morphism of Lie algebras is mapped to a morphism of the corresponding simply connected Lie groups. Moreover, this functor is an equivalence of the categories of Lie algebras and simply connected Lie groups. In the infinitedimensional case this is not true. Later we give an example of a representation of a Heisenberg algebra that does not correspond to any representation of the corresponding Heisenberg group.

Elementary properties of representations

Definition. A representation of a Heisenberg group on a Hilbert space H is called irreducible if H is nontrivial and any closed subspace of H that is invariant under the action of the group coincides with H or with the zero subspace.

Proposition. If F is an irreducible representation of a Heisenberg group, then for all real t we have F (0, t) = exp(ht)I for some unique imaginary number h, where I is the identity operator.

Proof. The image of (0, t) commutes with the image of F for all t. By the infinite-dimensional Schur’s lemma we have F (0, t) = λ(t)I for some continuous homomorphism λ: R → U, where U is the group of complex numbers of norm 1. Obviously, λ(t) = exp(ht) for some unique imaginary number h.

Definition. The number h defined in the previous proposition for an arbitrary irreducible representation of a Heisenberg group is called the parameter of the representation. If h = 0, then the representation is called trivial.

Proposition. The map u → ((v, t) → exp(u(v))) establishes a bijective correspondence between Hom(V, I) and the set of all isomorphism classes of trivial irreducible representations of the Heisenberg group for a symplectic vector space (V, ω). Here I := {z ∈ C | ℜz = 0} denotes the set of all imaginary numbers.

Proof. A trivial representation factors through the Lie group homomorphism (v, t) → v from the Heisenberg group to the vector space V with the additive Lie group structure.

Definition. A representation of a Heisenberg algebra on a Hilbert space H with a dense subspace D is called irreducible if H is nontrivial and any closed subspace G of H such that G ∩ D is invariant under the action of the algebra coincides with H or with the zero subspace.

Proposition. If F is an irreducible representation of a Heisenberg algebra, then for all real t we have F (0, t) = htI for some unique imaginary number h, where I is the identity operator.

Proof. The image of (0, t) commutes with the image of F for all t. By the infinite-dimensional Schur’s lemma we have F (0, t) = λ(t)I for some continuous homomorphism λ: R → C. Since λ(t)I is skew-symmetric, we have λ(t) = ht for some unique imaginary number h.

Definition. The number h defined in the previous proposition for an arbitrary irreducible representation of a Heisenberg algebra is called the parameter of the representation. If h = 0, then the representation is called trivial.

Proposition. The map u → ((v, t) → u(v)) establishes a bijective correspondence between Hom(V, I) and the set of all isomorphisms classes of trivial irreducible representations of the Heisenberg algebra for a symplectic vector space (V, ω).

Proof. A trivial representation factors through the Lie algebra homomorphism (v, t) → v from the Heisenberg algebra to the vector space V regarded as an abelian Lie algebra.

Schrödinger representations of Heisenberg groups and algebras

In this section we define a series of nontrivial irreducible representations of Heisenberg groups and algebras. First we need to look deeper into the structure of a symplectic vector space.

Definition. A polarization of a symplectic vector space (V, ω) is a pair (W, X) of subspaces of V such that V = W ⊕ X, the form ω vanishes on W and X and defines a nondegenerate pairing between W and X, which we denote by w · x. A Lagrangian subspace is a vector subspace of V that appears as a part of a (unique) polarization of (V, ω).

It follows that ω(w + x, w^′ + x^′) = w · x^′ − w^′ · x for arbitrary w, w^′ ∈ W and x, x^′ ∈ X.

Definition. A Schrödinger representation of a Heisenberg group with a nonzero parameter h ∈ I corresponding to a polarization (W, X) of a symplectic vector space (V, ω) is the representation R_h of the Heisenberg group for the symplectic vector space (V, ω) on the Hilbert space L^2(W, C) such that for arbitrary w, z ∈ W , x ∈ X, t ∈ R, and f ∈ L^2(W, C) we have R_h(w + x, t)(f)(z) = exp(h(t + z · x + w · x/2))f(z + w).

Theorem. Any Schrödinger representation of a Heisenberg group is irreducible.

Definition. A Schrödinger representation of a Heisenberg algebra with a nonzero parameter h ∈ I corresponding to a polarization (W, X) of a symplectic vector space (V, ω) is the representation S_h of the Heisenberg algebra for the symplectic vector space (V, ω) on the Hilbert space L^2(W, C) with the dense subspace S(W, C) of Schwartz functions such that for arbitrary w, z ∈ W , x ∈ X, t ∈ R, and f ∈ S(W, C) we have S_h(w, x, t)(f)(z) = h(t+z ·x)f(z)+∂_wf(z). Here ∂_w is the derivation corresponding to the constant vector field on W with value w.

Theorem. Any Schrödinger representation of a Heisenberg algebra is irreducible.

Uniqueness of irreducible representations with a given parameter

Theorem. (von Neumann, 1931.) Every irreducible representation of a Heisenberg group with a nonzero parameter h is unitarily equivalent to the Schrödinger representation with the parameter h.

Hypothesis. (Stone, 1930.) Every irreducible representation of a Heisenberg algebra with a nonzero parameter h is unitarily equivalent to the Schrödinger representation with the parameter h.

Stone’s hypothesis turned out to be wrong. In fact, Stone gave a sketch of a supposed proof of this hypothesis in his paper. When von Neumann tried to understand this sketch, he realized that one needs to put some integrability condition on representations of the Heisenberg algebra. In the end he obtained his theorem, which he published with a complete proof in 1931.

In the next section we look at the simplest nontrivial case n = 1 and |h| = 1. We give a counterexample to Stone’s hypothesis in this case. Later we discuss a correction to Stone’s hypothesis.

Examples

The easiest case is n = 0. It is obvious that the one-dimensional Schrödinger representations t → exp(ht)I and t → htI are the only nontrivial irreducible representations.

The next case is n = 1. Assume |h| = 1. Fix an irreducible representation F of the Heisenberg group with these parameters. Choose w ∈ W and x ∈ X such that w · x = 1. We have group homomorphisms from R to the Heisenberg group: s → (sw, 0), t → (tx, 0), and u → (0, u). Composing with our representation and applying Stone’s theorem we see that F (sw, 0) = exp(sP ), F (tx, 0) = exp(tQ), and F (0, u) = exp(hu)I for some skew-adjoint operators P and Q. The images of these three homomorphisms generate the Heisenberg group, therefore F is determined uniquely by P and Q. Suppose we are given two arbitrary skew-adjoint operators P and Q. When do they correspond to some representation of the Heisenberg group? All relations between the elements of the Heisenberg group are generated by the three commutator relations between three one-parameter subgroups. The identity operator commutes with everything, hence two of these relations are always satisfied. The only nontrivial one is (sw, 0)(tx, 0)(sw, 0)^{−1}(tx, 0)^{−1} = (0, st). Therefore the pair (P, Q) corresponds to a representation of the Heisenberg group if and only if exp(sP ) exp(tQ) exp(sP )^{−1} exp(tQ)^{−1} = exp(hst)I.

The corresponding example for Heisenberg algebras is almost the same. Let us point the differences. We have F (sw, 0) = sP , F (tx, 0) = tQ, and F (0, u) = huI for some skew-symmetric operators P and Q. The only nontrivial relation is [(sw, 0), (tx, 0)] = (0, st). The pair (P, Q) corresponds to a representation of the Heisenberg algebra if and only if [sP, tQ] = hstI or, equivalently, [P, Q] = hI.

We already know that representations of Heisenberg groups automatically produce representations of Heisenberg algebras: If P and Q are skew-adjoint operators and exp(sP ) exp(tQ) exp(sP )^{−1} exp(tQ)^{−1} = exp(hst)I, then [P̂ , Q̂] = hI, where P̂ and Q̂ are P and Q restricted to the dense subspace D defined earlier. The converse of this statement is false.

Here is an example of two operators P and Q, which are not only skew-symmetric but also essentially skew-adjoint (hence they have unique skew-adjoint extensions P̄ and Q̄, which are their closures) such that the equality exp(sP̄ ) exp(tQ̄) exp(sP̄ )^{−1} exp(tQ̄)^{−1} = exp(hst)I does not hold in general. Suppose M is the Riemann surface of the square root without the origin, H = L^2(M, C) and D is a dense subspace of H consisting of all compactly supported smooth functions. Define two essentially skew-adjoint endomorphisms of D as follows: P = ∂_x and Q = hx + ∂_y . Here ∂ means partial derivative and hx means multiplication by a function. Obviously [P, Q] = hI. However, the corresponding relation for the exponents does not hold. This is due to the fact that exp(t∂_x) moves a function in the horizontal direction by t units and exp(t∂_y) does the same for the vertical direction. Hence the commutator exp(sP ) exp(tQ) exp(sP )^{−1} exp(tQ)^{−1} moves the function to another sheet of the Riemann surface and multiplies it by some other function. However, the other side exp(hst)I is just multiplication by constant, it cannot move the function to another sheet. Hence the equality does not hold. The idea of this examples is due to Nelson. Reed and Simon give the details in §VIII.5. Fuglede in his paper gives a similar example of this kind with weaker conditions on P and Q.

Correction to Stone’s hypothesis

Theorem. (Rellich, 1946; Dixmier, 1958; Kilpi, 1962.) Every irreducible representation F of a Heisenberg algebra with a nonzero parameter h such that for every w ∈ W and for every x ∈ X with w · x = 1 the operator F (w, 0)^2 +F (x, 0)^2, which is a symmetric endomorphism of D, is essentially self-adjoint, is unitarily equivalent to the Schrödinger representation with the parameter h.

References

In this survey we touched a large area of mathematics. We had to omit many interesting results. For example, Schmüdgen in his two papers discusses a large class of counterexamples to Stone’s hypothesis and modifications that make it correct. Putnam’s book is a good survey of the area. Two surveys by Summers and Rosenberg are also useful. The book by Jørgensen and Moore is on the same topic but with an emphasis on Banach spaces and smooth functions instead of Hilbert spaces and analytic functions. Chapter 11 of the book by Barut and Raczka contains an exposition of Gårding’s general representation theory of Lie algebras by unbounded operators.

[1] M. H. Stone, Linear Transformations in Hilbert Space. III. Operational Methods and Group Theory, Proceedings of the National Academy of Sciences of the United States of America 16 (1930), 172–175.

[2] J. von Neumann, Die Eindeutigkeit der Schrödingerschen Operatoren, Mathematische Annalen, 104 (1931), 570–578.

[3] F. Rellich, Die Eindeutigkeitssatz für die Lösungen der quantenmechanischen Vertauschungsrelationen, Nachrichten der Akademie der Wissenschaften in Gottingen, Mathematisch-Physikalische Klasse (1946), 107–115.

[4] J. Dixmier, Sur la relation i(P Q − QP ) = 1, Compositio Mathematica 13 (1958), 263–269. [5] Y. Kilpi, Zur Theorie der quantenmechanischen Vertauschungsrelationen, Annales Academiæ Scientiarum Fennicæ. Series A I 315 (1962), [6] E. Nelson, Analytic vectors, Annals of Mathematics 70 (1959), 572–615. [7] B. Fuglede, On the relation P Q − QP = −iI, Mathematica Scandinavica 20 (1967), 79–88. [8] K. Schmüdgen, On the Heisenberg Commutation Relation I, Journal of Functional Analysis 50 (1983), 8–49.

[9] K. Schmüdgen, On the Heisenberg Commutation Relation II, Publications of the Research Institute for Mathematical Sciences, Kyoto University 19 (1983) 601–671.

[10] S. J. Summers, On the Stone-von Neumann uniqueness theorem and its ramifications, John von Neumann and the foundations of quantum physics (Budapest, 1999), 135–152, Vienna Circle Institute Yearbook 8, Kluwer Academic Publishers, Dordrecht, 2001.

[11] J. Rosenberg, A selective history of the Stone-von Neumann theorem, Operator algebras, quantization, and noncommutative geometry, 331–353, Contemporary Mathematics 365, American Mathematical Society, Providence, RI, 2004.

[12] C. R. Putnam, Commutation properties of Hilbert space operators and related topics, Ergebnisse der Mathematik und ihrer Grenzgebiete 36, Springer-Verlag, New York, 1967, xi + 167 pages.

[13] Palle E. T. Jørgensen, Robert T. Moore, Operator commutation relations. Commutation relations for operators, semigroups, and resolvents with applications to mathematical physics and representations of Lie groups, Mathematics and its Applications, D. Reidel Publishing Company, Dordrecht, 1984, xviii + 493 pages.

[14] A. O. Barut, R. Raczka, Theory of group representations and applications, PWN—Polish Scientific Publishers, Warsaw, 1977. xix + 717 pages.

[15] M. Reed, B. Simon, Methods of modern mathematical physics, Volume I, Academic Press, 1980.